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PREFACE 


The  International  Conference  series  on  Recent  Advances  in  Structural  Dynamics 
enters  its  third  decade  of  existence  since  its  inception  in  1980.  This  is  the  seventh 
conference  to  be  held  at  the  Institute  of  Sound  and  Vibration  Research(ISVR)  and  it  is 
through  the  continued  support  and  sponsorship,  in  time  and  resources,  of  the  ISVR, 
the  Air  Force  Research  Laboratory(Wright  Patterson  Air  Force  Base),  Parks  College 
of  Engineering  and  Aviation(St  Louis  University)  and  NASA  Langley  Research  Center 
that  we  have  succeeded  in  organising  the  event.  On  this  occasion  there  are  two  new 
co-organisers.  Prof.  M.A.  Ferman  and  Dr  S.A.  Rizzi,  who  have  been  excellent 
replacements  for  Prof  C.  Mei,  who  previously  contributed  so  much.  The  new  co¬ 
organisers  have  been  instrumental  in  the  organisation  of  new  sessions,  one  namely 
Aerodynamics  and  Flutter,  and  have  also  continued  the  long  standing  tradition,  topics 
and  interests  of  the  Structural  Dynamics  community,  such  as  Acoustic  Fatigue. 

The  conference  has  maintained  its  high  standards  by  continuing  to  review  submitted 
papers  and  thanks  are  directed  towards  the  authors.  Invited  Speakers,  paper 
reviewers  and  session  chairmen  for  their  contribution  and  support.  Likewise  the 
conference  has  a  strong  international  participation,  allowing  for  good  technical 
discussion,  dissemination  and  interchange  of  ideas.  It  is  also  anticipated  that  the 
published  proceedings  will  provide  a  good  source  of  material  for  future  research 
activities  and  be  a  true  record  of  the  papers  presented.  The  arrangement  of  the  papers, 
in  two  volumes,  is  to  accompany  the  programme  of  presentations  and  likewise  the 
papers  are  grouped  into  the  most  appropriate  sessions. 

The  organisers  would  like  to  thank  the  following  for  their  contribution  to  the  success 
of  the  conference:  the  United  States  Air  Force  European  Office  of  Aerospace  Research 
and  Development.  Personally  I  would  like  to  acknowledge  and  thank  all  of  the  other 
conference  organisers  of  the  event: 

Dr.  H.F.  Wolfe  Air  Force  Research  Laboratory,  Wright  Patterson  Air 

Fcffce  Base,  USA 

Prof.  M.  A.  Ferman  Parks  College  of  Engineering  and  Aviation,  St  Louis 

University,  USA 

Dr.  S.A.  Rizzi  Structural  Acoustics  Branch,  NASA  Langley  Research 

Center,  USA 

Last,  but  not  least,  also  tremendous  thanks  to  Mrs.  M.Z.  Strickland,  Conference 
Secretary  and  general  assistant  for  all  things  technical  and  administrative. 


N.S.  Ferguson 
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INVITED  PAPERS 


Recent  Advances  in  Computational  Structural  Dynamics 

Algorithms 


K.  K.  Tamma*  R.  Kanapadyf  X.  ZhouJ  and  D.  Sha§ 

Dept,  of  Mechanical  Engineering,  University  of  Minnesota,  Minneapolis,  MN  55455  U.  S.  A 

Abstract 

Recent  advances  describing  a  generalized  unified  framework  for  the  generic  design  of 
time  discretized  operators  for  structural  dynamics  applications  is  described.  Emanat¬ 
ing  firom  a  generalized  time  weighted  philosophy  for  performing  the  time  discretization 
process,  the  burden  of  weight  carried  by  the  so-Ccdled  and  resulting  discrete  numerically 
assigned  [DNA]  algorithmic  markers  serves  ais  a  prelude  to  providing  a  basis  for  the 
classification,  characterization  and  design  of  computational  algorithms  for  structural 
dynamic  computations.  An  overview  of  recent  advances  encompassing  time  discretized 
operators  which  we  have  recently  classified  as  Type  1,  2  and  3  is  briefly  highUghted  and 
subsequently,  for  illustration,  emphasis  is  primarily  placed  on  applicability  of  TjrpeS 
classification  to  general  non-linear /linear  problems,  practical  issues,  and  implementa¬ 
tion  aspects. 

1  Introduction 

For  the  solution  of  the  semi-discretized  system  of  equations  of  structural  dynamic  problems, 
the  so-called  time  integration  algorithms  are  widely  used.  Especially  for  non-linear  struc¬ 
tural  dynamic  problems,  time  integration  algorithms  are  the  major  tools,  which  leads  to 
the  primary  motivation  for  a  precise  understanding  of  computational  algorithms  for  time 
dependent  problems.  Due  to  the  cumbersome  issues  associated  with  nonlinear  situations, 
most  of  the  time  integration  algorithms  are  customarily  developed  starting  from  the  linear 
semi-discretized  system  or  modal  equations.  The  extension  of  time  integration  algorithms 
to  non-linear  problems  is  then  conducted.  In  contrast,  we  focus  our  attention  here  on  recent 
advances  in  the  design  and  application  of  computational  algorithms  under  the  umbrella  of  a 
generalized  unified  framework  for  the  simulation  of  structural  dynamics  problems. 

Emanating  from  and  explained  via  a  generalized  time  weighted  residual  philosophy, 
Tamma  et  al.  [1,  2]  have  recently  described  the  resulting  time  discretized  operators  for  the 
semi-discretized  single  field  or  two  field  equations  of  motion  of  structural  dynamic  problems 
as  pertaining  to  three  major  classifications,  namely.  Type  1  classification,  Type  2  classifica¬ 
tion,  and  Type  3  classification  (see  [1,  2]  for  details).  Type  1  classification  are  an  outcome 
of  selecting  the  weighted  time  fields  (which  are  matrix  representations)  as  the  homogeneous 
solution  of  the  linear  semi-discretized  system  of  equations  with  or  without  the  notion  of 

‘Professor,  to  receive  correspondence,  ktamma@tc.umn.edu 
^Doctoral  student,  ramdev@me.umn.edu 
^Doctoral  student,  xiaiigmin@me.umn.edu 

^Visiting  Professor,  Dalian  University  of  Technology,  P.  R.  China,  sha@msi.umn.edu 
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transforming  the  semi-discretized  system  of  equations  into  modal  basis.  The  Type  1  clas¬ 
sifications  lead  to  explicit  time  integral  representations  of  the  exact  solution  of  the  linear 
semi-discretized  system  of  equations  of  the  structural  dynamic  problems.  Here,  the  approxi¬ 
mations  for  the  dependent  field  variables  are  not  pertinent.  The  Type  2  classification  of  time 
discretized  operators  are  a  result  of  introducing  further  approximations  to  the  theoretical 
weighted  time  fields  pertaining  to  Type  1  which  still  preserve  the  matrix  representation  for 
the  weighted  time  fields  and  without  considering  the  notion  of  transforming  modal  basis 
merely  for  convenience  in  the  theoretical  design  developments.  Again,  for  time  discretized 
operators  of  Type  2  classification,  approximations  for  the  dependent  field  variables  are  not 
pertinent.  In  contrast,  Type  3  classification  of  time  discretized  operators  are  a  result  of 
further  introducing  approximations  to  the  theoretical  weighted  time  fields,  thereby  leading 
to  a  degenerated  vector  or  a  degenerated  scalar  representation  which  does  not  preserve  the 
original  theoretical  representations.  As  a  consequence,  the  approximations  for  the  dependent 
field  variables  is  now  necessary  for  designing  the  time  integrators  and  the  associated  updates. 
This  Type  3  classification  leads  to  a  wide  variety  of  generalized  integration  operators  in  time 
which  not  only  provide  new  avenues  [3]  but  also  recover  the  existing  and  so-called  time 
integration  algorithms  (both  dissipative  and  non-dissipative)  we  are  mostly  familiar  with. 
Characterization  as  employed  here,  pertains  to  that  which  not  only  permits  the  classification 
of  the  time  discretized  operators  to  be  undertaken  but  also  provides  the  underlying  theo¬ 
retical  basis  towards  their  subsequent  theoretical  design  via  discrete  numerically  assigned 
[DNA]  algorithmic  markers  which  essentially  comprise  of:  (i)weighted  time  fields  utilized 
for  enacting  the  time  discretization  process,  and  (ii)  the  corresponding  conditions  invoked 
(if  any)  and  dictated  by  these  weighted  time  fields  for  approximating  the  dependent  field 
variable(s)  in  the  design  of  time  integrators  and  the  associated  updates. 

2  Semi-Discretized  Equations  of  Motion 
2.1  Single-Field  Form 

Firstly,  we  consider  the  semi-discretized  system  of  equations  of  linear  structural  dynamic 
problems  after  space  discretization  (say  in  a  finite  element  sense)  of  the  single  field  form  of 
representation  resulting  in 


Mu(t)  +  Cu{t)  -f  Ku{t)  =  f(i),  u(0)  =  Uo,  u(0)  =  uq  (1) 


where  M  is  the  mass  matrix,  C  is  the  damping  matrix,  and  K  is  the  stiffness  matrix.  Under 
the  framework  of  a  time  weighted  residual  approach  with  an  arbitrary  weighted  time  field, 
W(t),  we  have  the  representation  after  integrating  by  parts  twice 


2  (w'^M-W'^C  +  W’^Kjudf 

=  -  W'^Mu  If  +W'^Mu  If  +W'"Cu  If  +  r‘ 

Jo 


fdt 


(2) 
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2.2  Two-Field  Form 

Alternatively,  equation  (1)  can  be  cast  into  a  two  field  representation  by  letting  li  =  v  and 
ii  =  V,  resulting  in 

d  -f  Ad  =  F  (3) 

where 


0  -I  ■ 

u 

0 

A=: 

M-iR  M-^C 

,  d  = 

V 

,  F  = 

Again  considering  the  weighted  residual  satisfaction  with  an  arbitrary  weighted  time  field 
W(t),  after  integrating  by  parts  once,  leads  to 

W’^d  \o^+  [ (W^ A  -  d  -  W'^f]  dt  =  0  (4) 

3  Time  Discretized  Operators  of  Type  1  Classification 
3.1  Single  Field  Form 

Consider  the  weighted  time  fields  W  as  the  solution  of  the  adjoint  operator  in  Eq.  2,  and 
substituting  the  obtained  theoretical  weighted  time  field  W  =  W Exact{t)  into  equation  (2) 
and  transforming  the  resulting  equation  into  modal  basis  by  using  the  eigenvector  matrix  X 
obtained  form 


KX  =  MXn^  (5) 

The  resulting  exact  time  integral  representations  (equivalent  to  the  Duhamel  representa¬ 
tions)  are  explicit  in  nature  and  are  obtained  as 


where  the  details  are  given  in  [2].  An  approximate  integral  operator  is  readily  constructed 
by  approximating  the  load  term.  The  applicability  of  such  Type  1  representations  to  lin¬ 
ear/nonlinear  problems  is  addressed  in  Refs.  [1,4].  Alternatively,  without  considering  trans¬ 
formation  to  modal  basis,  although  a  theoretical  representation  can  be  derived,  no  practically 
useful  time  discretized  representations  result. 

3.2  Two  Field  Form 

Next  consider  the  weighted  time  fields,  W,  as  the  solution  of  the  adjoint  operator  in  Eq.  3, 
and  substituting  the  fundamental  solution,  into  equation  (4),  we  have  the  closed  form  time 
integral  representation  of  the  equation  (3)  as 

pAt 

exp[AAt]dn4-i  =  dn  4-  /  exp[At']F(t'  -I-  tn)dt'  (7) 

Jo 
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A  key  idea  towards  the  generic  theoretical  design  and  development  of  a  new  generation  of 
a  generalized  family  of  time  discretized  operators  pertaining  to  Type  2  classification  is  that 
the  matrix  A  is  first  decomposed  into  a  symmetric  and  unsymmetric  part  as 

A  =  4-^An  4- (1  - /?)An  (8) 


where 


Ad  =  a 


M“^C  0 
0  M-^C  ’ 


An  = 


-aU-^C  ~1 

M-iR  (l-a)M-iC 


(9) 


a  G  [0, 1]  and  ^  €  [0, 1]  are  typical  control  parameters  introduced  for  convenience  in  the 
theoretical  design  and  are  subsequently  addressed.  After  some  algebra  we  have  the  closed 
form  explicit  time  integral  representation  as 


exp[A£,At)]exp[/?AnAt]d„+i  =  exp[(;9  -  l)AnA<]d„ 

pAt 

+  exp[Az3(l  -  ^)Af]  /  exp[A{(/3  -  l)At  + 

Jo 


(10) 


However,  the  above  Type  1  classification  is  not  practical  and  is  computationally  unattractive. 
4  Time  Discretized  Operators  of  Type  2  Classification 

Considering  the  decomposition  of  matrix  A  with  parameters  a  and  P,  the  design  leading  to 
Type  2  classifications  of  time  discretized  operators  follows. 

4.1  Case  of  a  =  0  =  0:  On  the  design  of  some  new  and  existing  variants  of  Type 
2  classification  of  time  discretized  operators 

When  0  =  0  and  =  0,  the  exact  solution  of  the  linear  dynamic  two-field  form  yields  the 
representation: 


rAt 

d„+i  =  exp[-AAt]dn  +  exp[-AAi]  /  exp[A<']F{t'  +  (11) 

Jo 


The  design  of  some  existing  variants  which  pertain  to  and  are  subsets  of  Type  2  classifica¬ 
tion  of  time  discretized  operators,  namely,  existing  approaches  towards  approximating  the 
theoretical  solution  exist  in  the  literature  with  attempts  to  introduce  approximations  to  the 
exponential  matrix  Various  approaches  are  highlighted  here  for  the  approximation 

of  the  exponential  matrix  term.  Of  the  various  approaches,  those  which  encompass  a  wide 
variety  of  existing  algorithms  includes:  i)  Taylor  series  expansion  and  its  equivalent  approx¬ 
imation  [5,  6],  ii)  rational,  Fade  approximation  [7,  8],  and  sub-stepping  which  includes  serial 
(multiplicative  decomposition)  and  parallel  (additive  decomposition)  sub-stepping  [9,  6]. 
Rational  and  Fade  approximation  and  sub-stepping  can  be  shown  to  be  inherently  matrix 
identical  (in  the  sense  of  the  amplification  matrix).  See  Refs,  [l,  10]  where  we  describe 
further  details. 
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4.2  Case  of  o;  £  [0, 1]  and  ^  £  [0, 1]:  On  the  Design  of  a  New  Generation  of  a  Gen¬ 
eralized  Family  of  Nth-Order  Accurate  Representations  of  Type  2  Classification 
of  time  discretized  operators 

We  next  simply  highlight  a  new  generation  of  a  generalized  family  of  time  discretized  oper¬ 
ators  with  excellent  algorithmic  attributes  and  which  pertain  to  Type  2  classification  where 
W  —  Approx  is  employed  and  is  still  a  matrix  representation  and  again  with  no  approx¬ 
imations  whatsoever  for  the  displacement,  velocity,  and  acceleration.  Associated  with  the 
symmetric  part  we  employ  tud  terms  and  associated  with  the  unsymmetric  part  we  employ 
mn  terms,  and  for  the  load  we  employ  mp  terms.  We  also  introduce  the  notion  of  local 
truncation  error  terms. 

Algorithm  1  ;  Find  vector  d„-f.i  for  given  vector  d„  for  a  generalized  family  of  time  dis¬ 
cretized  operators  emanating  from  approximations  associated  with  the  exact  weighted  time 
fields  which  indeed  preserve  the  original  theoretical  form,  but  do  not  involve  the  notion  of 
approximations  for  the  dependent  field  variables  or  state  vectors: 

=  +  (12) 

where 

1  ■pZ) 

KS.  =  E  e°)(A„Ai)’"-+‘  (13) 

TO  ,  pO 

=  E  9")(A„At)"'+'  (14) 

(m  +  1)! 

TO  ,  pO 

K®  =  E  «")(A„At)'"«  (15) 

TOp  1  mp  mp-p-1  /_1\9  (q) 

r=0  ■  p=0  9=0 

(?)  ^  C-I^TOp-^p/  (mp-g) 

(;«Ai-At)’'+''+‘F„|+E^— A-i — [e'(7^e0A'(^-i)”'’Ar'’+‘  f  „  + 

U 

(mp—q) 

e(7^,e^)A’,3”‘''A<”'+'  F  „+i]} 

(16) 

Note  that  in  the  above  equation  (12-16)  for  Algorithm  1,  mj)  axe  the  finite  number  of 
terms  in  the  series  associated  with  the  symmetric  part,  =  mp  =  mn  =  m  and  mp 
are  the  finite  number  of  terms  associated  with  the  unsymmetric  part  and  the  load  term 
respectively.  7-^,  6^  are  the  parameters  associated  with  the  load  terms  associated  with  F-^. 
Also,  the  ‘local  truncations  error  correcting  terms’  of  the  Taylor  expansion  approximation  of 
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the  approximate  solution  given  by  equations  (12-16):  r^©(7^,  +  1)! 

,  r«e*(7«,«")(AnA«)"’+V(m+  1)!  and  r‘’e(7«,e")(AnA«r+V(m  +  1)!  may  be  used  to 
improve  the  accuracy  and  stability  in  several  special  cases.  r^0(7^,^^)  and  r-^©*(7-^,  0^) 
associated  with  the  load  affect  the  accuracy  but  not  the  stability.  The  above  encompasses  a 
generalized  family  of  implicit  and  explicit  representations,  where:  (i)  The  resulting  iVth  order 
integration  operators  inherit  features  which  are  energy  conserving  for  undamped  systems 
and  L-stable  for  damped  systems  [E/LNInO],  and  (ii)  The  resulting  Nth  order  accurate 
integration  operators  also  yield  time  discretized  operators  which  are  explicit  and  L-stable 
for  nonlinear  structural  dynamics  [E-LNInO].  Detailed  developments  and  applicability  to 
structural  dynamics  problems  are  discussed  elsewhere  in  Refs.  [2,  10]. 

5  Time  Discretized  Operators  of  Type  3  Classification 

The  class  of  time  discretized  operators  of  Type  3  classification  encompass:  (i)  single-field 
form,  and  (ii)  Two-field  form.  These  follow  next. 

5.1  Type  Single-Field  Form 

The  developments  leading  to  bridging  of  the  relationships  between  integral  operators  in  time 
pertaining  to  Type  1  classification  described  previously  and  the  so-called  time  integration 
operators  which  we  are  mostly  familiar  with  of  Type  3  classification  follows. 

Consider  the  theoretical  premise  (approximation  in  a  mean  sense)  of  approximating  all  the 
system  values  pertaining  to  the  dynamic  problems  as: 

+  •  ’  •  +  i^dn)  \  =  “  (^1  +  ..  .  +  Wn)  ;  i  (^l  +  -  .  .  +  Cn)  (17) 

Ti  71  Tl 

where  Ud^,  Wm  and  are  the  quantities  of  all  the  system  values.  Thus,  W Exact,  described 
previously  pertaining  to  Type  1  classification  yields 

W  (t)  =  sin(wrf„  {t  -  t))H  {t  -  r)  (18) 

Consider  now  employing  an  asymptotic  type  series  expansion  for  the  above  up  to  order  (p+1) 
as: 


Was,v,p  (<)  =  [»o  +  ((<  -  t)/A()  +  . . .  +  tUp+i  ((t  -  r)/A()’’+']  H(t-T)  (19) 


Design  of  Time  Integrator;  Nth-Order  Accurate  Representations:  Setting  r  —  tn 
and  letting  t-tn  =  r,  and  denoting  T  —  yields 

WAsymp  (t)  -  Wo  +  wiT  -f  u;2r^  +  .  .  .  WpT^  -f  (20) 

where  ,Wp+i  are  constant  coefficients.  An  asymptotic  type  series  expansion  is 

consistently  selected  for  the  dependent  field  variables  as: 

=u„  -H  -f  AzUnT^  -f  . . .  4-  ApU^f^r^  -K  Ap+ii^+i 

UAsymp  =Un  +  Ap+^Unf  -!-•••  +  AspUjf^P'^  -f-  Asp+l^ Aujfli/At  (21) 

U^5i/mp  =U„  -I-  A2p+2UnT  +  •-  +  Agp-iuff  -f  AapT^'^  AuJfJj/Af 
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where  Aj,  i  =  1, 2,  •  •  •  ,  3p  are  arbitrary  parameters  and  the  load  is  approximated  as 

f  =  +  +  +  (22) 


Now,  substituting  both  the  above  approximations  for  WAsymp{t)  and  u^symp?  and 

U24sj/mp  into  the  time  weighted  residual  semi-discretized  dynamic  field  problem,  yields: 

Generalized  Integration  Operators  [GlnOjsm^je-FieidJ  A^th-Order  Accurate  Rep¬ 
resentations 


M 


.•1  .  A  ^P+1,1-.V  .  .  A  W^P+l,p-2„(p)  .  *  W^P+1,P-1  A-.(P) 

Un  +  A2p+2'rf7 - Un  +  •  ‘  •  +  Asp-i-— - -f  Hp— - AU„+1 

»^p+l,0  l^p+1,0  '^p+1,0 


+c 


_u  A  ,  ,  A  ^P+l.P-l..(p^  .  A  ^v+hv  A-.(p) 

U-n  +  Ap+2  TTT  dn  +  A2p  U^  -f-  A2p-).i  Z\U,^^j 

H/p+1,0  kVd+1.0  1^1  '  - 


►'p+l.O 


•'p+l.O 


+K 


u„  +  A, ^4.  +  •  •  •  +  Ap^ufr)  +  V.l^iE±lAu„W 

l^p+1,0  >^p+l,0  ^^p+l,0 


+1 


P+1.0 

-f  I  I  t  ^p+l,p-lf(p-l) 

-*”  +  Wp+,/"+  ^  VKp+1,0  " 


(23) 


where  W'pj  =  X)Lo  t5+7‘  found,  the  displacement,  veloc¬ 

ity  and  the  associated  higher-order  derivatives  can,  in  general,  be  obtained  from  the  following 
proposed  design  for  the  updates: 

Un+I  =Un  +  Aiu„At  +  A2U„Ai^  +  ...  +  ApU^^At^  +  Ap+iAt^Au[f|i 

ii„+i  =Un  +  Ap+2ii„At -1-  •  ••  -f  A2puS’)AtP"^  -I-  A2p+iAiP“^Au^ji 

.  (24) 

u?+i^^  +  A2^_  uJf^At  -f  Ap(p+3)A^Aui^|i 

Equation  (23)  with  Wi  and  Aj  and  equation  (24)  with  Xi,i  =  1,2,  ••  •  are  termed  as 

the  family  of  generalized  integration  operators  [GlnOjsinsie-FieW)  since  they  represent  the 
generalized  form  of  time  discretized  operators  by  appropriate  selection  of  the  DNA  markers 
{wi,  Aj,  Xi)  for  both  domain  collocation  types  and  point  collocation  types  of  time  discretized 
operators  and  pertain  to  Type  3  classification.  For  illustration,  of  interest  here  and  shown 
are  second-order  time  accurate  representations  of  [GInO]  which  readily  yield: 


M  [iin  +  AeWi  (u„+i  -  u„)]  +  C  [u„  -I-  A4Wiu„  Ai  +  A5l^2  (iin+i  -  iU)  At] 

+K  [u„  -K  AilFiUnAt  +  A2lF2U„At2  +  (u„+i  -  iin)  At2]  =Fn  +  WiFnAt  (25) 

Un+1  =  Un  +  AiU„  At  -f-  AaiinAt^  +  As  (u„+i  -  ii^)  At^  (26) 

U„+1  =  u„  -t-  A4U„At  +  As  (iin+i  -  tin)  At  (27) 

where  Wi  =  i  =  1,2, 3  is  defined  for  convenience.  For  convenience  in  presentation, 

the  family  of  [GInOjsingie-Fieid  which  fall  under  the  Type  3  classification  of  time  discretized 
operators  can  be  sub-categorized  into  different  sub-types  and  further  characterized  as  de¬ 
scribed  next. 
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5.1.1  Dynamic  Algorithms:  Theoretical  Design  and  Further  Characterization  of  a 
Wide  Variety  of  Algorithms  Via  Discrete  Numerically  Assigned  [DNA]  Markers: 
Type  3-[GInO]sj„3ie_Fjew 

A  wide  variety  of  computational  algorithms  pertaining  to  Type  3  classification  and  described 
previously  under  the  framework  of  [GlnOj^in^je-Fieid  and  a  formally  standardized  procedure 
leading  to  the  theoretical  design  and  for  further  providing  avenues  for  characterizing  a  wide 
variety  of  new  and  unexplored  (see  Ref.  [3]  for  details)  and/or  existing  dynamic  algorithms 
(as  presented  here)  follows.  Although  the  Type  3  classification  of  time  discretized  operators 
pertain  to  only  a  specific  class,  simply  to  illustrate  and  identify  the  comparative  relation¬ 
ships  based  on  the  development  of  computational  algorithms  from  historical  perspectives  as 
evident  chronologically  in  the  literature,  we  purposely  further  subcategorize  these  as  follows: 

[GInO]5tngje_Fie/d  Sub-type  1:  This  class  of  representations  for  time  discretized  operators 
provide  new  avenues  which  have  not  been  explored  and/or  exploited  to-date  leading  to  zero 
order  displacement  and  velocity  overshoot  with  controllable  numerical  dissipative  features 
as  discussed  elsewhere  [3]  and/or  recover  the  existing  original  algorithmic  developments 
with  dissipative  features  which  exhibit  linear  velocity  overshoot  due  to  initial  displacement 
for  a  wide  variety  of  direct  time  integration  approaches  in  structural  dynamics  and  thus 
represent  true  identity.  Definition:  True  identity  is  defined  as  those  representations 
which  yield  identical  time  discretized  operators  as  in  the  original  methods  of  algorithmic 
development.  In  summary,  the  Type  3-[GInO]5,„5jc-Fieid  Sub-type  1  [DNA]  markers  are 
represented  in  the  Table  1 

[GlnOjsin^je-Fieid  Sub-type  2:  This  class  of  representations  of  time  discretized  operators 
readily  yield  the  so-called  Newmark  family  of  methods  which  also  represent  true  identity 
as  related  to  the  original  developments.  The  resulting  time  integrator  and  updates  (note 
truncated  Taylor  series)  are  obtained  as: 

M  [u„  -f-  AgAun+i]  -h  C  [u„  -f  u„At  -t-  AsAiin+i  At]  (28) 

+K  [u„  +  linAt  -f-  iu„At2  -f  AaAiin+i  At^]  =  F„  -f-  F„At 

u„+i  =  u„  d-  u„At  +  iu„At2  +  As  (u„+i  -  tin)  At^  (29) 

lin+l  =  tin  +  tinAt  +  A5  (ti„+i  -  tin)  At  (30) 

The  generalized  integration  operators  [GInO]5inp;e-Fidd  of  sub-type  2,  equations  (28-30), 
readily  yield  the  above  Newmark  based  time  discretized  operators  described  elsewhere  as 
the  [GNpj]  type  in  Zienkiewicz  and  Taylor  [11].  Sub- type  2  with  respect  to  [DNA]  markers 
are  represented  in  the  Table  1. 

[GInOjsinsie-Ficw  Sub-type  3:  [SSInO]  This  class  of  representations,  on  the  other  hand, 
readily  yield  a  wide  sub-class  of  other  related  so-called  single-step  integration  operators 
[SSInO]  of  which  a  variety  of  algorithms  and  known  methods  are  subsets  of  [GInO].  And, 
the  representations  only  inherit  either  matrix  identity  or  spectral  identity  (in  the  sense 
of  the  amplification  matrix)  to  the  original  methods  of  development.  These  time  discretized 
operators  may  not  yield  true  identity  representations  to  the  original  developments.  The 
resulting  integrator  and  updates  are  (note  no  truncated  error  terms): 
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(31) 


+K  [u„  +  ...  +  =f 


Un+1  =  U„  +  U„At  +  iin^  +  .  .  .  + 


,(P)  A*P 


u?-,'>  =  uS’-‘)  +  u?>At  (32) 

Equations  (31-32)  are  the  so-called  family  of  single-step  integration  operators  [SSInO]  (see 
Table  1)  in  time  described  by  Tamma  et  al.  [4].  Elsewhere,  analogous  representations  termed 
as  the  [SSpj]  type  appear  in  the  literature  [12,  13,  11]. 

5.2  On  the  Design  of  Generalized  Integration  Operators  [GInO]  for  Non-linear 
Structural  Dynamics 

We  next  extend  the  previous  developments  to  nonlinear  situations  (elasto-plastic,  large  defor¬ 
mation  and  total  Lagrangian  formulations  are  employed  subsequently),  where  the  equations 
of  motion  are  expressed  as  (strong  form)  as: 

M  u  +C  u  +p{u)  =  f  (33) 

A  concise  implementation  becomes  a  crucial  aspect  of  the  developments.  Concise  repre¬ 
sentation  should  include:  i)  consistent  and  systematic  derivation  of  the  weak  form  of  the 
integrator  for  non-linear  systems  which  truly  represents  the  strong  form  at  any  time  level 
t,  ii)  systematic  and  consistent  treatment  of  linearization  of  the  non-linear  operator  {ad 
hoc  linearizations  are  avoided  as  the  consequences  for  non-linear  dynamic  systems  are  not 
known  and  not  predictable),  iii)  predictor  multi-corrector  representation  which  allows  very 
simple  explicit  time-stepping  schemes  and  sophisticated  implicit  time-stepping  schemes  using 
Newton-Raphson  or  ”  Newton-like”  methods,  iv)  a  convergence  criterion  within  the  non-linear 
iterations  such  that  computations  are  robust  and  reliable  as  to  preserving  the  accuracy  and 
completion  of  the  computation.  To  this  end,  first,  it  is  necessary  to  identify  different  treat¬ 
ments  in  developing  the  weak  form  of  the  time  discretized  operators.  In  contrast  to  the 
linear  case,  the  non-linear  problem  offers  the  two  possibilities  of  putting  the  parameters  of 
the  integrator  either  inside  or  outside  the  non-linear  operator  p{u).  It  should  be  pointed 
out  that  putting  the  parameters  inside  the  operator  is  more  natural  for  a  generalized  unified 
framework  of  the  time  discretized  operator  as  described  in  the  sections  to  follow.  In  addition 
it  overcomes  most  of  the  disadvantages  of  the  methods  with  parameters  outside  the  nonlinear 
operator.  Some  of  the  cited  disadvantages  of  putting  the  parameters  outside  the  nonlinear 
operators  are:  i)  firstly  no  concise  representation  exists  from  the  context  of  a  generalized 
unified  framework  of  the  time  discretized  operators,  though,  a  concise  representation  exists 
for  the  individual  integrators,  ii)  unlike  the  more  accurate  evaluation  of  p{u)  at  some  interior 
point  i  €  [tn)in+i]  using  parameters  inside  the  operator,  employing  parameters  outside  the 
operator  such  as:  1)  p(itn+a)  ~  o:p{Un)  +  (1  —  a)p(it„+i)  [14,  15]  for  o-methods  and  2) 
p{un  +  9iU  At  +  ^62anAt^)  «  p{un)  -)-  {0i  ii  At  +  ^62anAt^)p  (un)  [16]  for  SS22  methods, 
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and  the  like,  are  only  first  order  accurate  in  0{Au)  compared  to  the  parameters  inside  the 
operator  p{u),  iii)  other  approximations  may  lead  to  costly  computations  such  as  multiple 
evaluations  of  p(u)  in  contrast  to  one  evaluation  of  p(u),  or  additional  matrix-vector  multi¬ 
plications  in  contrast  to  none  for  the  concise  representations  in  the  computation  of  dynamical 
out-of-balance  forces  for  every  non-linear  iteration  at  each  time  step  leading  to  more  memory 
requirements  for  large  scale  applications,  and  the  like. 

Due  to  the  presence  of  non-linear  term  p[u)  in  Eq.  33,  further  simplifications  need  to  be 
made.  Let  p{u)  =  K{u)u  where  K  is  the  total  stiffness  matrix.  Evaluating  the  stiffness 
matrix  at  u,  assuming  an  arbitrary  virtual  field  or  weighted  time  field,  W (i),  for  enacting  the 
time  discretization  process,  the  above  semi-discretized  equation  can  be  cast  in  the  weighted 
residual  form: 

W'^{M  ii+Cii  -\-K{u)u  -  f)dt  =  0  (34) 

where  w  is  a  time  weighted  average  of  the  displacement  field.  For  the  family  of  General¬ 
ized  Integration  Operator  [GInO],  we  naturally  have  a  scalar  weighted  time  field,  W{t)  as 
^Asympit),  Eq.  20  (of  interest  here  are  second-order  accuracy)  and  consistently  approximate 
the  dependent  field  variables  ti,  u  and  it  by  employing  an  asymptotic  series  type  expansion 
as,  Eqs.  21  and  the  load  is  linearly  interpolated.  Substituting  Eqs.  21  into  Eq.  34  and  for 
convenience,  defining  Wi  =  i  =  1, 2, 3  leads  to  a  family  of  generalized  integration  op¬ 

erators  [GInO]  up  to  second-order  accurate  in  time  for  the  single-field  form  of  the  non-linear 


dynamic  equations  of  motion  and  represented  as: 

^  ^n+l  ■f'C'  iin+l  +p{Un^i)  =  F „+i  (35) 

where  tt„+i  =  Un -f  AjIFi  tin  Af  +  A2PF2  iin  +  A3 W3 A  ii  (36) 

it„+i=u„  -I-A4IF1  iin  At  +  A5TF2A  it  At  (37) 

Un+i=Un  d-AglFiA  it  (38) 

=  +  (39) 


Once  itn+i  is  found  using  the  integrator  Eq.  35,  the  displacement  ,  velocity  can 
be  obtained  from  the  proposed  design  for  the  updates  Eqs.  26  -  27.  Eqs.  35  -  39  and  26 
-  27  encompass  a  unified  family  of  [GInO]  a-form  representations  for  non-linear  structural 
dynamics.  The  predictor  multi-corrector  formulations  for  the  family  of  [GInO]  for  non-linear 
systems  in  incremental  o-form,  u-form,  and  d-form  are  developed  and  are  obtained  as  shown 
in  Tables  2  and  3  (all  are  equivalent  but  the  number  of  iterations  to  convergence  will  vary). 

5.2.1  Stability  and  accuracy  analysis  of  [GInO]  representations 

The  stability  and  accuracy  of  the  existing  developments  is  not  hampered  for  the  various 
forms.  In  addition,  we  also  wish  to  show  that  all  the  predictor  multi-corrector  representa¬ 
tions  ( [GInO] ALGO: Al>  [GInO] ALGO: VI,  [GInO]ALGO;V2,  [GInO]ALGO:Lil  and  [GIn0]ALGO:D2) 
are  equivalent  in  terms  of  the  order  of  accuracy  in  time  and  stability  as  illustrated  in  the 
examples  to  follow. 

Bilinear  softening  spring:  This  example  is  used  to  investigate  the  stability  of  the  algo¬ 
rithms  using  energy  bounds.  It  is  chosen  here  to  investigate  the  stability  of  algorithms  when 
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stiffness  jumps  occur  and  causes  the  accumulation  of  strain  energy.  The  free  vibration  with 
an  initial  velocity  25  and  the  nodal  internal  force  p{u,t)  is  described  by  Fig.  la.  The 
results  are  shown  in  Fig.  1.  For  poo  =  0.9466  (w  close  to  1)  for  the  GlnO oeneraiized-a,  it 
closely  tends  to  the  GInOmidpoint  rule  a-form  and  the  GIn05S22  0i  =  1/2,  $2  =  1/2  which 
is  also  spectrally  similar  and  hence  it  is  not  surprising  that  they  almost  conserve  energy 
{En/Eo  «  1)  over  the  time  for  this  selection  of  parameters. 

Hardening  spring:  This  example  is  used  to  investigate  the  accuracy  of  the  [GInO]  fam¬ 
ily  of  representations.  The  hardening  spring  problem  is  described  in  Fig.  la.  which  is  an 
undamped  free  vibration  with  an  initial  displacement  Uq  =  0.2.  Employing  the  predictor 
multi-corrector  [GInO]  representations  with  the  respective  [DNA]  markers  corresponding  to 
the  above  mentioned  methods  and  with  one  and  two  multi-corrector  non-linear  iterations 
within  each  time  step,  the  relative  error  is  plotted  against  the  At/T  as  shown  in  Fig.  1  for 
[GInO]>i£,GO;.4i,  [GlnOJyiLGO:^!,  [GInO]>ij[,GO:V25  [GlnOj^iLGOtOi  and  [GInO]Az,GO:D2  respec¬ 
tively  .  Also  it  is  clear  that  incremental  a-form,  incremental  tj-form  and  incremental  d-form 
are  identical. 

5.2.2  Single  d.o.f  numerical  results 

Analysis  of  non-linear  dynamic  systems  are  illustrated  by  comparing  results  of  the  non-lineai 
implementation  as  described  in  the  literature  of  a  fairly  simple  non-linear  equation  of  mo¬ 
tion,  namely,  the  so-called  Duffing  equation.  We  take  the  initial  conditions  Uo=  0  with 
uq  =  0.1(T  =  0.61)  and  uq  =  1.5(T  =  0.15)  to  yield  two  cases  of  increasing  degree  of  non- 
linearities.  From  the  literature  we  consider  two  implementations,  namely  one  due  to  Wood 
and  Oduor  [16]  and  another  due  to  Kuhl  and  Crisfield  [15].  From  the  former  we  compare  the 
results  of  SS22  (^1  =  1/2,  ^2  =  1/2)  with  (w„  -I-  Un+i)/2  and  lineariza¬ 

tion  approximations  with  the  results  obtained  employing  the  present  GInOs522  predictor 
multi-corrector  representations.  Prom  the  latter,  results  of  the  Generalized-o;  methods  with 
parameters  outside  the  non-linear  operator  p{u)  for  =  1  and  0.9  are  compared  with  the 
results  obtained  employing  the  present  GlnOceneroiized-a  predictor  multi-corrector  represen¬ 
tations.  Note  that  the  Generalized -a  methods  with  poo  ==  1  is  the  a-form  of  Mid-point  rule 
(o!^  =  a/  =  2;5  =  7  =  1/2)  [15].  It  should  also  be  noted  that  for  linear  situations,  this 
a-form  of  the  mid-point  rule  and  the  classical  d-form  mid-point  rule  are  different,  and  are 
spectrally  identical  to  each  other  under  only  certain  conditions.  Note  that  unlike  the  results 
of  SS22  in  Ref.  [16],  the  present  results  of  GIn05522  are  stable  (bounded)  and  are  undamped 
for  both  Uq  =  0.1  and  uq  =  1.5  initial  conditions  (Fig.  la  and  lb).  For  both  Uq  =  0.1  and 
uo  =  1.5  initial  condition  problems,  it  can  shown  that  for  the  entire  range  of  time  steps 
size  0  <  At/T  <  1  the  GIn05522  predictor  multi-corrector  representations  gives  stable  and 
undamped  results. 

The  displacements  plots  Figs.  3a-  3b  indicate  that  the  Generalized-a  representation  due 
to  [15]  has  period  contraction.  Energy  plots  Figs.  3c-  3d  indicates  that  the  Generalized— a 
representation  due  to  [15]  slightly  over  estimates  the  energy  {En/Eo  >  1)  compared  to  the 
Energy  estimation  {En/Eo  <  1)  of  the  present  GInO  predictor  multi-corrector  represen¬ 
tations  pertaining  to  the  [GInO]Generaiized-a  representations.  Again,  it  can  be  shown  that 
all  the  present  three  incremental  predictor  multi-corrector  representations  (a-form,  u-form 
and  d-form)  give  identical  results  with  parameters  inside  which  is  natural  to  the  present 
developments  and  is  recommended  here. 
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5.2.3  Illustrative  examples 

From  considerations  of  a  unified  framework,  the  predictor  multi-corrector  [GInO]  repre¬ 
sentations  for  non-linear  systems  described  in  the  previous  sections  which  encompass  a  wide 
variety  of  algorithms  have  been  implemented  in  a  single  analysis  code  termed  DINOSAURUS 
[Dynamic  INtegration  Operators  for  Structural  Analysis  Using  Robust  Unified  Schemes].  In 
this  section,  the  results  are  presented  using  a  single  analysis  code  for  an  example  problem  to 
verify  the  unified  family  of  [GInO]  formulations  as  applied  to  non-linear  structural  dynam¬ 
ics  problems.  Also,  we  investigate  the  effect  of  dissipative  properties  of  typical  dissipative 
time  integration  schemes  such  as  the  ^i-method,  the  H-H-T-a,  the  Newmark-Bossak  method 
and  the  Generalized-a  emanating  from  the  [GInO]  representations  on  the  dynamic  response. 
Results  of  these  methods  are  compared  with  the  traditional  Newmark  integration  method 
(7  =  1/2,^  =  1/4)  which  does  not  inherit  dissipative  properties.  In  the  results  presented 
for  the  dissipative  schemes,  the  dissipative  parameters  are  chosen  such  that  the  Poo  =  0.9466 
as  described  before.  The  cylindrical  panel  described  in  Fig.  4a  and  Fig.  4b,  is  a  somewhat 
involved  example  taken  from  [17],  and  the  calculated  predictions  employing  a  four-noded  de¬ 
generated  shell  element  formulation  are  compared  with  available  experimental  results.  For 
details  of  material  properties,  refer  [17].  Figure  4  shows  the  comparative  results  and  Table  4 
shows  the  percentage  decrease  in  the  number  of  non-linear  iterations  for  various  methods  for 
given  predictor  multi-corrector  [GInO]  representations. 

5.3  Type  3-[GInO]rwo-Fiew:  Two-Field  Form 

The  family  of  Type  3-[GInO]T«,o-FjeW  encompassing  the  premise  of  both  double  and  single 
time  weighted  philosophy  and  representations  are  highlighted  in  this  section. 

Double  Weighted  Time  Fields  Representation  of  Type  3-[GInO]Tu,o-FieM 

In  the  double  weighted  time  field  formulation,  two  different  weighted  time  fields  are  chosen 

for  the  two  equations  in  the  two-field  form,  which  are  represented  as 

and  the  dependent  variable  fields  are  now  consistently  approximated  as 

Uyisymp  =  -f  AiU„t  -|-  A2Unr^  -l- . . ,  -f  ApuJf^fP  -|-  Ap+iT^^^ AuSf|i /At 
'i^Asymp  =  fin  +  Ap+2fin’7'  +  '  ’  *  +  A2pU[f^T^“^  +  A2p+ir^Aui^|,/Ai  (41) 

^Asymp  =  v„  +  ^iV„r  +  ^f2V„r^  +  ...  +  ^pv[f>^-f ’Ifp+ir^+^AvJf]i/At 
^Asymp  =  Vn  +  ^p+2V„r  +  •  •  •  +  -b  (42) 

We  also  impose  the  relation  between  displacement  and  velocity  back  to  the  two-field  form  as 

fin  =  V„,  iin  =  V„  =  (Fn  -  Cv„  -  Ku„)  ,  u’n  =  v„,  .  .  .  ,  uj’^  =  (43) 

to  yield  the  resulting  [GInO]Two-FicW  for  the  double  time  weighted  field  representations  as: 
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A,+2H"iu„  +  •  +  A2p+ilVpAugiA<i>-2  =  +  •  •  •  +  4'j+iW^p+iAvi'|,At'-‘  (44) 

M  [v„  +  . . .  +  'J’2p+iW,AvSiAt>-']  +  C  [v„  +  . . .  +  4'p+,Wp+iAv2iAi'']  + 


K  [u,  +  . . .  +  Ap+iW^+iAu^iAi”]  =  F„  +  . . .  +  Vyp.tFl’’-'>A«o-'  (45) 

Un+i  =  Un  +  AiU„A(  +  AjiinAt^  + . . .  +  ApUn'At'’  +  Ap+iAt*’AuS+i  (46) 

lip+i  =  v„+i  =  v„  =  v„At  +  V'2V„AJ^  +  . . .  +  V’pvJf'AtP  +  ifip+iAfAv^l^  (47) 

iip+i  =  v„+i  =  M“*  (F„+i  -  Cv„+,  -  Ku„+i)  (48) 

;  (49) 

“i+i  =  +  ttit+B_iv!^^At  +  ^/'pcjwiAtAvjfj,  (50) 


For  illustration,  the  recovery  of  a  variety  of  explicit  methods  is  highlighted  in  Table  5  via 
[DNA]  markers. 

Single  Weighted  Time  Field  Representation  of  [GlnOjr^o-FieZd:  In  contrast,  employ¬ 


ing  a  single  time  weighted  philosophy,  we  have: 

VF  =  1  -f  WiT  -i - h  WpT^  4-  lyp+iF^'''^  (51) 

d  =  d„  +  A.d„T  +  ---  +  ApdWT'  +  Ap+iAdS,r'+VA«  (52) 

d  =  dp  +  Ap+japf  +  .-.  +  A^pd^f^-'+Ajp+iAdSir^/Ai  (53) 

This  leads  to  the  family  of  time  integrators  [GInO]ru,o-FteZd  for  the  single  time  weighted 

representation  of  the  two-field  form  as: 

d„  +  Ap+jlFidpAt  +  ■  -  ■  +  A2p+ilVpAdS,  Ai”-'  (54) 

A  [d„  +  . . .  +  Ap+iVFp+iAdWiAi"]  =  F„  +  . . .  +  (55) 

d„+i  =  d„  +  Aid„A«  +  •  •  ■  +  Apd?' At»  +  Ap+,  AdSfliAt’'  (56) 

di^+Y’  =  d?-'>  +  Apip±si_jdWA«  +  Apip+uAdgiAi  (57) 

2  2 


Equations  (55-57)  represent  a  family  of  [GInO]T«;o~FteW  single  time  weighted  philosophy  of 
development.  For  illustration,  the  second-order  accurate,  unconditionally  stable,  implicit 
Park’s  method  [20]  with  p  =  3  pertains  to  this  category  (see  Table  6).  Also  see  Table  7  for 
general  implementation  aspects  for  illustration. 

6  Concluding  Remarks 

Recent  advances  highlighting  design  of  time  discretized  operators  for  structural  dynamics 
with  respect  to  computational  algorithms  and  their  DNA  markers  emanating  from  a  gener¬ 
alized  time  weighted  philosophy  were  described  via  a  unified  framework.  For  illustration,  of 
the  various  Type  1,  2  and  3  classifications,  emphasis  was  placed  on  applicability  of  a  specific 
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Type  3  classification  for  general  non-linear  /linear  dynamic  problems.  Under  the  umbrella 
of  a  unified  framework,  the  generalized  integration  operators  [GInO]  not  only  provide  new 
avenues  which  have  to  date  not  been  exploited  and/or  explored  (see  Ref.  [3]  for  details),  but 
also  recover  a  wide  variety  of  existing  dissipative/non-dissipative  algorithms  whose  design 
and  implementation  aspects  were  fully  detailed.  Based  on  a  summary  of  the  overall  devel¬ 
opments  presented  here  and  more  recent  developments  described  elsewhere  [3]  as  related  to 
Type  3  classification  of  time  discretized  operators,  a  desirable  algorithm  pertaining  to  this 
classification  for  structural  dynamics  must  inherit  the  following  characteristic  features:  Sta¬ 
bility:  Unconditional  stability  required.  Accuracy:  At  least  second-order  in  time  accuracy, 
Algorithmic  properties;  No  more  than  zero-order  displacement  and  velocity  overshoot 
behavior  with  minimal  dissipation  and  dispersion,  and  with  controllable  algorithmic  dissi¬ 
pative  features,  Computational  performance:  Self  starting  features  with  no  more  then 
one  set  of  single-field  system  of  implicit  equations  to  be  solved  at  each  time  step  to  include 
ease  of  implementation  and  computational  simplicity.  Other  design  and  applicability  guide¬ 
lines  for  the  various  classifications  are  currently  being  investigated.  We  hope  to  disseminate 
these  and  other  new  developments  of  our  ongoing  quest  for  general  design  of  computational 
algorithms  for  structural  dynamics  in  the  near  future. 
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Figure  3:  Displacement  response  and  En/Eo  for  u  +100u(l  +  lOu^) 
GlnOcenerzfced-a  ^nd  Gcneralized-ck:  due  to  [15]. 


(e)  incremental  o-form  (f)  incremental  u-form  (g)  incremental  d-form 

Figure  4:  Cylindrical  panel  subjected  to  blast  loading:  geometry,  boundary  conditions  and 
large,  elastic,  elasto-plastic  dynamic  response  employing  predictor  multi-corrector  [GInO] 
representations. 
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Table  5:  [DNA]  markers:  Selected  Type  3-[GInO]ru)o~Ficitf  Algorithms  -  Double  weighted 
time  fields.  _ 


At  the  start  of  time  step 

Predict  the  state  vectors  employing  (Predictors) 

di+i  =  d„  +  AiH^i  d„  Ai  4- . . .  + 

d„+i=  d„  +  A^2Wid„At  +  •  •  ■  +  A2pW;-,<4’’)A''-> 

Satisfy  equilibrium  in  a  loop  over  multi-corrector  iterations 
Solve  3Adg^+‘  =  R 

where  A  =  +  Ap+jW^FiAt^’A,] ,  R  =  F-  9(di+,)-  dl+i 

Update  or  correct  the  state  vectors  (Correctors) 

=  ai+,  +  A^,W,«AdS{«At>' 

<l„+i=d„+.  +A2p+,%Ad2f 'At'-* 

Till  convergence  jj^jj^  <  e 
Design  updates  at  end  of  time  step 

diflj  =  d?>  +  (Cl  -dn  -  A,+2Wid„At - A2,lVp-i<il’'>Ai>'-')/(A2,+,W'pAi>’-') 


4(P-1)  _  j(P-l)  . 


^(d„“’'.-dr)Ai 


dn+l=dn  +Ap+2dnAt  H - h  A2pd^f^AiP  ^  +  A2p+l(d|f|i  —  dn^)At^ 

dn+1  =  dn  +  AidnAt  H - h  Apdn^^A^^  +  Ap+i(d^^il  —  dn^^)At’’ 


,  F  =  F„  +  . . .  +  Wp_iF?-^^  Ai^-' 


Table  7:  Illustrative  predictor  multi-corrector  incremental  Ad^^^  form  of  the  single  weighted 
time  field  of  [GlnOj^ujo-Fteid  representations  for  non-linear  dynamics  systems. 
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ACOUSTIC  FATIGUE 


NONLINEAR  VIBRATIONS 
OF  THERMALLY  BUCKLED  PANELS 


Radu  UDRESCU 

INAS  S  A  -Institute  for  Analysis  of  Systems 
lancu  de  Hunedoara  29,  71202  Bucharest,  ROMANIA 

This  paper  investigates  the  nonlinear  dynamic  behaviour  of  panels  subjected  to 
supercritical  thermal  stresses  due  to  temperature  difference  between  their 
edges  and  support.  Free  and  forced  vibrations  under  harmonic  out-of-plane 
pressure  excitations  are  studied  by  using  a  finite  element  model  extended  to 
large  deflection  theory.  The  snap-through  phenomenon  is  identified  as 
intermittent  or  persistent  oscillations  about,  and  between,  the  multiple 
equilibria. 


L  INTRODUCTION 

The  dynamic  behaviour  of  thermally  buckled  panels  has  received 
resurgent  interest  due  to  the  development  of  structures  working  in  conditions 
of  noise  and  high  temperatures.  These  structural  systems  are  known  as 
exhibiting  intermittent  or  persistent  oscillations  about,  and  between,  various 
equilibrium  positions.  For  example,  this  unpredictable  phenomenon  (termed 
snap-through)  can  be  induced  by  the  kinetic  heating  of  the  supersonic  flow 
combined  with  aeroacoustic  excitations  (of  noise,  turbulent  boundary  layer,  or 
oscillating  shock  waves)  acting  on  the  panel  substructure  of  a  high  speed 
vehicle  (Fig.l). 


Fig.l  Skew  of  panel  under  thermal  forces 

In  a  static  context,  buckling  is  usually  accompanied  by  the  appearance  of 
multiple  equilibria.  The  underlying  potential  energy  function  has  a  number  of 
locally  distinct  minima,  and  large  perturbations  may  cause  the  system  to 
“snap”  to  an  alternate  equilibrium  configuration. 

From  a  practical  point  of  view,  these  large  amplitudes,  nonlinear 
oscillations  are  detrimental  to  the  integrity  of  the  structure.  Snap-through 
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produces  large  changes  in  curvature  over  short  time  intervals,  which  increases 
wear  and  greatly  reduces  fatigue  life.  In  extreme  cases,  catastrophic,  failure 
may  result. 

Recent  experimental  investigations  of  panels  under  combination  of  axial 
and  lateral  loading  have  already  confirmed  [1]  a  significant  loss  of 
predictability  due  to  the  possibility  of  snap-through  resulting  from 
disturbances  and  transient  dynamics. 

The  purpose  of  this  paper  is  to  give  a  general  model  for  the  nonlinear 
vibrations  of  the  slender  panels  subjected  to  thermal  in-plane  loading  and  also 
externally  excited.  A  high-order  finite-element  model  extended  to  large 
deflection  theory  (which  takes  into  account  the  in-pane  stresses  induced  by  the 
large  amplitudes  of  the  out-of-plane  motion)  is  used  for  the  identification  of 
dynamic  pattern  of  the  responses  with  and  without  applied  excitations  of 
various  amplitudes  and  frequencies. 

n,  GENERAL  CONSIDERATIONS 

The  general  theory  of  elastic  instability  phenomena  [2]  states  that  the 
location  and  stability  of  the  system’s  equilibria  are  dictated  by  the  strain 
energy  function.  Assuming  the  deflection  of  a  system  given  by  a  single 
generalized  coordinate,  q,  the  (strain)  potential  energy  function  for  an  axially 
loaded,  slender  structure  in  the  initial  postbuckling  range  can  be  written  in  a 
suitable  nondimensionalization  form  as: 

(1) 

where  A  represents  a  control  parameter,  e.g.,  the  axial  load  or,  in  this  case,  the 
temperature  rise.  The  first  derivative  of  the  potential: 

^^V'iq)  =  4q^-2Zq  =  0  (2) 

defines  equilibria  resulting  in: 


The  sign  of  the  second  derivative  of  the  potential  evaluated  at  each  qef 
determines  the  stability  of  these  configurations.  The  trivial  solution  is 
unstable,  and  the  two  symmetric  solutions  are  stable. 

^^V'\q)  =  12q^-2X  (4) 
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The  gaieric  case  is  considered  by  including  an  imperfection  parameter: 
Uiq)^q^~Aq^+6q 


(5) 


where  s  mi^t  represent  an  initial  geometric  imperfection,  a  small  transverse 
load  or  an  axial  load  eccentricity.  In  this  case,  the  symmetry  is  broken  and  all 
three  equilibria  are  nonzero  and  have  certain  physical  meaning: 

-  one  stable  configuration  represented  by  the  dominant,  primary^  solution  qi 
(which  would  be  followed  by  a  natural  quasistatic  loading  path) 

-  the  other  stable  position  representing  a  secondary'  solution  q^  which 
requires  a  large  perturbation  or  a  special  loading  history  in  order  to  be 
realized. 

-  one  unstable  position,  solution  q2  between  the  two  equilibria  (as  in  Fig.2 
showing  schematically  the  case  of  a  “double  well”  uns^Tumetric  potential). 


Fig.2  Sketch  of  a  two-well  potaitial  energy  fimction 


In  the  static  case,  the  equilibrium  configurations  and  their  stability  are  readily 
evident.  In  the  dynamic  case,  the  displacement  of  the  plate  may  be 
conceptually  viewed  as  a  ball  moving  on  this  potential  energy  surface  under 
external  forcing  (shaking  horizontally  the  potaifial  surface).  For  small 
amplitude  excitations,  the  ball  will  undergo  small  periodic  oscillations  about 
tiie  primary  equilibrium  (in  the  normal  course  of  events).  Under  greater 
excitation,  the  ball  may  escqje  the  local  confines  of  the  potential  well  and 
undergo  intermittent  oscillations  as  the  ball  traverses  both  wells  in  an 
unpredictable  manner.  This  motion  is  analogous  to  dynamic  snap-through  of 
the  plate. 


in.  MODEL  OF  THERMALLY  BUCKLED  PANEL 

The  theoretical  model  of  thermally  buckled  panels  is  built  by  using  the 
known  expression  of  the  strain  energy  arisen  in  an  isotropic  Hookean  plate 
(having  balding  rigidity  D  and  Poisson's  coefficient  v).  The  strain  energy  is 
written  as  the  sum  of  a  stretching  and  pure  bending  components: 
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(6) 


^  ^  ni  =  Us+Ub 

where  the  two  terms  have  been  identified  as  having  the  following  expressions: 

Vs=\\\[N.e^-*-N^e^„+N^s^^)ixdy  (7) 


'<7^v.V  (a^w'' 


aP- 


J 


2v 


dic^ 


2(1-1 


dc^ 


\ixdy 


The  above  relations  are  obtained  by  using  the  von  Karman  nonlinear  strain- 
displacement  expressions.  For  the  plate  element  undergoing  both  extension 
and  bending  at  any  point  z  the  strain  state  is  a  sum  of  membrane  and  change  of 
curvature  strain  components: 


i 

~  dc  2 


^  1 


(  d/^ 

\dxj 


-z 


4^ 


14^ 


-z- 


4^ 


2  -^yyO 


4^^ 


di’  di  ^  dAP  ^  d'^w  ^  d^w 

g  = - 1 - h - 2z - =  -  2z - 

^  3c  ^  dc  ^  3c^  ^  dx,^ 


(8) 


The  tensions  Nx^NyNxy  in  equation  (7)  correspond  to  the  normal  and  shear 
elastic  and  thermal  stress  components  (when  applying  a  uniform  temperature 
difference  AT  over  the  plate  having  coefficient  of  thermal  expansion  a): 


AT  = 


hE 

FF 

M  ^ 

2(l  +  v)' 


hE  \  \  hE 

hE 


oAT 


N..  =  ,  "".\F+vg„]- 


(1-v) 


oAT 


(9) 


The  governing  equation  of  the  general  thermoelastic  model  is  obtained 
through  the  applications  of  Hamilton's  principle: 


j(sr-su+sir)dt=o 


(10) 
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and  has  the  known  expression  [3]: 


r^A2  xr  xr  x 

Z)A  w  -  N„  —r^  +  m-TT-  =  Ap^ 


* 


(11) 


where  4?^  is  the  transversal  pressure.  The  finite  element  formulation  of  this 
equation  has  a  classical  nondimensional  form  [4]  (denoted  by  superscript  “o”): 


ML 

0 

I 

/ 

+ 

"KL+a,K“ 

0 

o‘ 

ML 

tnffl  _ 

1 _ 

v 

O* 

— 1 

+ 

0 

0 

_ 1 

1 - 

%. 

1 _ 

0 

o' 

0 

K. 

— 1 

Ph 

H 

b 

_ 1 

obtained  by  using  a  dimensionless  time  parameter: 


(13) 


Subscripts  “b”  and  “m”  denote  separately  the  bending  and  membrane 
components,  m  is  the  panel  mass/area,  M  and  K  are  the  global  mass  and  linear 
stiffness  matrices,  respectively;  Kg  is  the  geometric  stiffness  due  to  thermal 

forces;  Kj,  K2  are  the  nonlinear  stiffness  matrices  that  depend  linearly  and 
quadratically  on  element  plate  and  membrane  ''r,;,"  displacements, 
respectively;  Pg,  Px  are  the  externally  applied  out-of-plane  pressure  and  in¬ 
plane  load,  respectively.  Also  and  p  are  dimensionless  parameters  for  in¬ 
plane  load  and  transversal  pressure,  respectively: 


CF.  = 


D 

^  Dh 


(14) 


Thermal  buckling  tension  arises  when  the  kinetic  heating  of  the 
panel  surface  yields  a  temperature  difference  AT  between  the  fixed  edges 
(completely  restrained  against  in-plane  motions)  and  their  supports.  The 
thermal  in-plane  stress  resultants  equal: 

1- V 
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Knowing  the  critical  buckling  load  for  a  simply  supported  square  plate: 


(j 


X 


N 

D 


=  2n^ 


(16) 


the  compressive  load  parameter  Ox  can  be  related  to  the  critical  buckling 
conditions: 


2^^  at; 


(17) 


IV.  RESULTS 

An  original  computational  program  has  been  used  for  the  study  of  the 
dynamic  behaviour  of  a  simply  supported  isotropic  square  panel  {a/b^l, 
h/a=0.0I)  under  uniform  temperature  change  AT.  The  FE  mesh  (shown  in 
Fig.3)  consists  of  eight  complex  plate-membrane  triangular  elements  with  a 
reduced  number  of  active  degrees  of  freedom:  54  DOFs  for  a  simply  supported 
isotropic  square  panel.  This  FE  idealisation  (presented  in  detail  in  [5])  has 
already  provided  its  capabilities  in  solving  nonlinear  panel  flutter  problems 
[6]. 


•  nodes  with  eight  d.o.f  s: 

U,V,W,Wx,Wy,Wxx,M>xy,Wyy 

o  nodes  with  three  d.o.fs: 

U,V,Wn 


Fig.3  Finite-element  mesh 

An  important  aspect  of  thermal  effect  may  be  seen  in  terms  of  the  three 
amplitude  response  diagrams  of  Fig.4. 


Fig.4  Sketch  of  amplitude  diagram  for  motion  about  a  single  equilibrium 
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The  nonlinear  softening  spring  and  the  linear  and  nonlinear  hardening 
springs  cases  corresponds  to  the  curves  bending  to  the  left,  straight  up  and 
bending  to  the  ri^t,  respectively. 

For  a  fixed  temperature  change  AT<ATcr,  periodic  plate  motions  are  of 
the  hardening  type  (bending  right)  due  to  the  additional  membrane  stifl&iess. 
However,  in  this  prebuclded  regime  the  bending  stiffiiess  decreases  as  the 
thermal  load  is  increased  from  ambient  to  AT^r-  For  a  fixed  AT>ATcr,  the 
system  is  of  the  softening  spring  type,  (bending  left)  due  to  the  presence  of  the 
unstable  equilibrium  (the  hilltop  on  die  potential  surface)  separating  two  stable 
equilibria.  This  theory  is  verified  numerically  by  the  free  vibrations  of  a  panel 
subjected  to  increasing  thermal  buckling  loads.  The  graphics  shown  in  Fig. 5 
are  drawn  in  dimensionless  units:  displacemait  (at  the  mid-point  of  panel) 
scaled  to  panel  thickness  W=w/h  (above)  and  nondimensional  temperature 
parameter  AT/ATcr  (below,  crossing  the  sub/supercritical  domain)  versus 
nondimensional  time  t.  The  dynamic  response  is  obtained  b3^  step-by-step 
integration  of  equation  system  (12)  starting  from  the  perturbation  solution  of  a 
small  deformed  shape  due  to  a  constant  distribution  pressure.  The  in-plane 
inertia  M®mm  is  neglected. 


o  S  10  19  20 


Fig.  5.  Free  vibrations  of  panel  under  increasing  thermal  forces 

Investigating  the  pattern  of  tins  diagram  in  terms  of  amplitude  and 
frequency  related  to  the  levels  of  compressive  load,  it  can  be  observed  diat  the 
frequency  of  vibration  decreases  (equivalent  to  decreasing  of  the  bending 
stifthess)  in  the  prebuckled  regime  as  die  temperature  difference  is  increased 
from  ambient  to  ATcr-  After  crossing  the  critical  regime  into  the  postbuckled 
region  AT/ATcr>I,  the  frequency  of  vibration  becomes  hi^er  (die  bending 
stiffiiess  increases  with  increased  thermal  load).  The  system  oscillates  now 
around  a  buclded  state  of  the  panel.  These  observations  are  consistent  with  the 
above  considerations  related  to  Fig.4. 
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It  is  important  to  point  out  that  the  diagram  from  Fig. 4  pertain  to 
motion  about  one  equilibrium  position  (one  potential  well).  They  do  not 
correspond  to  amplitudes  of  snap-through  phenomenon  as  it  was  defined  in  the 
section  of  general  considerations.  There  it  was  mentioned  that  the  external 
excitation  becomes  essential  in  forcing  the  system  to  undergo  periodic 
oscillations  about  two  alternate  equilibrium  positions.  This  behaviour  has 
already  been  confirmed  by  experiments  in  dynamics  of  thermally  buckled 
panels  acoustically  excited  [1].  That  is  why  the  next  analysis  considers 
additional  excitations  over  the  panel  in  terms  of  harmonic  uniformly 
distributed  out-of-plane  pressures  (expressed  in  nondimensional  form  p 
defined  by  Eq.l4). 

The  numerical  investigations  start  around  the  critical  buckling  point 
and  then  are  focused  on  the  postbuckled  regime.  The  graphics  show 
simultaneously  the  nondimensional  dynamic  response  W  and  excitation  p 
versus  time  r.  The  patterns  of  external  loading  include  time-delayed  functions 
of  increasing  amplitudes  and  various  frequencies  in  order  to  compare  the  free 
and  forced  vibrations.  When  applying  excitation  of  nonzero  mean  value  in 
subcritical  regime  AT/ATcr^O.9  it  can  observed  a  beating  phenomenon  which 
is  suppressed  at  increasing  pressures  (Fig.6). 


Fig.  6  Dynamic  response  and  excitation  {ATIATcr=0.9) 

The  postbuckling  regime  AT/ATcr^Ll  is  studied  in  two  cases  of 
harmonic  excitations  having  the  same  pattern  of  amplitude,  but  different 
frequencies.  By  forcing  at  moderate  excitation  (Fig.7)  the  beating  behaviour  is 
maintained  as  well  as  the  dominant  frequency  of  excitation.  When  exciting  at 
lower  frequency  (Fig.  8)  the  response  is  disturbed  into  a  pattern  which  suggests 
a  snap-through  phenomenon  with  intermittent  oscillations  about,  and  between, 
the  multiple  equilibria. 
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This  dynamic  behaviour  becomes  obvious  at  higher  thermal 
compressive  load  {AT/ATcr=L9)  and  moderate  frequency  excitation  (Fig. 9). 
Indeed  the  forced  motion  began  around  the  secondary  equilibium,  then  settled 
around  the  primary  equilibrium  and  alternated  between  both  positions.  Various 
numerical  tests  confirm  that  the  transient  dynamics  of  excitation  play  a  more 
significant  role  in  likelihood  of  snap-through. 


o  5  10  IS  20 


Fig. 7  Dynamic  response  and  excitation  -  Case  1  (AT/ATcr~l.l) 


Fig. 8  Dynamic  response  and  excitation  -  Case  2  (AT/ATcr=l.l) 


Thus,  the  behaviour  becomes  unpredictable  at  lower  frequency  excitations 
(Fig.  10)  when  the  oscillations  become  irregular  around  one  equilibrium 
position  and  decrease  in  amplitude  in  spite  of  a  forcing  level  higher  than  the 
previous  case. 


Fig.9  Dynamic  response  and  excitation  -  Case  1  {ATIAT^t=\  .9) 
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Fig.  lO  Dynamic  response  and  excitation  -  Case  2  (2lT/J7’cr=l  .9) 

The  beating  and  snap-through  phenomena  (confirmed  again  at  higher 
postbuclding  regime  -Figs.  11  and  12,  respectively,  at  AT/ATcr-'2.0)  seem  to  be 
governed  by  the  excitation  amplitude.  Lower  amplitudes  forced  die  system 
into  a  steady-state  beating  behaviour  (Fig.  11),  but  harmonic  excitations  of 
larger  amplitudes  disturbed  this  initial  pattern  into  the  irregularty  oscillation  of 
snap-througji  motion  (Fig.  12).  Usually  die  beating  phenomenon  may  be 
connected  to  a  saddle  node  bifurcation  f7],  i.e.,  die  jump  in  amplitude.  It  has 
already  been  confirmed  by  experiments  on  diemialfy  budded  panels  excited 
by  sound  pressures  flj. 

The  above  dim«isionless  analysis  has  the  advantage  of  expressing  the 
various  results  in  a  most  compact  form,  establishing  scaling  laiv's  to 
extrapolate  results  for  certain  pl^sical  situations.  Regarding  the  amplitude  of 
die  response,  the  graphical  results  showed  out-of-plane  displacements  of  the 


same  magnitude  as  panel  thickness  (which  is  characteristic  to  large  amplitudes 
domain). 


Fig.  11  Dynamic  response  and  excitation  -  Case  1  (ATI ATcr=2.0) 


Fig.  12  Dynamic  response  and  excitation  -  Case  2  (ATIAT„=^2.(S) 

In  order  to  have  quantitative  information  about  the  real  time  t  and 
pressure  Aps,  it  is  necessary  to  perform  the  dimensional  analysis  by  correlating 
the  dimensionless  parameters  -time  rand  pressure p  from  Eqs.(13),  and  (14), 
respectively-  with  data  of  panel  geometry  and  material,  as  following: 
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V.  CONCLUSIONS 


This  paper  investigated  the  nonlinear  dynamic  behaviour  of  panels  with 
fixed  edges  (simply  supported)  subjected  to  thermal  stresses  and  also  excited 
harmonically  by  uniformly  distributed  pressures.  The  analysis  was  performed 
on  a  high-order  finite  element  model  extended  to  nonlinear  elastic  theory 
which  took  into  account  the  in-plane  stretching  stresses  induced  by  the  large 
amplitudes  of  the  out-of-plane  motion.. 

Examples  of  free  and  forced  nonlinear  vibrations  of  panels  in 
postbuckled  regime  were  presented  in  nondimensional  time  domain  diagrams. 
The  patterns  of  dynamic  behaviour  confirmed  the  sensitivity  of  the  response  to 
transient  dynamic  excitation  which  play  a  significant  role  in  forcing  the 
system  to  oscillate  about,  and  between,  the  multiple  equilibria. 

The  proposed  model  has  the  capabilities  to  extend  the  analysis  to  other 
perturbations,  nonstationary  or  random  effects  in  order  to  obtain  the  reliable 
information  about  the  snap-through  as  detrimental  phenomenon  to  the 
structural  integrity. 
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ABSTRACT 

Sonic  fatigue  is  being  considered  as  one  of  the  major  design 
parameters  for  the  new  generation  of  high-speed  flight  vehicles.  Efficient 
analysis  methods  for  predicting  nonlinear  random  response  and  fatigue  life  are 
urgently  needed.  This  paper  presents  a  finite  element  formulation  for  the 
prediction  of  non-linear  random  response  of  thin  composite  panels  subjected 
to  high  acoustic  loads  and  elevated  temperatures.  Laminated  plate  theory  and 
von  Karman  large  displacement  relations  are  used  to  derive  the  non-linear 
equations  of  motion  for  an  arbitrarily  laminated  composite  panel  subjected  to 
combined  acoustic  and  thermal  loads.  The  non-linear  equations  of  motion  in 
structural  node  degrees  of  freedom  are  then  transformed  to  a  set  of  coupled 
nonlinear  equations  in  truncated  modal  coordinates  with  rather  small  degrees 
of  freedom.  Numerical  integration  is  employed  to  obtain  the  panel  response 
with  simulated  Gaussian  white  noise.  To  validate  the  formulation,  results  are 
compared  with  the  existing  linear  and  nonlinear  solutions  to  assess  the 
accuracy  of  nonlinear  modal  stiffness  matrices  and  simulated  random  loads. 
Examples  are  given  for  isotropic  and  composite  panels  at  various 
combinations  of  sound  pressure  level  and  temperature.  Numerical  results 
include  root  mean  square  values  of  maximum  deflection  and  strain,  time 
histories  of  deflection  and  strain  response,  probability  distribution  functions, 
power  spectrum  densities  and  higher  statistical  moments. 

1.  INTRODUCTION 

Resurgent  interest  in  the  high-speed  flight  vehicles  necessitates  the 
further  development  of  sonic  fatigue  technology  [1,2].  The  surface  thermal 
protection  systems  (TPS)  of  advanced  high-speed  aircraft  and  spacecraft, 
such  as  the  X-33  Advanced  Technology  Demonstrator,  the  Reusable  Launch 
Vehicle  (RLV),  the  Joint  Strike  Fighter  (JSF),  and  the  High-Speed  Civil 
Transport  (HSCT),  etc.  will  be  constructed  from  high  temperature  resistant 
composite  or  superalloy  materials.  The  major  advantages  that  composite 
materials  provide  are  the  increased  strength  to  weight  ratio  and  the  higher 
structural  damping  over  superalloy  structures.  The  larger  damping  would 
yield  smaller  dynamic  response  and  strain,  and  thus  enhancing  fatigue  life. 
The  TPS  would  yield  large  displacements  under  high  acoustic  loads  and 
buckling  at  elevated  temperatures.  Both  of  these  effects  are  nonlinear  in 
nature  and  make  predicting  fatigue  life  extremely  difficult  [1-3].  Because  of 
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the  high  costs  and  difficulties  with  instrumentation  at  high  acoustic  intensity 
and  elevated  temperature,  reliable  experimental  data  is  difficult  to  acquire. 
Thus,  in  the  design  process,  greater  emphasis  will  be  placed  on  improved 
mathematical  and  computational  prediction  methods. 

There  are  four  major  analysis  methods,  the  perturbation,  Fokker-Plank- 
Kolmogorov  (FPK),  Monte  Carlo  methods,  and  the  equivalent  linearization 
(EL)  for  the  prediction  of  nonlinear  response  of  aircraft  panels  subjected  to 
high  sound  pressure  levels  and  temperatures.  The  perturbation  technique  [4] 
has  been  shown  that  it  is  limited  to  weak  geometric  nonlinearities,  and  the 
FPK  approach  [5]  yields  to  exact  solution  but  only  to  single  one  degree  of 
freedom  (DOF)  systems.  Monte  Carlo  simulation  [6,7]  is  the  most  general 
method,  but  the  use  of  partial  differential  equation  (PDE)  and  Galerkin’s 
approach  limited  its  applicability  to  rather  simple  structures  [8-10].  Equivalent 
linearization  methods  have  been  widely  applied  because  of  its  ability  to 
accurately  capture  the  response  statistics  over  a  wide  range  of  response  while 
maintaining  a  relatively  light  computational  burden  [11, 12].  The  draw  back  of 
the  equivalent  linearization  technique  is  the  assumption  that  the  response  has 
to  be  Gaussian. 

The  application  of  the  finite  element  method  and  EL  was  extended  to 
structures  subjected  to  thermal  and  acoustic  loads  [13-15].  The  thermal  post- 
buckling  structural  problem  was  solved  first  to  obtain  the  deflection  and 
thermal  stresses,  they  were  then  treated  as  known  preconditions  for  the 
subsequent  random  response  analysis.  The  known  preconditions  dealt  with 
only  one  of  the  two  post-buckling  positions,  therefore  the  FE/EL  approach 
does  not  give  accurate  predictions  for  oil  canning  and  large  non-linear  random 
motions.  This  paper  presents  a  new  analytical  method  for  the  prediction  of 
nonlinear  random  response  of  composite  panels  at  elevated  temperatures.  The 
system  equations  of  motion  are  first  derived  in  the  structural  node  DOF  using 
the  finite  element  approach,  then  they  are  reduced  to  a  set  of  coupled  nonlinear 
modal  equations.  Numerical  integration  is  used  to  obtain  the  panel  response. 
All  the  three  motions:  (i)  linear  random  vibration  about  one  of  the  buckled 
position,  (ii)  snap-through  between  the  two  buckled  positions,  and  (iii)  non¬ 
linear  random  vibration  over  the  two  thermally  buckled  positions,  can  be 
predicted.  Examples  are  given  for  an  isotropic  plate  and  a  composite  plate. 

2.  HNITE  ELEMENT  FORMULATION 

The  governing  nonlinear  equations  of  motion  are  derived  for  an 
arbitrarily  laminated  composite  plate  subjected  to  a  set  of  simultaneously 
applied  thermal  and  acoustic  loads.  The  thermal  load  is  taken  to  be  an 
arbitrary  distribution  and  steady  state,  i.e.,  AT  (x,y,z).  The  acoustic  excitation 
is  assumed  to  be  a  band-limited  Gaussian  random  noise  and  uniformly 
distributed  over  the  stmctural  surface. 
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2.1  Equations  of  Motion  in  Structural  Node  DOF 


The  displacement  functions  are: 


=uix,y,t)-zw^(x,yj) 

Uy  =v{x,y,t)-zWyix,y,t)  (1) 

=w{x,y,t) 

where  Ux,  Uy,  are  the  three  displacement  components  at  any  point  in  the 
element,  and  u,  v,  w  are  the  displacements  of  the  middle  surface.  The  von 
Karman  strain  displacement  relations  for  large  deflection  are  given  by 

{e}={s“}+z{*r}  (2) 


and 
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where {/}  and  {k}  denote  the  in-plane  strain  and  curvature  vectors, 
respectively,  and  the  subscripts  “m”  and  “b”  denote  that  the  in-plane  strain 
components  are  due  to  membrane  and  bending,  respectively.  The  comma 
denotes  the  derivative. 


For  the  k*  layer  of  a  thin  laminate  with  an  orientation  of  6,  the  stress- 
strain  relations  are 
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W*  =\qI  (H-ArWJ 


(5) 


(6) 


where  \q\  and  {a}k  are  the  transformed  reduced  stiffness  matrix  and  the 
coefficient  of  thermal  expansion,  respectively. 

The  resultant  forces  and  moments  per  unit  length  are 
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and  the  constitutive  equations  for  a  laminate  can  be  written  as 


'A 

b' 

kl 

[^.r1 

B 

D 

Uj 

(8) 


where  [A],  [B]  and  [D]  are  the  laminate  extensional,  extension-bending  and 
bending  stiffness  matrices,  respectively.  The  vectors  {Nat}  and  {Mat}  are  the 
in-plane  force  and  moment  due  to  thermal  expansion 


(Krl  .  {A^.r})=  '''^W{a\{\,z)dz 

-A/2 


(9) 


Using  the  principle  of  virtual  work,  the  nonlinear  element  equations  of 
motion  are  derived  with  the  internal  and  external  virtual  work  as 


A 

=  J  y.O  -  phw,, )-  „  )-  )}i4 


and  the  element  equations  of  motion  can  be  expressed  as 
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/r 
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(11) 


Assembling  all  the  elements  and  taking  into  account  the  kinematic  boundary 
conditions,  the  system  equations  of  motion  in  structural  node  DOF  can  be 
expressed  as 

[M]{#}+  ]+ [iT,  ]+  [K,  Mh^}= {p,.  }+{/’(0}  (12) 


where  [M],  [K]  and  {P}  denote  the  system  mass,  linear  stiffness  matrices  and 
load  vector,  respectively,  and  [Kj],  [K2]  denote  the  first  and  second  order 
nonlinear  stiffness  matrices  which  depend  linearly  and  quadratically  on 
displacement  {W}.  The  subscripts  B,  NAT,  Nm  and  NB  denote  that  the 


corresponding  stiffness  matrix  is  due  to  the  laminate  extension-bending  [B], 
in-plane  force  components  }  =  [fi]{A:} , 

respectively. 


2.2  Equations  of  Motion  in  Modal  Coordinates 

For  a  given  temperature  rise  AT,  Eq.(12)  can  be  solved  by  numerical 
integration  in  the  structural  node  DOF  with  simulated  random  loads.  This 
approach  has  been  carried  out  for  random  response  analysis  with  simulated 
random  loads  [16,17].  It  turned  out  to  be  computationally  costly  because  of  (i) 
the  large  number  of  DOF  of  the  system,  (ii)  the  nonlinear  stiffness  matrices 
[Ki]  and  [K2]  are  to  be  assembled  and  updated  from  the  element  nonlinear 
stiffness  matrices  at  each  time  step,  and  (iii)  the  time  step  of  integration  has  to 
be  extremely  small.  Consequently,  Eq.(12)  is  transformed  into  a  set  of 
truncated  modal  coordinates  with  rather  small  DOF.  For  symmetrically 
laminated  composite  and  isotropic  panels,  the  laminate  coupling  stiffness  [B] 
is  null,  the  two  submatrices  in  Eq.(12)  are 

K]=[Ar,^J  =  0  (13) 

By  neglecting  the  membrane  inertia  term,  the  membrane  displacement  vector 
can  be  expressed  in  terms  of  the  bending  displacement  vector  as 


R}=  [kJ' 


(14) 


Then  Eq.(12)  can  be  written  in  terms  of  the  bending  displacement  as 

[M,  }+  ([a: J  -  m }+  R  r '  {P^r } 

+ Iw, }+ J-  [*:,M  K  ]■'  ]K } = }+  {P,  (')} 


In  the  above  system,  the  nonlinear  stiffness  matrices  can  be  expressed 
in  terms  of  modal  coordinates.  This  is  accomplished  by  expressing  the  panel 
deflection  as  a  linear  combination  of  some  base  functions  (modal 
transformation) 

{wJ=E«.(ok}=W9}  (16) 

r=l 


where  {(|)r}  corresponds  to  the  normal  modes  of  the  linear  vibration  problem 

(17) 
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Matrices  [Kibm]  and  [K2]  are  both  in  function  of  {Wb},  they  can  be  expressed 
as  the  sum  of  products  of  modal  coordinates  and  nonlinear  modal  stiffnesses 
matrices  as 

=  (18) 
r  s 


where  the  super  indexes  of  those  non-linear  modal  stiffness  matrices  denote 
that  they  are  assembled  from  the  corresponding  element  non-linear  stiffness 
matrices.  Those  non-linear  stiffness  matrices  are  evaluated  with  the 
corresponding  element  components  (wb)^*’^  obtained  from  the  known  system 
mode  {<()r}. 

The  nonlinear  stiffness  matrix  is  linearly  dependent  on  the 

displacement  {Wm}.  Recalling  the  membrane  displacement  vector  of  Eq.(14) 

K}=Kr(fcAr}-[*:,^K}) 

=  (19) 

r=] 

=  Ko  }-  X  E  Qr  (O9,  (f  ){«»„,,  } 

r=l  j=I 


It  is  observed  that  [iiT/yvm]  is  the  sum  of  two  matrices,  the  first  [Kj^m]  is 
evaluated  with  { ^0)  and  the  second  [K2Nm\  is  evaluated  with  { <l^rs],  as 


r=\  s=\ 


(20) 


Introducing  a  structural  modal  damping  ^[1],  where  the  modal 

damping,  §•,  can  be  determined  experimentally  or  pre-selected  from  a  similar 
structure.  The  equations  of  motion  (15)  reduce  to  a  set  of  coupled  modal 
equations  as 

[m]  fe}+  2^,(0MXn  fe}+  ([^J+  [jr,J  {q]=  {?}  (21) 

where  the  diagonal  modal  mass  is 

[A7]=[^f[Mj  [(!>]  =  M,[/]  (22) 

the  linear  and  cubic  terms  are 
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(23) 


=  )  W  (9) 

+[#fx9,(o[^.„rkof 

v-'  J 

KM = [<»rii9,(09.(0([^:.,r 

r=]  j=l 

fe} 

and  the  modal  thermal  and  random  load  vector  is 

H=[tf  ({nA7-}+{^»(0})  (25) 

The  nonlinear  random  response  for  a  given  symmetric  composite  or  isotropic 
panel  at  certain  temperature  can  thus  be  determined  from  Eq.(21).  The 
advantages  of  using  this  modal  equation  are:  (i)  the  number  of  modal 
equations  is  small  (DOF  of  {q}«DOF  of  {Wb}),  (ii)  there  is  no  need  to 
assemble  and  update  the  nonlinear  cubic  terms  since  all  the  nonlinear  modal 
stiffness  matrices  are  constant  matrices,  and  (iii)  the  time  step  of  integration 
could  be  larger.  For  asymmetric  composite  panels  ([B]?K)),  the  derivation  of 
the  governing  modal  equation  is  simpler  and  the  readers  are  referred  to 
reference  [18]. 


2.3  Strain  Calculations 

After  the  modal  displacement  {q}  for  a  given  combination  of  acoustic 
load  and  elevated  temperature  case  is  known,  {Wb}  and  (Wm)  can  be 
evaluated  with  Eq.(l6)  and  Eq.(19).  The  element  in-plane  and  bending 
(±h{K}/2)  strain  components  can  be  calculated  using  Eq.(3)  and  Eq.(4), 
respectively. 


2.4  Uniform  Distribution  Random  Pressure 


Consider  a  random  pressure  p(x,y,t)  acting  on  the  surface  of  a  high¬ 
speed  flight  vehicle.  The  pressure  acting  normal  to  the  panel  surface  varies 
randomly  in  time  and  space  along  the  surface  coordinates  x  and  y.  The 
pressure  p  (x,y,t)  is  characterized  by  a  cross-spectral  density  function  T], 
CO),  where  xi  -  X2  and  r|=yi  -  y2  are  the  spatial  separations  and  co  is  the 
frequency.  The  simplest  form  of  the  cross-spectral  density  is  the  truncated 
Gaussian  white  noise  pressure  uniformly  distributed  with  spatial  coordinates  x 
and  y 


sA4,T,,f)= 


if  o</</„ 

if  f<0  or  />/, 


(26) 
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where  So  is  constant  and  /„  is  the  upper  cut-off  frequency.  The  expression  for 
So  can  be  written  as  [8], 

S,  =  pI  (27) 

where  po  is  the  reference  pressure,  po  =  2.90075  10*^  psi  (20jiPa)  and  SPL  is 
the  sound  pressure  level  expressed  in  decibels.  A  typical  simulated  random 
load  for  the  composite  plate  is  shown  in  Fig  1.  The  band-limited  white  noise 
is  simulated  by  a  Fortran  code  that  generates  a  random  pressure  using  complex 
numbers  with  independent  random  phase  angles  uniformly  distributed  between 
0  and  27E.  The  power  spectrum  density  (PSD)  value  of  the  random  process  is 
obtained  by  taking  the  ensemble  average  of  the  Fourier  transform  of  the 
random  load,  the  PSD  value  is  then  compare  to  the  exact  one  given  by 
Eq.(27).  The  analyses  presented  are  obtained  for  a  cut-off  frequency  of  512 
Hz  for  the  isotropic  plate  and  1024  Hz  for  the  composite  plate.  The  selected 
frequency  bandwidth  is  Aa>=0  rad/sec  (1  cycle/sec)  with  the  random  load 
prescribed  in  decibels  (dB).  For  instance,  for  a  uniformly  Gaussian  random 
load  of  100  dB  over  a  frequency  range  of  0-512  Hz  corresponds  to  an  overall 
SPL  of  127  dB. 


3.  RESULTS  AND  DISCUSSIONS 
3.1  Validation 

Accurate  nonlinear  analytical  multimode  results  and  test  data  is  not 
available  in  the  literature.  Validation  of  the  present  nonlinear  modal 
formulation  will  thus  consists  of  two  parts:  (i)  nonlinear  free  vibrations  to 
assess  the  accuracy  of  the  left-side  of  Eq.(21)  with  zero  damping,  and  (ii) 
linear  random  vibrations  to  validate  the  simulated  random  load  {p}  at  the 
right-side  of  Eq.(21).  The  accuracy  of  the  nonlinear  stiffness  matrices  in 
modal  coordinates  has  been  verified  in  reference  [19]  for  nonlinear  free 
vibration  of  fundamental  and  higher  modes  of  plates  and  beams.  The 
validation  of  simulated  random  loads  is  by  comparison  of  the  linear 
displacements  with  linear  analytical  results  shown  in  Table  1.  The  FPK 
method  is  an  exact  solution  [5]  to  the  single  DOF  forced  Duffing  equation,  the 
present  time  domain  numerical  simulation  results  are  also  shown  in  Table  1. 

Table  1.  Comparison  of  RMS  Wmax/b  for  a  Simply 


Supported  15x12x0.040  in.  Isotropic  Plate 


SPL 

(dB) 

Linear  Analytical 

4  modes  7  modes 

FE  Lin.  Num.  Sim. 

4  modes  Err.% 

FPK  [5] 

1  mode 

Present 

4  modes 

90 

0.2759 

0.2759 

0.2760 

■BEB 

0.8725 

0.8725 

0.8728 

W3^ 

0.578 

IDI 

2.7590 

2.7590 

2.7600 

0.0362 

1.187 

1.432 

8.7248 

8.7250 

8.7281 

0.0362 

2.200 

2.572 
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3.2  Simply  Supported  Isotropic  Plate 


An  isotropic  rectangular  plate  with  simply  supported  and  immovable 
in-plane  edge  conditions  u(0,y)=u(a,y)=v(x,0)=v(x,b)=0  subjected  to  random 
excitation  is  studied  first.  The  plate  is  15x12x0.040  in.  (38.1x30.5x0.1  cm.) 
and  the  material  properties  are  E=10.5  Msi  (72.33  GPa)  and  v=0.3.  A 
damping  ratio  ^r=0.01  is  used  for  all  the  examples.  The  plate  is  modeled  with 
a  6x6  mesh  or  36  Bogner-Fox-Schmit  (BFS)  elements  in  a  quarter  plate.  The 
number  of  structure  node  DOF  {Wb}  is  144  for  the  system  equations  in 
Eq.(15).  The  number  of  modal  equations  is  four  and  the  lowest  symmetric 
modes  (1,1),  (3,1),  (1,3),  (3,3)  are  included  for  numerical  integration.  The 
Root  Mean  Square  (RMS)  maximum  deflection/h  and  the  RMS  maximum 
strain  versus  the  SPL  are  shown  in  Fig.2.  The  maximum  strain  is  the  ey 
located  at  the  plate  center.  Both  linear  small  deflection  and  non-linear  large 
deflection  structural  theories  are  employed,  and  the  nonlinear  theory  gives 
lower  RMS  deflection  and  strain  results.  The  maximum  deflection  and  the 
maximum  strain  response  time  histories,  probability  distribution  functions 
(PDF)  and  power  spectrum  densities  (PSD)  in  psi^/Hz  at  SPL=90  and  120  dB 
are  shown  in  Figs.3  and  4,  respectively.  Table  2  presents  the  maximum 
deflection  and  maximum  strain  response  statistical  moments  for  the  four  SPL. 


Table  2.  Moments  of  the  Wmax/h  and  Maximum  Strain 
_ for  the  15x12x0.040  Isotropic  Plate _ 


SPL 

dB 

Ritis 

mean 

inyin. 

variance 

in^iin^. 

skewness 

in^Vin^. 

kurtosis 

in'*7in'‘. 

90 

0.266 

0.00037 

Wmax/h 

0.0706 

0.00530 

0.156 

100 

0.578 

-0.00217 

0.3340 

-0.01210 

-0.313 

110 

1.432 

-0.00325 

2.0516 

-0.00679 

-0.436 

120 

2.572 

0.00615 

6.6149 

-0.00810 

-0.529 

90 

1.551x10’ 

pinVin. 

-0.3396 

Strain 

pin^yin^. 

0.00024 

inVin^. 

-0.1238 

in'^Jin^. 

0.3296 

100 

3.258x10’ 

-1.3259 

0.00106 

-1.7415 

-0.0232 

110 

1.065x10'' 

-0.934 

0.01126 

-0.2375 

-0.6599 

120 

3.916x10''* 

38.76 

0.01518 

1.6028 

4.1865 

The  skewness  and  kurtosis  coefficients  are  defined  as 

Skewness=iLi3/cy^ ,  Kurtosis=|i4ya'^-3  (28) 

where  (ik  and  a  are  the  k^  central  moment  and  standard  deviation, 
respectively.  At  the  low  90  dB  SPL,  the  plate  behaviors  basically  a  small 
deflection  (W^ax/b  =  0.266)  random  vibration  dominated  by  the  fundamental 
(1,1)  mode  as  indicated  in  the  PSD  plot.  The  time-history  response  at  the  high 
120  dB  SPL  is  clearly  a  large  deflection  (Wmax/h  >  1.0)  non-linear  random 
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vibration.  This  is  demonstrated  by  the  peaks  in  PSD  plots  that  they  are 
broadening  and  shifting  to  the  higher  frequency  and  by  the  presence  of  the 
nonzero  mean  in-plane  strain  shown  in  the  strain  plots.  The  large  deviation 
from  the  Gaussian  distribution  is  shown  by  the  strain  probability  of  Fig.4  as 
well  as  the  large  skewness  and  kurtosis  values  of  1.6028  and  4.1865, 
respectively,  for  strain  response  in  Table  2. 

3.3  Clamped  Composite  Plate 

Nonlinear  response  of  a  composite  plate  subjected  to  combined 
acoustic  and  thermal  loads  can  be  determined  using  the  present  modal 
formulation.  Three  types  of  panel  behavior:  (i)  small  deflection  random 
vibration  about  one  of  the  two  thermally  buckled  equilibrium  positions,  (ii) 
snap-through  or  oil  canning  phenomenon  between  the  two  buckled  positions, 
and  (iii)  large  nonlinear  random  vibration  covering  both  thermally  buckled 
positions,  can  be  predicted.  As  the  second  example,  a  clamped  rectangular 
Graphite-Epoxy  plate  of  eight  layers  [0/45/-45/90]s  is  investigated.  The  plate 
is  of  15x12x0.048  in.  (38.1x30.5x0.12  cm.)  and  the  material  properties  are: 
Ei=22.5  Msi  (155  GPa),  £2=1.17  (8.07),  Gi2=0.66  (4.55),  p=0.1468xl0'^  Ib- 
sec^/in.'^  (1550  kgW),  Vi2=0.22,  and  ai=-0.04xl0VF  (-0.07x1  O' VC), 
a2=16.7xl0‘^  (30.1x10'^).  The  in-plane  edges  are  immovable  and  the  plate  is 
modeled  with  a  quarter  plate  6x6  mesh.  The  number  of  system  equations  in 
structure  node  DOF  {Wt,}  is  121.  The  system  equations  are  reduced  to  the 
modal  coordinates  using  the  lowest  four  symmetric  modes. 

The  maximum  deflection  and  the  maximum  strain  response  time 
histories,  PDF  and  PSD  at  AT/ATcr=2.0  and  SPL=90,  100  and  120  dB  are 
shown  in  Figs. 5-7,  respectively.  The  time  history,  PDF  and  PSD  plots  clearly 
show  the  three  distinctive  motions  of  linear  vibration  about  one  of  the  buckled 
position  at  low  90  dB  SPL,  oil  canning  jump  behavior  at  moderate  100  dB, 
and  large  deflection  nonlinear  random  vibration  at  high  SPL  of  120  dB.  It  is 
also  interesting  to  note  that  the  maximum  thermal  deflection  (Wn,ax/h)AT  of  the 
plate  at  AT/ATci=2.0  can  be  also  obtained  from  the  deflection  time  histories  in 
Figs.5  and  6.  The  maximum  thermal  deflection  from  the  time  history  plots  is 
Wmax/h=±1.15  at  AT/ATcr=2.0,  and  the  thermal  postbuckling  analyses  are  ATcr 
=36.52  ®F  and  (Wmax/h)=  ±1.134  from  reference  [20].  The  deflection  PDF 
shown  in  Figs.  6  and  7  demonstrate  the  large  deviation  from  Gaussian 
distribution.  The  statistical  moments  for  the  maximum  deflection  and 
maximum  strain  response  are  presented  in  Table  3. 
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Table  3.  Moments  of  the  W^ax/h  and  Maximum  Strain 


:or  the  Clamped  (0/45/-45/90]s  Plate  at  AT/AT„=2.0 

SPL 

Rms 

mean 

variance 

skewness 

kurtosis 

dB 

in^in. 

in^yin^. 

in^yin^. 

in'^yin'*. 

Wmax^ 

90 

1.1502 

-1.1446 

0.0128 

1.9214 

12.127 

100 

1.0683 

0.3667 

1.0070 

-0.6616 

-1.2339 

120 

1.4475 

0.0080 

2.0955 

-0.0149 

-0.7977 

Strain 

{xinVin. 

liin^./in^. 

in^yin^. 

90 

2.567x10“' 

251.636 

0.002558 

-1.2716 

4.965 

100 

2.397x10'^ 

161.351 

0.003142 

-1.1297 

0.4679 

120 

5.219x10-^ 

46.799 

27.0207 

-0.0422 

-0.3237 

4.  CONCLUSION 

A  finite  element  time  domain  modal  formulation  is  presented  for  the 
prediction  of  non-linear  random  response  of  composite  panels  subjected  to 
acoustic  pressure  at  elevated  temperature.  The  modal  formulation  is 
computationally  efficient  that  (i)  the  number  of  modal  equations  is  small,  (ii) 
the  non-linear  modal  stiffness  matrices  are  constant  matrices,  and  (iii)  the  time 
step  of  integration  could  be  reasonably  large.  It  is  demonstrated  that  all  three 
types  of  panel  motions:  (i)  linear  random  vibration  about  one  of  the  buckled 
equilibrium  position,  (ii)  snap-through  motions  between  the  two  buckled 
positions,  and  (iii)  non-linear  random  response  over  both  buckled  positions 
can  be  predicted.  Results  of  deflection  PDF  at  the  high  SPL  also  show  that  the 
assumption  of  Gaussian  distribution  by  the  equivalent  linearization  technique 
is  inappropriate 
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Figure  2.  RMS  Displacement  and  Strain  versus  SPL  of  an 
Isotropic  Simply  Supported  Plate 
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Figure  3.  Random  Response  of  an  Isotropic  Simply  Supported  Plate 
at  SPL=90  dB 
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Figure  4.  Random  Response  of  an  Isotropic  Simply  Supported  Plate 
at  SPL=  120  dB 
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Figure  5.  Random  Response  of  a  [0/45/-45/90]s  Composite  Plate 
at  SPL=90  dB  and  AT/ATcr=2.0 
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ABSTRACT 

The  effect  of  record  length  on  the  calculated  fatigue  life  was 
determined  for  ceramic  matrix  composite  (CMC)  Blackglas™  beams. 
The  root  mean  square  (RMS)  strain  and  peak  probability  density 
functions  (PPDFs)  are  critical  variables  in  the  estimation  of  fatigue  life. 
Therefore,  accurate  estimation  of  fatigue  life  requires  the  convergence 
of  the  previously  mentioned  variables.  In  this  analysis,  the  statistical 
moments,  including  the  mean,  variance,  skewness  and  kurtosis  for  the 
input/output  signals  of  various  time  segments  of  a  70-minute  time 
history  were  determined.  The  time  history  was  divided  into 
cumulative  segments,  allowing  the  properties  to  reach  convergence  as 
the  duration  of  the  respective  cumulative  record  increased.  Results 
indicate  convergence  of  the  RMS  values  for  both  the  input  and  output 
signals  was  achieved  within  the  first  60  seconds.  In  addition,  PPDFs 
for  the  same  cumulative  data  segments  were  determined  for  the  input 
and  output  signals.  Results  indicate  convergence  of  the  PPDFs  within 
the  first  60  seconds.  Fatigue  life  calculations  and  cumulative  damage 
plots  also  indicate  convergence  in  approximately  60  seconds.  Fatigue 
life  and  cumulative  damage  comparisons  made  with  a  modified 
Rayleigh  distribution,  yielded  significantly  more  conservative  results. 

INTRODUCTION 

With  the  increasing  use  of  composite  materials  in  the  design  of 
critical  aircraft  structural  components,  developing  accurate  life 
prediction  techniques  is  crucial.  Recent  developments  in  the  field  of 
ceramic  matrix  composites  require  the  understanding  of  their  behavior 
in  extreme  thermal  and  acoustic  environments.  Accurate 
characterization  is  essential,  as  minor  variances  in  life  prediction  can 
result  in  significant  differences  in  structural  design.  An  overly 
conservative  design  can  result  in  undesirable  weight  penalties,  while 
under  conservative  designs  can  result  in  premature  failures. 
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High  sigma  events  were  previously  studied  for  the  narrow  band 
random  response  of  a  CMC  Blackglas™  cantilevered  beam  excited  by  a 
4,000  Ibf  electrodynamic  shaker  using  a  half-sine  clamp  [1-3],  shown  in 
Fig.  1.  The  testing  examined  the  effects  of  clipping  the  input  signal  to 
the  shaker.  Tests  were  conducted  without  shaker  sigma  limiting, 
sigma  limited  to  3.5  and  sigma  limited  to  2.5.  For  the  purposes  of  this 
investigation,  sigma  is  defined  as  the  ratio  of  the  amplitudes  or  peaks 
of  the  appropriate  probability  density  functions  to  the  respective 
standard  deviation.  Long  duration  time  histories  of  the  high  sigma 
strain  responses  were  required  in  order  to  capture  6  sigma  extreme 
events.  Long  time  records  as  well  as  high  sampling  rates  are  needed 
when  examining  the  effects  of  time  sampling  on  the  statistical 
properties  of  the  signals,  as  the  length  of  the  data  record  affects  the 
statistical  properties.  The  record  length  of  most  dynamic  tests  is  rather 
short  in  duration  and  is  usually  truncated  after  5-30  seconds.  This  is 
typically  the  case  for  well  established  sinusoidal  and  stationary 
random  data.  The  record  length  is  minimized  for  practical  purposes, 
i.e.,  reducing  the  record  storage  space  and  required  processing 
hardware.  The  record  lengths  involved  in  the  aforementioned  testing, 
required  approximately  8  gigabytes  of  storage  space  for  one  four- 
channel  record  in  addition  to  the  required  capability  of  processing  and 
presenting  the  results. 

The  purpose  of  this  investigation  was  to  examine  the  effect  of 
record  length  on  the  peak  probability  density  functions  (PPDFs),  RMS 
values,  and  the  statistical  moments.  Essentially,  what  record  length  is 
sufficient  for  the  test  data  to  be  assumed  stationary.  Typically,  the 
statistical  properties  of  random  data  are  taken  to  be  stationary  or 
consistent  over  time,  provided  that  the  time  history  is  of  significant 
duration  and  damage  has  not  occurred  within  the  specimen.  Truly 
random  data  is  non-stationary,  however,  stationarity  is  often  assumed 
if  the  statistical  properties  do  not  change  significantly  with  time. 
Previous  studies  investigated  the  effect  that  the  time  record  had  on  the 
PPDF  of  a  clamped  plate  [4].  However,  as  the  time  records  only 
include  20  second  and  3.5-hour  segments,  a  more  detailed  analysis  was 
required. 


FATIGUE  MODEL  DEVELOPMENT 

The  Miner  single  modal  fatigue  model  was  selected  to 
characterize  the  fatigue  life  of  the  CMC  Blackglas™  cantilevered  beam 
specimens  and  is  expressed  in  the  following  equation: 
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(1) 


where  Nj  is  the  total  number  of  cycles  to  failure,  P(e)  is  the  peak  strain 
probability  density,  and  N  is  the  total  number  of  cycles  to  failure  at 
incremental  constant  amplitude  strain  levels  [5-8].  Expressing  Eq.  (1) 
in  terms  of  hours  results  in  the  following: 


t(hours)  = 


I  P(sd)' 


N. 


3600 -L 


(2) 


where  Pp(sd)  is  the  peak  standard  deviation  probability  density,  is 
the  total  number  of  cycles  to  failure  at  a  specified  strain  level,  and  f^  is 
the  cyclic  frequency.  For  a  single  mode  case,  the  cyclic  frequency  is 
taken  to  be  the  natural  frequency.  The  minor  peak  counting  method 
was  used  to  determine  the  PPDF,  which  is  consistent  with  previous 
fatigue  studies  [8].  This  method  accounts  for  all  stress  reversals  or  a 
positive  slope  followed  by  a  negative  slope  in  the  time  record. 
Typically,  e-N  or  S-N  reverse  bending  curves  on  a  log-log  plot  are 
characterized  using  the  following  expression: 


e  = 


(3) 


where  K  and  a  are  constants  dependent  upon  the  material  properties. 
Finally,  incorporating  Eq.  (3)  into  Eq.  (2)  yields  the  following  relation: 


t(hours)  = 


P(sd) 

K/(sr“ 


3600- 


(4) 


where  the  fatigue  life  in  hours  is  defined  in  terms  of  the  strain,  e,  and 
the  material  properties  K  and  a. 


RECORD  LENGTH  EFFECTS 


The  data  used  in  this  investigation  was  collected  during 
previously  accomplished  testing  on  CMC  Blackglas™  beams  [3].  Tests 
were  conducted  with  a  4,000  Ib^  electrodynamic  shaker;  with  sigma 
limiting  turned  off,  limited  to  2.5  and  limited  to  3.5.  The  sampling  rate 
for  aD  test  scenarios  was  32,000  cycles /sec.  Input  excitation  was 
monitored  using  an  accelerometer  on  the  shaker,  while  strain 
measurements  were  made  with  gauges  at  the  beam-clamp  interface. 
The  beam  displacement  was  monitored  using  a  vibrometer. 
Displacement  measurements  were  made  slightly  removed  from  the 
beam-clamp  interface,  shown  in  Fig.  1  as  the  light-colored  patch  on  the 
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beam  surface.  The  strain  gauge  results  used  in  this  investigation  were 
gathered  using  a  gauge  positioned  at  the  beam-damp  interface, 
aligned  along  the  beam  axis  of  symmetry.  Shown  in  Fig.  2  is  the 
exdtation  or  accelerometer  spectral  density.  Similarly,  Fig.  3  displays 
the  response  or  vibrometer  spectral  density.  Notice  that  the  frequency 
bandwidth,  174-258  Hz,  only  included  the  first  modal  frequency,  222 
Hz. 

In  order  to  capture  the  high  sigma  events  in  question,  many 
hours  of  testing  was  required.  The  amount  of  data  recording  lent  itself 
to  further  investigation  on  the  effects  of  truncation  after  minimal 
testing.  Typically,  testing  of  this  nature  is  truncated  after  5-30  seconds. 
The  time  history  for  this  test  was  divided  into  successively  larger 
cumulative  time  segments.  The  first  minute  of  testing  was  separated 
into  5, 15, 30, 45  and  60  second  records.  After  the  first  minute,  100, 300, 
600, 1800  and  4200  second  cumulative  time  histories  were  investigated. 
Under  consideration,  were  the  effects  of  the  cumulative  time  records 
on  the  respective  statistical  moments,  PPDFs,  and  ultimately  the 
fatigue  life  of  the  specimen. 


Convergence  of  statistical  moments 


The  statistical  moments,  or  the  mean,  standard  deviation, 
variance,  skewness  and  kurtosis,  for  the  amplitude  probability  density 
functions  (APDFs)  were  determined  for  the  input  and  output 
cumulative  time  records.  The  mean  (x),  or  expected  value,  of  a 
discrete  distribution  is  defined  for  a  set  of  N  values  of  x^  in  the 
following  expression: 


X  = 


(5) 


The  mean-square  value  (x^ ),  defined  by  the  second  moment,  is  shown 
in  the  following  expression: 


X 


2 


(6) 


The  variance  (sd^),  defined  as  the  mean-square  value  about  the  mean, 
is  shown  in  the  proceeding  expression: 


(7) 


n=l 


or: 

sd^  -x^  -{xY 


(8) 
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where  the  variance,  (sd^),  is  defined  as  a  function  of  the  mean  ( x )  and 

the  mean-square  (x^ ).  For  a  distribution  with  a  mean  equal  to  zero, 
the  RMS  is  directly  equal  to  the  standard  deviation,  where  the 
standard  deviation  (sd)  is  the  positive  square  root  of  the  variance. 
Together,  the  standard  deviation  and  variance  measure  the  spread  of  a 
distribution  about  the  mean  value  [9]. 

The  skewness  (Yi),  or  the  third  moment  shown  in  the  following 
equation,  is  a  measure  of  the  degree  to  which  a  distribution  is 
asymmetrical: 

(9) 

n=l 

where  x  is  the  mean.  For  example,  if  the  distribution  is  shifted  to  the 
right,  this  denotes  a  positive  skewness.  The  kurtosis  or  the  fourth 
moment,  is  a  measure  of  the  peakedness  of  the  distribution  and  is 
defined  in  the  following  expression  [10]: 

n=l 

For  a  Gaussian  distribution,  the  mean  and  skewness  are  zero,  and  the 
kurtosis  is  three.  Note  in  Table  I,  that  the  kurtosis  of  the  center  strain 
gauge,  or  response  data,  converges  to  a  value  of  3.214.  This  indicates  a 
sharper  distribution  as  compared  to  a  Gaussian  distribution.  APDFs 
for  ihe  response  data  are  displayed  in  Fig.  4  for  several  cumulative 
time  records. 

As  expected,  longer  experimental  time  records  resulted  in 
convergence  of  the  respective  statistical  moments.  Included  in  the 
analysis  of  the  statistical  properties  are  95%  confidence  intervals  of  the 
mean  value  of  each  statistic,  shown  in  Figs.  5-8  by  the  'T?ars" 
surrounding  each  data  point.  Each  cumulative  record  length  was 
divided  into  10  even  segments.  The  statistical  property  being 
examined  was  calculated  for  each  of  the  10  segments,  and  the  95% 
confidence  intervals  were  then  estimated  from  the  mean  and  standard 
deviation  of  those  10  values  using  a  Student  t  distribution  [11].  Notice 
that  the  confidence  intervals  themselves  are  narrowing  as  the 
cumulative  time  record  lengthens,  indicating  convergence  of  the 
statistical  properties  themselves. 

Estimates  of  the  statistical  properties  are  shown  in  Tables  I  and 
II.  Considering  the  entire  4200  second  output  time  record,  the  mean 
was  -1.460  jLie,  the  skewness  was  0.229  and  the  kurtosis  was  3.214.  The 
output  signal  mean  value  of  -1.460  pe  resulted  in  the  RMS  strain 
essentially  equating  to  the  standard  deviation  as  shown  in  Table  I.  For 
the  data  records  discussed  in  this  report,  the  RMS  values  were 
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approximately  equal  to  the  standard  deviation  values  for  all  time 
records. 

Considering  Tables  I  and  n,  note  that  convergence  of  both  the 
center  strain  gauge  and  accelerometer  data  was  realized  within 
approximately  60  seconds.  Since  the  ultimate  goal  of  this  investigation 
was  to  determine  the  effects  of  cumulative  time  records  on  fatigue  life, 
the  RMS  values  and  PPDFs,  to  be  discussed  subsequently,  were  used 
to  define  convergence.  For  example,  within  60  seconds,  the  RMS  input 
and  output  values  represent  less  than  a  1%  difference  as  compared  to 
the  4200  second  time  record.  Specifically,  the  rate  of  convergence,  or 
the  rate  that  the  RMS  values  were  changing  with  respect  to  the  4200 
second  time  record,  was  negligible  after  60  seconds.  This  convergence 
trend  continued  for  the  variance,  skewness  and  kurtosis,  although,  as 
shown  in  Tables  I  and  II,  not  all  of  the  statistical  properties  represent 
less  than  a  1%  difference  in  the  first  60  seconds.  In  an  effort  to  further 
characterize  convergence,  comparisons  will  be  made  between  the  5,  60 
and  4200  second  time  records  for  both  the  input  and  output  signals. 
Therefore,  examining  Tables  I  and  II,  the  5,  60  and  4200  second  time 
records  reveal  RMS  values  of  164.8,  192,6  and  193-7  \i£  for  the  output 
signal  or  center  strain  gauge.  Comparing  the  5  and  60  second  records 
to  the  4200  second  record,  represent  14.92%  and  0.567%  differences 
respectively.  Similarly,  the  5,  60  and  4200  second  time  records  reveal 
RMS  values  of  3.748,  3.886  and  3.919  g's  for  the  input  signal,  resulting 
in  4.363%  and  0.842%  differences  in  the  5  and  60  second  input  time 
records,  as  compared  to  the  4200  second  record.  Examining  Fig.  5,  the 
95%  confidence  intervals  for  the  5,  60  and  4200  second  time  records 
represent  ±18.50,  ±9.833  and  ±1.474  pe  for  the  center  strain  gauge  and 
±0.166,  ±0.069  and  ±0.007  g's  for  the  accelerometer. 

Examining  the  5,  60  and  4200  second  time  records  in  Table  I, 
reveal  variance  (sd^)  values  of  27160,  37070  and  37520  (pe)^  for  the 
output  signal.  Comparing  the  5  and  60  second  records  to  the  4200 
second  record,  resulted  in  27.61%  and  1.199%  differences.  Similarly, 
the  5, 60  and  4200  second  time  records  reveal  values  of  14.05, 15.10  and 
15.36  (g)^  for  the  input  signal,  resulting  in  8.523%  and  1.693% 
differences  in  the  5  and  60  second  input  time  records,  as  compared  to 
the  4200  second  record.  Examining  Fig.  6,  the  95%  confidence  intervals 
for  the  5,  60  and  4200  second  time  records  represent  ±6090,  ±3735  and 
±568.8  (pe)^  for  the  center  strain  gauge  and  ±1.253,  ±0.542  and  ±0.054 
(g)^  for  the  accelerometer. 

The  convergence  of  the  skewness  (Yi)  is  likewise  displayed  in 
Tables  I  and  11.  Values  for  the  5,  60  and  4200  second  APDFs  for  the 
center  strain  gauge  signal  were  0.2185,  0.2291  and  0.2287  respectively. 
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This  represents  a  4.459%  and  0.175%  difference  when  comparing  the  5 
and  60  second  records  to  the  4200  second  time  record.  The  skewness 
of  the  5,  60  and  4200  second  APDFs  for  the  accelerometer  was  1.92E-3, 
8.39E-4  and  8.99E-4  respectively.  This  equates  to  a  113.5%  and  6.692% 
difference  when  comparing  the  5  and  60  second  records  to  the  4200 
second  time  record.  Examining  Fig.  7,  the  95%  confidence  intervals  for 
the  5,  60  and  4200  second  time  records  represent  a  spread  of  ±0.012, 
±0.002  and  ±3E-4  for  the  center  strain  gauge  and  ±0.003,  ±6.0E-4  and 
±7.0E-5  for  the  accelerometer. 

Finally,  examining  the  5,  60  and  4200  second  time  records 
APDFs,  reveal  a  kurtosis  of  2.696,  3.286  and  3.214  for  the  output 
signal  shown  in  Table  I.  Comparing  the  kurtosis  of  the  5  and  60 
second  APDFs  to  the  4200  second  APDF,  revealed  16.12%  and  2.240% 
differences.  Similarly,  the  5,  60  and  4200  second  time  records  in  Table 
n,  reveal  values  of  2.916,  2.969  and  2.919  for  the  input  signal,  resulting 
in  0.103%  and  1.713%  differences  in  the  5  and  60  second  input  time 
records  as  compared  with  the  4200  second  record.  Examining  Fig.  8, 
the  95%  confidence  intervals  for  the  5, 60  and  4200  second  time  records 
represent  a  spread  of  ±0.279,  ±0.220  and  ±0.038  for  the  center  strain 
gauge  and  ±0.212,  ±0.064  and  ±0.012  for  the  accelerometer. 

Convergence  of  the  peak  probability  density  functions 

Normalized  PPDFs  were  deternuned  for  the  output  signal  and 
are  shown  for  selected  cumulative  time  records  in  Fig.  9.  The  PPDF  for 
each  time  record  was  normalized  with  its  respective  standard 
deviation  value.  Note  the  difference  in  distribution  between  the 
experimental  strain  gauge  or  output  signal  PPDFs  and  the  modified 
Rayleigh  PDF,  displayed  for  comparison  purposes.  The  difference  in 
the  distributions  result  in  significant  variations  in  the  estimated  fatigue 
life,  as  will  be  discussed  subsequently. 

Minimal  differences  in  the  experimental  PPDFs  can  be 
determined  visually  for  time  records  greater  than  30  seconds  in  length. 
A  measure  of  discrepancy  was  used  in  order  to  quantify  convergence 
in  the  PPDFs.  The  mean  integrated  square  error  (MISE)  shown  in  the 
following  expression  quantified  the  error  or  difference  in  PPDFs, 
assuming  the  4200-second  time  record  was  the  true  density: 

M/5£(/w)=£j{/(;c)-/WF<i*  dD 

where  f(x)  is  the  true  density  and  f(x)  is  the  estimator  [12].  As  the 
PPDFs  of  the  cumulative  records  approach  the  distribution  seen  in  the 
4200-second  record,  MISE  approaches  zero.  The  results  of  Eq.  (11)  are 
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shown  in  Fig.  10,  where  again,  differences  in  the  PPDFs  were 
negligible  within  approximately  60  seconds. 

Convergence  of  the  estimated  fatigue  life 

For  each  of  the  cumulative  time  records,  the  estimated  fatigue 
life  was  calculated  using  Eq.  (4).  The  CMC  Blackglas™  3%  S-N  curve 
displayed  in  Fig.  11,  resulted  in  a  K  and  slope  a  of  1.06x10^  and 
-0.108  respectively.  Note  that  the  value  of  K  is  dependent  upon  the 
form  of  Eq.  (3).  In  the  absence  of  an  appropriate  CMC  Blackglas™ 
correction  factor,  a  7075-T6  Aluminum  correction  factor  (C^)  of  1.38  was 
used  to  convert  the  random  e-N  curve  to  the  approximate  sinusoidal 
model  [13].  In  addition  to  the  CMC  Blackglas™  S-N  curves,  7075-76 
Aluminum  was  included  for  comparison  purposes.  Note  the  relative 
shallow  slope  of  the  Blackglas™  specimen,  resulting  in  greater 
sensitivity  to  the  fatigue  calculations,  i.e.,  a  small  change  in  RMS  strain 
resulted  in  a  sigiuficant  change  in  estimated  fatigue  life.  The  cyclic 
frequency,  f^,  was  taken  to  be  the  experimentally  measured  beam 
resonant  frequency,  or  222  Hz.  The  estimated  fatigue  life  for  the 
cumulative  time  segments  is  displayed  in  Fig.  12.  Note  again,  that  the 
lifetime  has  stabilized  within  the  first  60  seconds.  The  45  and  60 
second  time  records  resulted  in  fatigue  life  estimates  of  13.9  and  13.1 
hours  compared  with  a  fatigue  lifetime  of  13.2  hours  for  the  4200- 
second  time  record.  Note  the  wide  variation  in  fatigue  life  within  the 
first  60  seconds.  After  recording  only  5, 15  and  30  seconds  of  data,  the 
estimated  life  was  143,  41.0  and  32.2  hours  respectively.  The  wide 
variability  of  results  underscores  the  importance  of  realizing  the 
convergence  of  both  the  RMS  strains  and  PPDFs. 

For  a  narrow-band,  random  scenario,  as  experienced  in  the  test 
effort,  the  peak  probability  density  distribution  approaches  a  Rayleigh 
distribution.  Therefore,  for  comparison  purposes,  the  fatigue  life  was 
also  calculated  for  a  modified  Rayleigh  PDF.  A  general  Rayleigh 
distribution  is  given  by  the  following  equation; 

p{^p)=Xpe'^^'’ 

where  in  this  case  represents  the  independent  variable,  or  sigma  [9]. 
A  standard  deviation  value  of  200pe  was  utilized  for  the  modified 
Rayleigh  fatigue  calculation.  Taking  the  absolute  value  of  Eq.  (12)  in 
order  to  represent  both  positive  and  negative  sigma  events,  modified 
the  Rayleigh  distribution,  shown  in  Fig.  9.  Note  that  the  results  using 
the  modified  Rayleigh  PDF  are  extremely  conservative,  with  an 
estimated  fatigue  life  of  only  0.47  hours.  The  conservative  result  can 
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be  attributed  to  the  relatively  significant  occurrence  of  high  sigma 
events,  i.e.,  the  regions  at  the  extreme  ends  or  "tails"  of  the  modified 
Rayleigh  distribution.  Since  the  extreme  events,  or  high  sigma  values, 
equate  to  high  strain  and  therefore  relatively  few  cycles  to  failure,  the 
occurrence  of  these  events  significantly  reduces  the  overall  estimated 
life  of  the  specimen.  In  addition,  due  to  the  nonlinear  response 
exhibited  by  the  beam,  the  modified  Rayleigh  distribution  may  not  be 
appropriate  as  a  fatigue  life  estimator. 

The  cumulative  damage  for  each  of  the  PPDFs  was  determined, 
by  considering  the  associated  damage  attributed  to  each  sigma  event 
throughout  the  distributions.  The  cumulative  damage  results  are 
shown  in  Fig.  13.  Immediately  noticeable,  is  the  greater  occurrence  of 
failure  in  the  positive  sigma  region  for  all  time  records.  In  other 
words,  while  the  modified  Rayleigh  distribution  shows  an  equal 
distribution  of  damage  for  both  the  positive  and  negative  sigma 
regions,  the  experimental  time  records  reveal  a  significantly  greater 
occurrence  of  damage  in  the  positive  sigma  region.  As  an  example, 
consider  the  5-second  time  record  in  Fig.  13,  where  nearly  80%  of  the 
total  damage  occurred  in  the  positive  sigma  region.  This  was  due  to 
the  peak  asymmetry  of  the  experimental  PPDF  distributions,  shown  in 
Fig.  9.  In  other  words,  the  relative  spread  in  the  positive  and  negative 
sigma  regions  is  significantly  different.  The  peak  elevation  in  the 
positive  sigma  region  differs  from  that  in  the  negative  sigma  region. 
The  lower  peaks,  shown  in  Fig.  9,  in  the  positive  sigma  region  resulted 
in  a  greater  occurrence  of  extreme  events  or  events  within  the  positive 
sigma  "tails"  and  therefore  significantly  more  damage.  By  45  seconds 
of  recording,  the  cumulative  damage  trend  displayed  in  Fig.  13  had 
stabilized,  with  approximately  65%  of  the  total  damage  occurring 
within  the  positive  sigma  region. 

CONCLUSION 

Ultimately,  the  results  of  this  study  will  be  used  as  a  benchmark 
for  future  random  vibration  testing  of  CMC  coupons.  The  goal  of  this 
work  was  to  determine  the  minimum  amoimt  of  recording  time 
required  to  generate  accurate  fatigue  estimation  results.  T^ypically, 
between  5  and  30  seconds  of  data  is  collected  for  experimental  random 
vibration  testing.  Results  of  this  investigation  demonstrate  the  wide 
variability  of  results  within  the  first  60  seconds  of  testing.  However,  it 
is  important  to  note  that  the  60  second  convergence  result  is  applicable 
to  this  geometry  only,  and  that  the  results  presented  in  this  report 
should  be  used  to  establish  general  trends.  Results  indicate  that  a 
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minimum  of  60  seconds  of  data  was  required  for  convergence  of  the 
estimated  fatigue  life  for  the  CMC  beam.  This  conclusion  is  based 
upon  the  analysis  of  successive  cumulative  time  records  from 
previously  accomplished  random  vibration  testing.  First,  a  study  of 
the  statistical  properties  of  both  the  input  and  output  signal  was 
accomplished.  Results  in  the  form  of  RMS  strain/acceleration, 
variance,  skewness  and  kurtosis  were  determined.  Next,  the 
respective  PPDFs  for  the  various  time  records  were  computed  and  the 
convergence  was  verified  using  the  mean  integrated  square  error 
technique.  Finally,  the  estimated  fatigue  life  of  the  specimen  was 
calculated  for  the  cumulative  time  record  PPDFs  as  well  as  for  a 
modified  Rayleigh  PDF.  All  experimental  results  indicate  reasonable 
convergence  within  the  first  60  seconds  of  recording,  while  the 
modified  Rayleigh  distribution  is  inappropriate  as  a  fatigue  life 
estimate  due  to  the  nonlinear  nature  of  the  beam  response. 
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Table  I  --  Statistical  properties  for  center  strain  gauge 


Time  (sec)  RMS  (n£)/%  Diff  sd(n£)/%Diff  sd' (ne)V% Diff  Yy%Diff  yj%m{ 


5  164.8/14.92  164.8/14.92  27160/27.61  0.2185/4.459  2.696/16.12 


186.3/3.820  186.3/3.820  34690/7.543  0.2279/0.349  2.911/9.423 

185.6/4.182  185.6/4.182  34430/8.235  0.2279/0.349  2.989/7.0 


45  I  190.3/1.756  190.3/1.756  36200/3.518  0.2296/0.393  3.299/2.645 


60  192.6/0.568  192.5/0.619  37070/1.199  0.2291/0.175  3.286/2.240 


196.4/1.394  196.4/1.394  38560/2.772  0.2284/0.131  3.181/1.027 

193.8/0.052  193.8/0.052  37540/0.053  0.2291/0.175  3.242/0.871 


600  194.7/0.516  194.6/0.465  37890/0.986  0.2287/0  3.278/1.991 


1800  194.4/0.363  194.4/0.363  37790/0.719  0.2285/0.087  3.235/0.653 


4200  193.7  193.7  37520  0.2287  3.214 


Table  II  -  Statistical  properties  for  accelerometer 


Time  (sec) 


5 


RMS  (g)/7o  Diff 

sd  (g)/%  Diff 

sd^  (gy/%  Diff 

Y,/7oDiff 

3.748/4.363 

3.748/4.363 

14.05/8.523 

0.00192/113.5 

3.818/2.577 

3.818/2.577 

14.58/5.078 

0.00110/22.39 

3.923/2.449 

14.61/4.883 

3.85/1.761 

14.82/3.516 

3.886/0.842 

3.886/0.842 

15.1/1.693 

0.00084/6.692 

3.946/0.689 

3.946/0.689 

15.57/1.367 

0.00099/9.715 

3.902/0.434 

3.902/0.434 

15.23/0.846 

0.00099/10.85 

3.911/0.204 

3.911/0.204 

15.3/0.391 

0.00092/1.968 

3.918/0.026 

3.918/0.026 

15.35/0.065 

0.00089/0.945 

3.919 

3.919 

15.36 

0.00089 

Yj/7o  Diff 


2.916/0.103 


2.89/0.994 


2.919/0 


2.971/1.781 


2.969/ 

2.937/ 


2.932/0.445 


2.939/0.685 


2.925/0.206 


2.919 


■mmi 


.  i.  M' 


/■ 


Figure  1:  CMC  Blackglas™  specimen  in  half-sine  clamp 
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Figure  2:  Excitation  spectral  density.  Figure  3:  Response  spectral  density. 
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Figure  4:  APDFs  for  center  strain  gauge 
cumulative  time  records 
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HIGH  INTENSITY  ACOUSTIC  TESTING  OF  DOUBLY 
CURVED  COMPOSITE  HONEYCOMB  SANDWICH 

PANELS 


P.R.  Cunningham^,  D.M.A.  Millar*  andR.G.  White* 

ABSTRACT 

The  dynamic  response  of  sandwich  structures  to  random  acoustic  excitation  has 
previously  been  investigated,  but  only  for  flat  and  singly  curved  panels.  An 
investigation  of  the  design  data  available  has  also  revealed  a  lack  of  data  for 
sandwich  panels  with  a  doubly  curved  geometry.  To  this  end,  a  recent  programme  of 
experimental  work  was  carried  out  at  the  University  of  Southampton  concerned  with 
the  dynamic  response  of  doubly  curved  composite  honeycomb  sandwich  panels  to 
random  acoustic  excitation.  This  paper  gives  details  of  the  results  from  that 
programme  of  work.  A  set  of  three  panels  with  various  radii  of  curvature  was  tested 
in  the  ISVR  Progressive  Wave  Tube  facility  at  overall  RMS  Sound  Pressure  Levels 
from  142  dB  to  164  dB  with  broad  band  random  excitation  from  80  Hz  to  800  Hz. 

To  ensure  that  the  highest  possible  strain  was  achieved  for  the  purpose  of 
investigating  potential  nonlinear  effects,  the  panels  were  secured  in  the  aperture  of 
the  PWT  using  circular  steel  springs.  Results  are  presented  for  strain  measurements 
taken  at  positions  close  to  the  centre  of  the  panels  on  both  the  inner  and  outer 
faceplates.  In  addition,  the  panel  response  was  compared  with  finite  element 
predictions  and  the  Blevins  normal  mode  method  was  also  used  to  predict  the 
maximum  strain  at  the  predominant  response  frequency. 

1.  INTRODUCTION 

Honeycomb  sandv^ich  panels  have  a  very  high  stiffness-to-weight  ratio  and 
as  such  have  found  favour  in  the  aircraft  industry  over  the  years.  Panels 
employing  a  mixture  of  carbon  fibre  reinforced  plastics  and  resin 
impregnated  paper  honeycomb  can  be  found  in  applications  such  as  fairing 
and  floor  panels,  ailerons,  helicopter  blades,  and  engine  intake  barrel  panels. 
The  latter  type  of  structure  has  a  complicated  geometry  due  to  the  shape  of 
the  engine  intake,  and  as  such  can  be  considered  doubly  curved. 

The  dynamic  response  of  sandwich  structures  to  random  acoustic 
excitation  has  previously  been  investigated  [1-4],  but  only  for  flat  and  singly 
curved  panels.  An  investigation  of  the  design  data  available  has  also  revealed 
a  lack  of  data  for  sandwich  panels  with  a  doubly  curved  geometry  [5].  To  this 
end,  a  recent  programme  of  experimental  work  was  carried  out  at  the 
University  of  Southampton  concerned  with  the  dynamic  response  of  doubly 
curved  composite  honeycomb  sandwich  panels  to  random  acoustic  excitation. 


^  Department  of  Aeronautics  and  Astronautics,  University  of  Southampton, 
Southampton  S017 IBJ,  England 

*  Research  Student,  Institute  of  Sound  and  Vibration  Research,  University  of 
Southampton,  Southampton,  S017  IBJ,  England 
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The  ISVR  progressive  wave  tube  facility  was  used  to  test  the  panels  using 
broadband  random  acoustic  excitation  between  80  Hz  and  800  Hz  at  OASPL's 
from  142  dB  to  163  dB.  The  dynamic  response  was  measured  using  strain 
gauges  bonded  to  the  inner  and  outer  face-plates  close  to  the  centre  of  each 
panel,  and  comparisons  have  been  made  with  theoretical  predictions  of  the 
strain  response.  Finite  element  models  of  the  panels  were  constructed  and  a 
modal  analysis  was  carried  out  in  order  to  predict  the  dynamic  response  in 
terms  of  the  natural  frequencies  of  vibration  and  the  modal  stress  and  strain 
for  the  predominant  response  mode  identified  from  the  experimental  results. 
The  predictions  of  modal  stress  and  strain,  along  with  the  measured  damping 
values,  were  used  as  inputs  to  the  method  of  Blevins  for  approximating  the 
response  of  structures  to  random  acoustic  excitation  [6]. 

2.  TEST  PANEL  DESIGN  AND  EXPERIMENTAL  SET-UP 

A  set  of  three  experimental  test  panels  was  designed  and  manufactured  at  the 
University  of  Southampton  using  epoxy  pre-impregnated  plain  weave  carbon 
cloth  and  over-expanded  paper  honeycomb  core  [7].  The  panels  were  formed 
using  fabricated  aluminium  alloy  mould  tools  with  a  convex  curvature  to  the 
specified  radii,  and  were  consolidated  imder  vacuum  pressure  and  cured  in  a 
conventional  temperature  controlled  oven  using  a  four  stage  pre-cure 
process. 


TABLE  1.  Test  panel  geometry  and  ply  lay-up 


Dimension  [m] 

Panel  #1 

Panel  #2 

Panel  #3 

a 

0.912 

0.912 

b 

0.525 

0.525 

K 

3.5 

1.2 

K 

1.0 

1.0 

Layer 

Nimiber  of  plies 

Ply  orientation 

Facing  skin 

4 

[0/45]^ 

Doublers 

2 

[0/30] 

Spacers 

2 

Edge  pan 

3 

[0/45/0] 

Backing  skin 

4 

[0/45], 

The  panel  design  incorporates  a  panned-down,  or  bevelled  edge,  which  is 
t3q)ical  of  in-service  aircraft  honeycomb  sandwich  panels.  The  honeycomb 
was  chamfered  along  the  four  edges  to  from  the  pan,  and  the  backing  skin 
was  laid  up  over  the  honeycomb  to  totally  enclose  the  core.  Doubler  plies 
were  incorporated  in  the  lay-up  m  order  to  provide  better  load  transfer  in  the 
bevelled  edge  region,  and  spacer  plies  were  included  in  the  edge  pan  to 
stiffen  the  attachment  flange.  The  specifications  for  each  panel  are  given  in 
Tables  1  and  2,  and  a  typical  test  panel  drawing  and  the  bevelled  edge  details 
are  shown  in  Figures  1  and  2  respectively. 
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TABLE  2.  Material  specifications 


Layer 

t 

Im] 

Elastic  Modulus 
[Pa] 

Shear  Modulus 
[Pa] 

[kg/ml 

D 

.^11 

. 

wsm 

warn 

EH 

57.93e9 

57.93e9 

- 

3.7e9 

- 

- 

1518 

0.04 

Core 

19.0e-3 

0 

0 

120e6 

0 

35e6 

20e6 

48 

- 

^Properties  obtained  lising  cured  test  specimens  with  [0^]  and  [45^]  ply  lay-up  and  with  60%  fibre  volume 
fraction. 


Each  panel  was  secured  in  the  test  aperture  of  the  PWT  using  four 
circular  steel  springs.  This  was  done  to  ensure  the  highest  possible  strain  was 
achieved  in  order  to  investigate  potential  non-linear  effects.  In  addition,  the 
panels  and  associated  boundary  conditions  in  the  PWT  can  be  modelled  fairly 
easily  using  the  finite  element  method  with  this  configuration. 


Figure  1.  A  typical  test  panel  drawing. 

The  experimental  set-up  is  shown  in  Figure  3.  A  B&K  Type  1402 
random  noise  generator  was  used  to  supply  the  drive  signal,  which  was 
attenuated  outside  the  80  Hz  to  800  Hz  range  using  a  spectrum  shaper  before 
being  supplied  to  the  WAS  via  a  LDS  PA  500L  power  amplifier.  The  SPL  in 
the  test  section  was  monitored  using  a  condenser  microphone  and  a 
measuring  amplifier  which  were  calibrated  to  give  the  OASPL  in  dB  (re  2x10^ 
Pa)  using  a  B&K  pistonphone.  Single  element  gauges,  with  a  gauge  length  of 
6mm,  (TML  FLA-6)  and  with  a  nominal  resistance  of  120Q±0.5  and  a  gauge 
factor  of  2.1  were  used  to  measure  the  dynamic  response  of  the  test  panels. 


803 


BACKING  SKIN  PLIES 


Figure  2.  Bevelled  edge  details 

These  gauges,  which  were  bonded  to  the  inner  and  outer  face-plates  at 
positions  close  to  the  centre  of  the  panel  as  shown  in  Figure  1,  were  wired 
into  a  quarter  bridge  circuit.  A  Measurements  Group  Model  2200  signal 
conditioning  amplifier  was  used  to  calibrate  and  ampHfy  the  signals  from  the 
strain  gauges,  which  were  filtered  at  IkHz  using  a  16  diannel  low  pass  filter 
set,  and  then  digitally  sampled  using  the  National  Instruments  VXI  data 
acquisition  system. 

Readings  were  taken  at  OASPL's  of  140, 145,  150, 155,  and  160dB,  and 
the  signals  from  the  strain  gauges  were  sampled  at  6kHz  for  10  seconds, 
giving  60,000  samples  per  excitation  level.  The  digitised  time  histories  were 
transformed  to  the  frequency  domain  using  the  MATLAB  spectrum  function, 
which  uses  a  radix-2  FFT  algorithm.  A  Hanning  window  was  applied  over 
8192  samples  with  an  overlap  of  50%,  giving  a  frequency  resoluhon  of 
0.73FIZ,  and  Welch's  method  was  used  to  average  over  the  entire  record. 

MR  VEMT 

tJ 


Figure  3.  Experimental  set-up. 
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3.  EXPERIMENTAL  RESULTS 


Figure  4  shows  the  Sound  Pressure  Level  spectrum  for  each  of  the  five  levels 
used  in  the  tests.  The  OASPL  in  each  case,  for  a  720Hz  bandwidth,  were 
142dB,  149.6dB,  153.7dB,  158.7dB,  and  163.7dB.  The  levels  are  fairly  constant 
across  the  80  to  800Hz  band-width.  Typical  results  for  the  response  in  terms 
of  the  strain  Power  Spectral  Density  (PSD),  and  a  plot  of  the  normalised 
integral  across  the  PSD,  for  the  inner  gauge  on  panel  #1  are  shown  in  Figure 
5.  For  aU  excitation  levels,  the  modal  contributions  are  evident,  and  in  all 
cases  the  predominant  response  was  at  210Hz,  which  corresponds  to  the 
second  natural  frequency  of  vibration  of  a  freely  supported  panel  [7]. 

A  comparison  of  the  measured  resonance  frequencies  and  the 
predicted  natural  frequencies  of  vibration,  for  the  panels  with  freely 
supported  and  spring  supported  boimdary  conditions,  is  given  in  Table  3.  It 
can  be  seen  that  from  the  PWT  results,  the  predominant  response 
corresponds  with  the  first  bending  mode  of  vibration,  whereas  the  first 
natural  frequency  of  vibration  (at  136Hz  for  panel  #1)  is  associated  with  the 
first  torsional  mode  shape.  This  was  the  case  for  all  three  panels.  The  torsional 
mode  shape  was  not  excited  in  the  PWT  due  to  the  symmetrical  pressure 
distribution  acting  on  the  surface  of  the  panel.  The  lower  plot  in  Figure  5 
indicates  that  approximately  90%  of  the  total  response  across  the  band  was 
associated  with  the  mode  at  210Hz.  Probability  densities  and  ctunulative 
probabilities  for  the  inner  gauge  on  panel  #1  are  also  plotted  in  Figure  6.  At 
all  excitation  levels,  the  probabiUty  densities  are  almost  identical  to  the 
Gaussian  distribution. 


Figure  4.  Sound  Pressure  Level  spectrum  for  the  five  levels  of  excitation 
(-.  142dB,  -  149.6dB,  -  153.7dB,  -  158.7dB,  -  163.7dB). 
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The  probability  densities  and  cumulative  probabilities  for  the  other 
gauge  measurements  and  for  the  other  two  panels  showed  similar 
distributions.  The  variation  of  overall  RMS  strain  with  OASPL  is  shown  in 
Figures  7  to  9  for  the  three  panels.  For  panels  #1  and  #2,  where  the  short  side 
(y-wise)  radius  of  curvature  is  the  same  (Ry=1.0m),  the  highest  measured 
overall  RMS  strain  was  found  to  be  in  the  outer  x-wise  gauge.  The  inner  x- 
wise  gauge  gave  the  lowest  readings  which  indicates  a  large  ratio  between 
the  outer  and  inner  strains  (of  the  order  of  2.5  to  3.0).  It  has  been  reported  that 
for  singly  curved  sandwich  panels,  the  ratio  of  strain  measured  on  the  outer 
and  inner  surfaces  was  of  the  order  of  2.0  to  2.5  [1].  For  the  y-wise  gauges,  the 
ratio  was  considerably  lower  (of  the  order  of  0.8  to  1.0),  with  the  strain 
indicated  by  the  inner  gauge  being  consistently  higher  than  that  measured  by 
the  outer  gauge. 


Figure  5.  Strain  spectral  analysis  for  the  inner  gauge  on  panel  #1. 
(-.  a42dB,  ~  149.6dB,  -  153.7dB,  ~  158.7dB,  -  163.7dB). 
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Normalised  probability  density,  P(xiict) 


Figure  6.  Probability  analysis  of  strain  signal  for  the  inner  gauge  on  panel  #1. 
(-.  142dB,  -  149.6dB, ..  153.7dB, » 158.7dB,  -  163.7dB,  -  gaussian  distribution). 
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Figure  8.  Overall  RMS  strain  versus  OASPL  for  panel  #2 


Figure  9.  Overall  RMS  strain  versus  OASPL  for  panel  #3 


4.  THEORETICAL  MODEL 


4.1  Finite  Element  model 

The  ANSYS  finite  element  package  was  used  to  analyse  the  modal  response 
of  the  doubly  curved  panels.  Due  to  the  geometry  of  the  panels  and  the 
complex  lay-up  details,  particularly  around  the  bevelled  edge,  the  model  was 
built  by  constructing  the  doubly  curved  surface  in  the  global  cartesian 
coordinate  system  and  meshing  with  SHELL91  elements  [7].  This  is  a  layered 
element  which  offers  the  choice  of  a  "'sandwich  option",  whereby  the  middle 
layer  is  assumed  to  be  thick  (greater  than  5/7  of  the  total  thickness)  and 


808 


orthotropic,  and  is  assumed  to  carry  all  of  the  transverse  shear.  A  modal 
analysis  was  carried  out  and  the  results  for  the  first  four  non-rigid  body 
modes  of  vibration  were  obtained.  The  natural  frequencies  of  vibration, 
modal  stress  and  strain,  and  modal  displacement  were  recorded,  and  these 
results  were  used  as  the  input  in  Blevins  normal  mode  method  [6],  an 
explanation  of  which  is  given  in  the  next  section. 

4.2  Response  prediction  using  the  Normal  Mode  Method  of  Blevins  [6] 

The  traditional  approach  in  estimating  the  response  of  a  structure  is  based  on 
the  Miles  equation  [8].  This  method  assumes  a  uniform  pressure,  fully 
correlated  over  the  surface  of  the  structure.  This  approach  can  considerably 
over-estimate  the  joint  acceptance  and  a  modification  of  the  Miles  equation 
has  been  proposed  by  Blevins  [6],  which  in  its  basic  form  uses  a  joint 
acceptance  of  unity.  The  basic  form  of  the  equation  is: 


S-  =  (1) 

V  4o  Pic 

The  main  difference  between  the  Miles  equation  and  equation  1  is  in 
the  stress  per  unit  pressure  term.  The  form  of  the  pressure  distribution  in 
Blevins'  normal  mode  method  is  that  of  the  mass  weighted  mode  shape  and 
involves  matching  a  point  on  the  surface  (generally  the  point  of  maximum 
displacement)  to  the  applied  soimd  pressure  level  -  as  opposed  to  using  a 
unit  pressure  over  the  entire  surface.  A  crude  estimation  of  the  influence  of 
the  joint  acceptance  can  be  made  by  considering  the  acoustic  wavelength  in 
terms  of  the  structural  wavelength  i.e,  if  the  acoustic  wavelength  is  greater 
than  the  structural  wavelength  then  the  joint  acceptance  of  unity  is  valid.  If 
the  acoustic  wavelength  is  very  much  greater  than  the  structural  wavelength, 
the  loading  approaches  the  Miles  assumption  of  uniform  pressure  over  the 
surface.  As  the  acoustic  wavelength  becomes  smaller  than  the  structural 
wavelength,  the  joint  acceptance  becomes  more  important  to  correctly 
estimate  the  response.  Blevins'  normal  mode  method  should  theoretically 
work  best  when  the  acoustic  and  structural  wavelengths  match. 

TABLE  3  -  Comparison  of  structural  and  acoustic  half  wavelengths 


Panel 

Frequency 

(Hz) 

Structural 

Vi  Wavelength 
(m) 

Acoustic 

M  Wavelength 
(m) 

Acoustic  Wavelength  as  % 
of  Structural 

1 

219.02 

0.912 

0.78 

85.53 

2 

164.3 

1.04 

114.04 

3 

272.62 

1  0.912  1 

0.63 

69.08 

Table  3  shows  the  relationship  between  the  structural  half  wavelength 
and  the  acoustic  half  wavelength  for  the  predominant  response  frequency  of 
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each  of  the  three  panels  used  in  the  test.  As  can  be  seen  from  Table  3,  the 
structural  and  acoustic  wavelengths  (or  half  wavelengths)  are  of  similar 
magnitude,  and  as  such  the  joint  acceptance  of  unity  is  accepTable, 

Millar  [9]  showed  the  relationship  between  using  a  single  mode 
(fundamental)  and  a  joint  acceptance  of  imity  to  that  of  estimating  tire  joint 
acceptance  and  consequently  the  overall  response  for  several  modes  of 
vibration  within  the  bandwidth  of  excitation.  The  calculations  were  compared 
with  test  data  and  showed  that  the  single  mode  and  joint  acceptance  of  unity 
approach  overestimated  the  response  while  the  attempt  to  calculate  the 
overall  response  by  calculating  the  joint  acceptance  for  several  modes  actually 
imderestimated  the  response.  In  that  particular  case  good  agreement  with  the 
test  data  was  obtained  by  taking  an  average  of  the  two  calculations.  The 
approach  of  using  a  single  mode  has  been  used  extensively  for  some  time  [10] 
and  is  well  founded.  Experience  has  shown  that  in  the  majority  of  cases  of  in- 
service  failures,  the  failure  can  be  attributed  to  a  single  frequency.  It  is 
anticipated  therefore  that  the  single  mode/J=l  approach  will  lead  to  an 
overestimate  of  the  response  in  comparison  with  the  test  data. 

The  parameters  obtained  from  the  FE  analysis  which  were  required 
for  the  normal  mode  method  calculations  are  presented  in  Table  4.  The  strain 
locations  used  for  comparison  with  the  test  data  were  in  the  centre  of  the 
panel,  parallel  to  both  the  long  edge  and  the  short  edge,  8^  and  respectively 
and  on  both  the  inner  and  outer  skin,  as  shown  in  Figure  1.  The  outer  skin 
was  the  convex  surface  and  the  inner  skin  was  the  "wetted"  (concave)  surface 
in  the  progressive  wave  tube.  The  spectrum  level  of  acoustic  pressure,  Lp^(fJ, 
was  read  from  the  sound  pressure  level  (SPL)  spectrum  plot  shown  in  Figure 
4,  and  the  damping  used  in  these  calculations  was  taken  from  the  measured 
strain  data.  The  mass  per  unit  area  for  each  of  the  panels  was  constant  at  5.24 
kg/ml 


TABLE  4  -  Data  from  FE  model  used  in  Blevins'  Normal  Mode  Method 
calculations. 


Panel 

Panel 

surface 

Frequency 

(Hz) 

Modal 

displ. 

(m) 

K 

(kN/m^) 

S™;(L^xS„) 

Modal 
e,  (14) 
(m/m) 

Modal 

(13) 

(m/m) 

1 

INNER 

219.02 

1.376 

13662.9 

0.013 

8.419E-06 

8.80E-02 

0.232 

OUTER 

13662.9 

0.013 

2.95E-01 

0.176 

2 

INNER 

164.3 

6767.7 

0.0155 

1.472E-05 

1.63E-01 

0.168 

OUTER 

164.3 

1.211 

6767.7 

0.0155 

1.472E-05 

2.04E-01 

0.131 

3 

INNER 

272.62 

1.405 

21611.7 

5.938E-06 

6.41E-02 

0.349 

OUTER 

272.62 

1.405 

21611.7 

0.0113 

5.938E-06 

1.45E-01 

0.279 

The  predicted  RMS  strains  for  the  three  panels  are  shown  in  Table  5, 
along  with  the  measured  strains  for  comparison. 
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TABLE  5-  Comparison  of  calculated  and  measured  strains  for  the  three  test  panels 


OASPL 

(dB) 

Outer  surface  strains  ( 

ue) 

e, 

<calc) 

e, 

(meas) 

e. 

(calc) 

e, 

(meas) 

(meas) 

142.00 

6.89 

4.91 

18.17 

9.79 

23.12 

12.47 

13.76 

8.68 

149.60 

16.54 

12.27 

43.60 

27.03 

55.46 

34.97 

33.00 

23.74 

1 

153.70 

32.54 

20.37 

85.79 

45.48 

109.14 

58.68 

64.95 

39.43 

158.70 

46.60 

39.59 

122.87 

89.42 

156.30 

116.20 

93.02 

76.26 

163.70 

96.14 

69.95 

253.49 

157.42 

322.45 

206.99 

191.90 

132.06 

142.50 

19.71 

5.57 

20.21 

6.77 

24.65 

7.66 

15.79 

5.22 

148.90 

44,29 

11.41 

45.40 

14.19 

55.37 

16-10 

35.47 

10.91 

2 

154.50 

72.99 

21.93 

74.83 

27.45 

91.25 

30.97 

58.46 

21.33 

159.50 

129.80 

40.76 

133.06 

162.28 

57.64 

103.97 

40.52 

163.70 

176.32 

64.75 

180.74 

80.58 

220.42 

91.07 

141.22 

65.35 

144.20 

6.52 

5.35 

35.57 

13.87 

13.22 

28.36 

12.71 

148.30 

9.46 

8.17 

51.60 

22.77 

19.99 

41.14 

20.97 

3 

154.60 

18.44 

16.49 

100.61 

50.27 

41.56 

80.21 

45.74 

159.40 

37.35 

26.61 

203.77 

91.83 

84.46 

68.83 

162.46 

82.65 

163.30 

52.15 

44.78 

284.53 

169.65 

117.94 

118.92 

226.86 

149.85 

The  best  results  were  obtained  for  panel  3  although  no  clear  reason  for 
the  difference  is  apparent  despite  there  being  such  good  agreement  between 
the  measured  and  calculated  natural  frequencies  for  all  three  panels.  In  fact 
on  the  basis  of  the  influence  of  the  joint  acceptance  discussed  above  one 
would  have  anticipated  that  the  best  results  would  have  been  obtained  for 
panels  1  and  2,  where  the  acoustic  wavelength  more  closely  matched  the 
structural  wavelength.  Despite  the  difference  between  the  calculated  and 
measured  strain  response,  the  Blevins  approach  did  overestimate  the 
response  and  as  such  can  be  confidently  used  as  an  acoustic  fatigue  design 
tool.  The  comparison  of  measured  and  calculated  response  for  panel  3  has 
been  presented  in  graphical  form  in  Figure  10. 


Figure  10.  Comparison  of  measured  and  calculated  RNK  strain  for  panel  3 
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5.  CONCLUSIONS 


This  paper  has  given  details  of  a  recent  programnae  of  work  investigating  the 
dynamic  response  of  doubly  curved  composite  honeycomb  sandwich 
structures  to  random  acoustic  excitation,  A  set  of  three  panels,  which  were 
designed  and  manufactured  at  the  University  of  Southampton,  has  been 
tested  in  the  ISVR  progressive  wave  tube  facility  at  overall  sound  pressure 
levels  from  142  to  164  dB.  Results  have  been  presented  for  the  overall  RMS 
strain  versus  the  OASPL,  which  has  indicated  a  linear  response  at  the 
excitation  sound  pressure  levels  used.  In  addition,  probability  analyses  of  the 
strain  signals  have  shown  that  the  probability  density  is  almost  identical  to 
the  Gaussian  distribution  at  all  excitation  levels. 

The  measured  RMS  strain  responses  have  been  compared  with 
theoretical  predictions  obtained  using  Blevins'  normal  mode  method.  The 
method  gave  reasonable  results,  where  an  overesHmation  of  the  overall  RMS 
strain  was  observed  for  aU  three  panels,  therefore  Blevins'  normal  mode 
method  can  be  confidently  used  as  an  acoustic  fatigue  design  tool  for  this 
type  of  structure. 
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APPENDIX:  NOTATION 


SPL 

Soimd  Pressure  Level 

OASPL 

Overall  Sound  Pressure  Level 

PWT 

Progressive  Wave  Tube 

RMS 

Root  Mean  Square 

S 

rms 

Overall  RMS  Strain 

Tl 

3.14159 

K 

predominant  response  frequency 

Spectrum  level  of  acoustic  pressure  (expressed  as  a  fluctuating 
pressure  in  Pa  in  a  1  Hz  band) 

s„ 

Modal  strain 

P. 

Characteristic  modal  pressure 

s 

Critical  damping  ratio 
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ABSTRACT 

An  F16  POD  containing  optical  equipment  has  been  analysed  using 
MSC.Fatigue.  The  purpose  of  the  analysis  was  to  show  that  current  procedures 
could  be  improved  in  3  ways.  Firstly,  a  more  accurate  and  widely  applicable 
procedure  based  upon  the  Dirlik  algorithm  is  used  to  compute  fatigue  damage 
from  output  PSD's  of  stress.  Secondly,  these  calculations  are  performed  on 
Principal  stress  axes  (current  FEA  solvers  such  as  NASTRAN,  ABAQUS  and 
ANSYS  do  not  allow  rotation  of  transfer  functions  onto  Principal  planes). 
Lastly,  the  calculations  are  automatically  performed  over  the  entire  region  of 
interest.  Results  for  fatigue  life  are  presented  for  a  number  of  input  loading 
conditions. 


INTRODUCTION 

The  Marconi  Electronic  Systems  (MES)  Atlantic  POD  is  designed  to 
attach  to  the  fuselage  of  the  F16  aircraft,  (see  Figure  1).  Its  primary 
purpose  is  to  provide  night  vision  for  the  pilot  via  its  forward  looking 
infrared  (FLIR)  system.  The  infrared  pictures  can  be  seen  by  the  pilot 
using  his  head-up  display  unit  (HUD)  in  the  cockpit. 


Figure  1.  Atlantic  Navigation  POD  attached  to  F16 
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The  POD  is  basically  a  10  inch  diameter,  97  inch  long,  tube  with  a  front 
and  rear  bulkhead  containing  three  primary  units;  the  electronics 
module,  the  environmental  control  unit  and,  most  importantly,  the 
sensor  head  assembly.  The  sensor  head  is  mounted  at  the  very  front  of 
the  POD  on  two  parallel  longitudinal  arms  that  attach  primarily  to  the 
forward  bulkhead.  An  early  version  of  the  Atlantic  POD  is  shown  in 
Figure  2.  The  sensor  head  houses  the  infra  red  cameras,  lens 
assemblies  and  other  sensors  used  for  high  speed,  low  level  night  time 
sorties. 

During  the  conceptual  design  of  the  POD,  the  sensor  head  moimting 
arms  were  'tuned'  to  give  the  right  response  so  that  boresight  error 
resulting  from  vibration  of  the  sensor  could  be  minimised.  The 
consequence,  however,  of  this  tuning  was  a  weakening  of  the  rear  of 
the  arms,  as  they  were  reduced  from  a  thick  solid  section  to  a  thinner 
cut-out  one. 


Figure  2.  Concept  Stage  Atlantic  Navigation  POD 


It  was  required  to  assess  whether  this  weakening  of  the  structure 
would  cause  problems  under  the  severe  random  vibration  loads 
applied  to  the  POD.  For  this  reason  it  was  decided  to  perform  a 
random  vibration  fatigue  analysis  on  the  POD  structure  to  the  levels 
and  duration's  defined  in  the  POD  test  certification  specification.  An 
example  of  the  t5rpes  of  input  loads  that  might  be  used  are  shown  in 
Figure  3.  These  were  applied  to  the  points  on  the  POD  which  attach  it 
to  the  F16. 
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Figure  3.  F16  POD  vibration  profiles 

Typically,  the  POD  is  reqtiired  to  siirvive  these  vibration  loadings  for 
specified  periods  as  shown  in  Table  1 


F16  POD  Vibration 
Profile 

Duration 

Lateral  non-operational 

5  minutes 

Vertical  non-operational 

5  minutes 

Lateral  performance 
profile 

30  minutes 

Vertical  performance 
profile 

30  minutes 

Table  1.  Test  duration’s  for  each  vibration  profile 

An  FE  model  of  the  POD  was  created  by  Marconi  Naval  Systems 
Limited,  Product  Assurance  Group  (MNSL  PAG).  This  was  the  model 
that  was  used  for  the  analysis  shown  in  this  paper.  The  model  was 
created  using  MSC.Patran  and  consists  of  TRI3  and  QUAD4  shell 
elements  for  the  tube  and  fairings,  WEDGE6  and  HEX8  solid  elements 
for  the  bulkheads  and  sensor  arms  and  lumped  masses  for  the  internal 
units  moimted  off  RBE3s.  The  POD  was  constructed  from  various 
grades  of  Aluminium  with  the  sensor  head  arms  being  machined  from 
2014  T6. 
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Figure  5.  FE  modelling  of  POD  internal  components 


Figure  6*  FE  model  of  the  sensor  head  assembly 


Figure  7.  FE  model  of  the  sensor  head  assembly  with  the  sensor  head 

removed 


Before  the  results  are  presented  some  technical  background  will  be 
introduced. 


TECHNICAL  BACKGROUND  -  VIBRATIONS 


What  is  the  frequency  domain? 

Structural  analysis  can  be  carried  out  in  either  the  time  or  frequency 
domains  as  shown  in  Figure  8.  In  the  time  domain  the  input  takes  the 
form  of  a  time  history  of  load  (in  this  case  wind  speed).  The  structural 
response  can  be  derived  using  a  finite  element  representation  coupled 
widi  a  transient  (convolution)  solution  approach.  The  output  from  this 
model  is  also  expressed  as  a  time  history,  in  this  case  the  stress  at  some 
particular  location  in  the  structure. 

In  the  frequency  domain  the  input  is  given  in  the  form  of  a  PSD  of 
wind  speed  and  the  structure  is  modelled  by  a  linear  transfer  function 
relating  input  wind  speed  to  the  output  stress  at  a  particular  location  in 
the  structure.  The  output  from  the  model  is  expressed  as  a  PSD;  in  this 
case  it  is  the  PSD  of  stress. 


frequency  ^  frequency 


Frequency  Domain 

Figure  8.  What  is  the  frequency  domain? 

Most  of  the  computational  time  is  spent  in  solving  the  structural 
model.  In  the  time  domain,  the  structural  model  is  solved  for  each  time 
history  of  input;  hence  20  load  cases  would  take  20  times  as  long  to 
calculate  as  1.  In  contrast,  for  the  frequency  domain,  once  the  linear 
transfer  function  has  been  calculated  the  response  caused  by  additional 
input  PSD's  can  be  calculated  without  solving  the  structural  model 
again. 

Basically,  the  frequency  domain  is  another  way  of  representing  a  time 
history.  Certain  information  about  a  random  process  becomes  apparent 
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apparent  in  a  frequency  domain  plot,  which  is  difficult  to  see  in  the 
time  domain.  It  is  possible  to  flip  back  and  forth  between  the  two 
domains  using  the  Fourier  Transformation  and  Inverse  Fourier 
Transformation  respectively 


Time  histories  &  PSD*s 

Engineering  processes  can  fall  into  a  number  of  types  and  Figure  9  is 
useful  as  a  means  of  characterising  these  different  types  of  processes. 
In  Figure  9(a),  a  sinusoidal  time  history  appears  as  a  single  spike  on 
the  PSD  plot.  The  spike  is  centred  at  the  frequency  of  the  sine  wave 
and  the  area  of  the  spike  represents  the  mean  square  amplitude  of  the 
wave.  In  theory  this  spike  should  be  infinitely  tall  and  infinity  narrow 
for  a  pure  sine  wave.  However,  if  a  practical  FFT  routine  is  applied  to 
an  arbitrarily  tnmcated  sine  wave  ^en,  in  general,  the  spike  always 
has  finite  height  and  finite  width.  Remember,  with  PSD  plots  it  is  the 
area  under  the  graph  that  is  of  interest  and  not  the  height  of  the  graph. 


tal-SiPe  wave  (c)  Broad  band  process 

Time  history  ESC  Time  history  ESD 


frequency  Hz  frequency  Hz 


tbX  Narrow  band  process  (6)  White  noise  process 


iuyylhiiit 


frequency  Hz 


frequency  Hz 


Figure  9.  Equivalent  time  histories  and  PSD's 


In  Figure  9(b),  a  narrow  hand  process  is  shown  which  is  built  up  of 
sine  waves  covering  only  a  narrow  range  of  frequencies.  A  narrow 
band  process  is  typically  recognised  in  a  time  history  by  amplitude 
modulation,  often  referr^  to  as  a  'beat'  envelope. 

In  Figure  9(c),  a  broad  hand  processes  is  shown  which  is  made  up  of 
sine  waves  over  a  broad  range  of  frequencies.  These  are  shown  in  the 
PSD  plot  as  either  a  number  of  separate  response  peaks  (as  illustrated) 
or  one  wide  peak  covering  many  frequencies.  This  type  of  process  is 
usually  more  difficult  to  identify  from  the  time  history  but  is  t5^ically 
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characterised  by  positive  valleys  (troughs  in  the  signal  above  the  mean 
level)  and  negative  peaks. 

In  Figure  9(d),  a  white  noise  process  is  shown.  This  is  a  special  time 
history,  which  is  built  up  of  sine  waves  over  the  whole  frequency 
range. 


Expected  zeros,  peaks  and  irregularity  factor 

Random  stress  or  strain  time  histories  can  only  properly  be  described 
using  statistical  parameters.  This  is  because  any  sample  time  history 
can  only  be  regarded  as  one  sample  from  an  infinite  number  of 
possible  samples  that  could  occur  for  the  random  process.  Each  time 
sample  will  be  different.  However,  as  long  as  the  samples  are 
reasonably  long  then  the  statistics  of  each  sample  should  be  constant. 
Two  of  the  most  important  statistical  parameters  are  the  number  of  so- 
called  zero  crossings  and  number  of  peaks  in  the  signal.  Figure  10 
shows  a  1  second  piece  cut  out  from  a  typical  wide  band  signal. 


®  -  upward  zero  crossing 
X  speak 


Number  of  upward 
zero  crossings, 

E[0]=3 
Number  of  peaks, 

EM  =  6 


Irregularity  factor, 
=  3 
E[P]  6 


Figure  10.  Zero  and  peak  crossing  rates 


EfOJ  represents  the  number  of  (upward)  zero  crossings,  or  mean  level 
crossings  for  a  signal  with  a  non-zero  mean.  EfPJ  represents  the 
number  of  peaks  in  the  same  sample.  These  are  both  specified  for  a 
t5rpical  1  second  sample.  The  irregularity  factor  is  defined  as  the 
number  of  upward  zero  crossings  divided  by  the  number  of  peaks. 

In  this  particular  case  the  number  of  zeros  is  3,  and  the  number  of 
peaks  is  6,  so  the  irregularity  factor  is  equal  to  0.5.  This  number  can 
theoretically  only  fall  in  the  range  0  to  1.  For  a  value  of  1  the  process 
must  be  narrow  band  as  shown  in  Figure  9(b).  As  the  divergence  from 
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narrow  band  increases  then  the  value  for  the  irregularity  factor  tends 
towards  0. 


Moments  from  a  PSD 


Since  we  are  concerned  with  structural  systems  analysed  in  the 
frequency  domain  a  method  is  required  for  extracting  the  pdf  of 
rainflow  ranges  directly  from  the  PSD  of  stress.  The  characteristics  of 
the  PSD  that  are  used  to  obtain  this  information  are  the  nth  moments 
of  the  PSD  function  (Figure  11).  The  relevant  spectral  moments  are 
easily  computed  from  a  one  sided  PSD  G(f)  in  units  of  Hertz  using  the 
following  expression. 

>nn=]r-G(j)df  =  Y^f:-G,{j)-^ 

0 

The  n**'  moment  of  cirea  of  the  PSD  (m„)  is  calculated  by  dividing  the 
curve  into  small  strips  as  shown.  The  n*  moment  of  area  of  the  strip  is 
given  by  the  area  of  the  strip  multiplied  by  the  frequency  raised  to  the 
power  n.  The  n*  moment  of  area  of  the  PSD  is  then  foimd  by  summing 
the  moments  of  all  the  strips. 


In  theory,  all  possible  moments  are  required  to  fully  characterise  the 
original  process.  However,  in  practice,  we  find  that  mo,  m^,  m2  and  m4 
are  sufficient  to  compute  all  of  the  information  required  for  the 
subsequent  fatigue  analysis. 
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Expected  zeros,  peaks  and  irregularity  factor  from  a  PSD. 


The  first  serious  effort  at  providing  a  solution  for  estimating  fatigue 
damage  from  PSD's  was  imdertaken  by  SO  Rice  in  1954  [1].  He 
developed  the  very  important  relationships  for  the  number  of  upward 
mean  crossings  per  second  (E[0])  and  peaks  per  second  (E[P])  in  a 
random  signal  expressed  solely  in  terms  of  their  spectral  moments  w„. 

£I0]=  &  E[P}=  I^ 

\mo 

■  £10]  SI 

E[P] 

TECHNICAL  BACKGROUND  -  FATIGUE 

Before  introducing  the  concepts  needed  to  estimate  fatigue  damage  in 
the  frequency  domain  it  is  useful  to  set  out  a  parallel  approach  in  the 
time  domain.  The  approach  highlighted  is  that  of  a  traditional  S-N 
(Stress-Life)  approach  (see  Figure  12). 


Time  Domain  S-N  Fatigue  Life  Estimation 

The  starting  point  for  any  fatigue  analysis  is  the  response  of  the 
structure  or  component,  which  is  usually  expressed  as  a  stress  or  strain 
time  history.  If  the  response  time  history  was  made  up  of  constant 
amplitude  stress  or  strain  cycles  then  ^e  fatigue  design  could  be 
accomplished  by  referring  to  a  typical  S-N  diagram.  However,  because 
real  signals  rarely  conform  to  this  ideal  constant  amplitude  situation, 
an  empirical  approach  is  used  for  calculating  the  damage  caused  by 
stress  signals  of  variable  amplitude. 

Despite  its  limitations,  the  Palmgren-Miner  rule  is  generally  used  for 
this  purpose.  This  linear  relationship  assumes  that  the  damage  caused 
by  parts  of  a  stress  signal  with  a  particular  range  can  be  calculated  and 
accumulated  to  the  total  damage  separately  from  that  caused  by  other 
ranges.  A  ratio  is  calculated  for  each  stress  range,  equal  to  the  number 
of  actual  cycles  at  a  particular  stress  range,  n,  divided  by  the  allowable 
number  of  cycles  to  failure  at  that  stress,  N,  (obtained  from  the  S-N 
curve).  Failure  is  assumed  to  occur  when  the  sum  of  these  ratios,  for  all 
stress  ranges,  equals  1.0. 
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Figure  12.  A  standard  S-N  fatigue  analysis 


If  the  response  time  history  is  irregular  with  time,  as  shown  in  the 
Figure  12,  then  rainflow  cycle  coimting  is  widely  used  to  decompose 
the  irregular  time  history  into  equivalent  sets  of  block  loading.  The 
numbers  of  cycles  in  each  block  are  usually  recorded  in  a  stress  range 
histogram.  Ttiis  can  then  be  used  in  the  Palmgren  Miner  calculation. 
An  example  of  the  way  rainflow  ranges  are  extracted  from  a  time 
signal  is  given  in  [2]. 


S-N  Relationship 

A  traditional  S-N  curve  as  shown  in  Figure  13  is  used  to  model  the 
material  properties  of  the  components  being  analyzed.  This  simply 
shows  that,  under  constant  amplitude  cyclic  loading,  a  linear 
relationship  exists  between  cycles  to  failure  N  and  applied  stress  range 
S  when  plotted  on  log-log  paper.  There  are  two  alternative  ways  of 
defining  this  relationship,  as  given  below,  where  k  and  SRll  are 
material  constants. 

N'^S^SRIl 


Figure  13-  A  typical  S-N  curve 
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Estimating  fatigue  life  from  a  stress  ndf 


Once  the  stress  range  histogram  has  been  converted  into  a  stress  range 
pdf  then  there  is  an  elegant  and  efficient  equation  to  describe  the 
expected  fatigue  damage  caused  by  this  loading  history.  E[  ]  has  the 
usual  meaning  as  "expectation  operator"  giving  the  mean  or  average 
value  of  a  particular  parameter. 


£[D]  =  £[/>]-  f5'"p(S)dS 

In  order  to  compute  fatigue  damage  over  the  lifetime  of  the  structure 
in  seconds  (T)  the  form  of  material  (S-N)  data  must  also  be  defined 
using  the  parameters  k  and  m  (or  h  and  SBll).  In  addition,  the  total 
number  of  cycles  in  time  T  must  be  determined  from  the  number  of 
peaks  per  second  E[P].  If  the  damage  caused  in  time  T  is  greater  than 
1.0  then  the  structure  is  assumed  to  have  failed.  Or  alternatively  the 
fatigue  life  can  be  obtained  by  setting  E[D]  =  1.0  and  then  finding  the 
fatigue  life  in  seconds  from  the  above  equation. 


The  Frequency  Domain  Model 

Figure  12  highlighted  the  overall  process  for  fatigue  life  estimation  in 
the  time  domain.  The  parallel  approach  in  the  frequency  domain  is 
shown  in  Figure  14.  If  we  assume  that  the  structural  model  shown  is 
now  an  FEA  model,  this  model  would  be  identical  for  both  the  time 
domain  and  frequency  domain  approaches. 


TIME  DOMAIN 

Steady 
state 
or 


TIME 

HISTORY 


Transient 

Analysis 


RAINFLOW 

COUNT 

■^A- 


PDF 
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^  FATIGUE 
LIFE 
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PSD  FATIGUE 
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PDF 
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Figure  14.  Time  versus  frequency  domain  calculations 
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In  order  to  get  structural  response  in  the  time  domain  a  transient 
structural  analysis  would  be  required,  before  the  fatigue  analysis.  In 
the  frequency  domain  a  transfer  function  would  first  be  computed  for 
the  structural  model.  This  is  completely  independent  of  the  input 
loading  and  is  a  fundamental  characteristic  of  the  system,  or  model. 
The  PSD  response,  caused  by  any  PSD  of  input  loading,  is  then 
obtained  by  multiplying  the  transfer  function  by  the  input  loading 
PSD.  Further  response  PSD's  caused  by  additional  PSD's  of  input 
loading  can  then  be  calculated  with  a  trivial  amoimt  of  computing 
time.  Once  the  response  PSD  has  been  computed  the  remaining  task  is 
to  estimate  the  fatigue  damage  using  one  of  a  number  of  fatigue 
models. 


Narrow  band  solution 

JS  Bendat  [3]  presented  the  theoretical  basis  for  the  first  of  these 
frequency  domain  fatigue  models,  the  so-called  Narrow  Band  solution. 
This  expression  was  defined  solely  in  terms  of  the  spectral  moments 
up  to  .  However,  the  fact  that  ^s  solution  was  suitable  only  for  a 
specific  class  of  response  conditions  was  an  unhelpful  limitation  for 
the  practical  engineer.  The  narrow  band  formula  is  given  below. 


i 


N(Si)  ki 


p(S)dS 


k  ^  4mQ 


]dS 


This  was  the  first  frequency  domain  method  for  predicting  fatigue 
damage  from  PSD's  and  it  assumes  that  the  pdf  of  peaks  is  equal  to  the 
pdf  of  stress  amplitudes.  The  narrow  band  solution  was  then  obtained 
by  substituting  the  Rayleigh  pdf  of  peaks  with  the  pdf  of  stress  ranges. 
ITie  full  equation  is  obtained  by  noting  that  S,  is  equal  to  E[P].T , 
where  T  is  the  life  of  the  structure  in  seconds  (see  Figure  15). 
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Narrow  band  signal  Pdf  of  peaks  Pdf  of  stress  amplitude 

(given  by  Rayleigh  function)  (rainflow  cycles  given  by 
twice  stress  amplitude) 


Figure  15.  The  basis  of  the  narrow  band  solution 

Figure  16  explains  why  the  narrow  band  solution  is  so  conservative  for 
wide  band  cases.  Two  time  histories  are  shown.  The  narrow  band 
history  (a)  is  made  up  by  summing  two  independent  sine  waves  at 
relatively  close  frequencies.  The  wide  band  history  (b)  uses  two  sine 
waves  with  relatively  widely  spaced  frequencies. 

Narrow  banded  time  histories  are  characterised  by  frequency 
modulation  known  as  a  beat  effect.  Wide  band  processes  are 
characterised  by  the  presence  of  positive  troughs  and  negative  peaks 
and  these  are  clearly  seen  in  Figure  16  as  a  sinusoidal  ripple 
superimposed  on  a  larger,  dominant  sine  wave. 
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The  narrow  band  solidion  assames 
lhat  all  positive  peaks  are  analched 
with  corresponding  troaghs  of  similar 
magnitude.  Hence  the  bold  signal  is 
transformed  to  the  grey  signal  with 
higher  stress  ranges. 


Figure  16.  Why  the  narrow  band  solution  is  conservative 

The  problem  with  the  narrow  band  solution  is  that  positive  troughs 
and  negative  peaks  are  ignored,  and  all  positive  peaks  are  matched 
with  corresponding  troughs  of  similar  magnitude  regardless  of 
whether  they  actually  form  stress  cycles.  To  illustrate  this,  take  every 
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peak  (and  trough)  and  make  a  cycle  with  it  by  joining  it  to  an 
imaginary  trough  (peak)  at  an  equal  distance  the  other  side  of  the 
mean  level.  This  is  shown  in  Figure  16(c).  It  is  easy  to  see  that  the 
resultant  stress  signal  contains  far  more  high  stress  range  cycles  than 
were  present  in  the  original  signal.  This  is  5\e  reason  why  the  narrow 
band  solution  is  so  conservative. 


Dirlik^s  empirical  solution  for  rainflow  ranges 

Dirlik  [4]  has  produced  an  empirical  closed  form  expression  for  the 
pdf  of  rainflow  ranges,  which  was  obtained  using  extensive  computer 
simulations  to  model  the  signals  using  the  Monte  Carlo  technique. 
Dirlik’s  solution  is  given  below. 


p(S)=-^ — 


AZ  J 


D^e 


2 


2(mo) 


1/2 


Where  and  R  are  all  functions  of  and  m^. 


Z  is  a  normalised  variable  equal  to 


S 

2(mo)*'^  ‘ 


ANALYSIS  OF  NIGHT  VISION  MECHANISM 

To  understand  the  structural  behaviour  of  the  model  it  is  worth 
considering  Figure  7  and  Figure  17.  The  sensor  head  assembly  is 
basically  a  parallelogram  supported  at  the  bulkhead  location  half  way 
down  each  rail.  In  order  to  resist  lateral  and  vertical  sway  of  the  rails, 
and  hence  the  sensor  head,  stresses  are  induced  in  the  rails. 


An  MSC.Nastran  frequency  response  analysis  was  performed  on  the 
whole  FE  model  shown  in  Figure  5  using  the  Nastran  solution  routine 
SOL  111,  which  is  used  to  generate  transfer  functions.  The  transfer 
function  from  this  was  then  read  in  to  MSC.Fatigue  where  they  were 
resolved  on  to  Principal  planes.  The  vibration  inputs  defined  in  Figure 
3  were  then  defined  and  applied  inside  the  MSC.Fatigue  program. 
Note  that  this  was  not  done  in  NASTRAN.  Since,  in  each  case,  only 
one  vibration  load  was  applied  then  the  phase  relationships  between 
inputs  did  not  have  to  be  taken  into  account.  Where  necessary, 
MSC,Fatigue  can  also  do  this  using  the  Cross  PSD's  between  each 
input. 
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A  separate  group  was  created  for  the  rails  using  MSC.Patran  and  only 
the  results  for  this  area  were  requested.  PSD's  of  stress  on  Principal 
planes  were  produced  at  every  node  in  this  group  and  the  Dirlik 
algorithm  was  then  used  to  compute  fatigue  life.  Figure  18  shows  one 
of  these  rails  connected  between  the  forward  and  rear  brackets. 


Figure  17.  FE  model  showing  2  side  rails  attached  to  front  and  rear 

brackets 


Figure  18.  FE  model  showing  side  raU 


RESULTS 

Results  were  produced  over  the  entire  surface  of  the  two  rails  using 
MSC.Fatigue.  An  example  of  the  PSD  response  results  for  node  28214 
(a  critical  location  mid  way  along  the  rail)  when  subjected  to  the 
lateral  performance  profile  is  shown  in  Figure  19. 

Using  the  fatigue  life  results  computed  over  the  entire  surface,  contour 
plots  of  fatigue  life  (in  seconds)  were  produced.  One  example,  for  the 
lateral  performance  profile  is  shown  in  Figure  20.  References  [5]  and 
[6]  give  full  technical  details  of  the  adopted  analysis  procedure. 
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Figure  19.  PSD  result  on  Principal  plane  for  node  28214  -  lateral 
performance  profile 

In  order  to  compute  the  derived  (per  mission)  fatigue  life  the  results 
processing  tools  of  MSC.Patran  were  used.  Firstly,  all  of  the  individual 
results  were  converted  into  fatigue  damage  per  second.  Then  the 
derived  result  in  Figure  21  was  obtained  by  multiplying  each  subset  by 
its  duration  in  seconds.  So,  for  example,  the  vertical  performance 
profile  damage  result  was  multiplied  by  1800  (30  minutes).  The 
derived  result  was  then  obtained  by  summing  the  individual  results 
and  taking  the  reciprocal.  This  gave  the  fatigue  life  in  minutes.  The 
fatigue  life  of  the  critical  location  mid  way  along  the  rails  is 
approximately  100  minutes,  ie  about  1.5  missions  of  30,  30,  5  and  5 
minutes.  This  result  would  suggest  that  the  component  would  survive 
the  4  loading  environments  shown  in  Figure  3. 


Figure  20.  Fatigue  life  (secs)  lat  non-oper  profile 
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Figure  21.  Derived  fatigue  life  (mins)  using  all  4  profiles 


CONCLUSIONS 

MSC.Fatigue  has  beai  demonstrated  as  a  powerful  tool  for 
undertaking  full  model  fatigue  calculations  for  bodies  subject  to 
random  vibration.  Several  major  improvements  to  current  practice 
have  been  introduced.  Firstly,  a  new  solution  for  estimating  fatigue 
life  from  PSD's  is  available  which  works  for  both  narrow  and  broad 
band  signals.  Secondly,  it  is  now  possible  to  use  Principal  stress  planes 
for  fatigue  calculations.  And  finally,  it  is  possible  to  automatically 
obtain  global  results  output. 
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ABSTRACT 

A  recently  developed  finite-element-based  equivalent  linearization  approach 
for  the  analysis  of  random  vibrations  of  geometrically  nonlinear  multiple 
degree-of-freedom  structures  is  validated.  The  validation  is  based  on 
comparisons  with  results  from  a  finite  element  based  numerical  simulation 
analysis  using  a  numerical  integration  technique  in  physical  coordinates.  In 
particular,  results  for  the  case  of  a  clamped-clamped  beam  are  considered  for 
an  extensive  load  range  to  establish  the  limits  of  validity  of  the  equivalent 
linearization  approach. 

INTRODUCTION 

Current  efforts  to  extend  the  performance  and  flight  envelope  of  high-speed 
aerospace  vehicles  have  resulted  in  structures  which  may  respond  to  the 
imposed  loads  in  a  geometrically  nonlinear  (large  deflection)  random  fashion. 
This  type  of  behavior  can  significantly  degrade  the  structural  fatigue  life. 
Linear  prediction  techniques  currently  used  in  the  design  process  are  grossly 
conservative  and  provide  little  understanding  of  the  nonlinear  behavior. 
Without  practical  design  tools  capable  of  capturing  the  important  dynamics, 
further  improvements  in  vehicle  performance  and  system  design  will  be 
hampered. 

Methods  currently  used  to  predict  geometrically  nonlinear  random  response 
include  perturbation,  Fokker-Plank-Kolmogorov  (F-P-K),  numerical 
simulation  and  stochastic  linearization  techniques.  All  have  various 
limitations.  Perturbation  techniques  are  limited  to  weak  geometric 
nonlinearities.  The  F-P-K  approach  [1,  2]  yields  exact  solutions,  but  can  only 
be  applied  to  simple  mechanical  systems.  Numerical  simulation  techniques 
using  numerical  integration  provide  time  histories  of  the  response  from  which 
statistics  of  the  random  response  may  be  calculated.  This,  however,  comes  at 
a  high  computational  expense  due  to  the  long  time  records  or  high  number  of 
ensemble  averages  required  to  get  quality  random  response  statistics. 
Statistical  linearization  methods  (e.g.  equivalent  linearization  (EL),  see  [2-6]) 
have  seen  the  most  broad  application  because  of  their  ability  to  accurately 
capture  the  response  statistics  over  a  wide  range  of  response  levels  while 
maintaining  relatively  light  computational  burden.  Implementations  of 
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statistical  linearization  methods  have  been  primarily  limited  to  special  purpose 
“in-house”  computer  codes.  The  first  known  implementation  in  a  general- 
purpose  code  was  developed  in  [7]  using  MSC/NASTRAN.  In  this  study,  an 
alternative  implementation  of  EL  based  on  the  methods  developed  in  [8]  and 
[9]  will  be  used.  This  implementation  was  previously  validated  using  the  F-P- 
K  method  for  a  few  special  cases  including  a  Duffing  oscillator  and  beam 
structure  under  a  convenient,  but  non-physical  loading  condition.  In  the 
present  study,  results  from  the  EL  analysis  will  be  compared  with  those  from  a 
finite  element  based  numerical  simulation  analysis  for  the  case  of  a  clamped- 
clamped  beam  under  random  inertial  loading.  By  studying  a  wide  range  of 
load  levels,  the  range  of  applicability  is  established. 

EQUIVALENT  LINEARIZATION  APPROACH 

The  equations  of  motion  of  a  multiple  degree-of-freedom,  viscously  damped 
geometrically  nonlinear  system  can  be  written  in  the  form: 

MX{t)  +  CX(t)  +  KX{t) + n  X(r))  =  F(r )  (1) 


where  AI,  C,  K  are  the  mass,  damping,  and  stiffness  matrices,  X  is  the 
displacement  response  vector  and  F  is  the  force  excitation  vector, 
respectively.  The  nonlinear  stiffness  term  r(X)  is  a  vector  function  which 
generally  includes  2“^^  and  3^^  order  terms  in  X .  An  approximate  solution  to 
(1)  can  be  achieved  by  formation  of  an  equivalent  linear  system: 

MX{t)  +  CX{t)  -h  ( X  +  XJX(r)  =  F{t)  (2) 


where  is  the  equivalent  linear  stiffness  matrix. 

The  traditional  (force  error  minimization)  method  of  EL  seeks  to  minimize  the 
difference  between  the  nonlinear  force  and  the  product  of  the  equivalent  linear 
stiffness  and  displacement  response  vector.  Since  the  error  is  a  random 
function  of  time,  the  required  condition  is  that  the  expectation  of  the  mean 
square  error  be  a  minimum,  i.e.: 

error  -  £:[(r(x)-ji:.xf(r(X)-A:,x)]^min  o) 


where  F[...]  represents  the  expectation  operator.  Equation  (3)  will  be  satisfied 


if 


djerror)  ^  ^ 


i,7  =  1,2,...,A 


In  this  study,  consideration  is  limited  to  the  case  of  Gaussian,  zero-mean 
excitation  and  response  to  simplify  the  solution.  With  these  assumptions  and 
omitting  intermediate  derivations,  the  final  form  for  the  equivalent  linear 
stiffness  matrix  becomes  (see  for  example  [3]  and  [4]): 


K 


(4) 
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An  alternative  approach  based  on  potential  (strain)  energy  error  minimization 
was  proposed  in  [5]  and  [6],  where  mostly  single  degree-of-freedom  systems 
were  considered.  A  generalization  for  multiple  degree-of-freedom  systems  is 
developed  in  [8]  and  [9].  For  the  sake  of  brevity,  the  present  paper  will  present 
the  formulation  and  results  from  the  force  error  minimization  only. 

Applying  the  modal  coordinate  transformation 

to  equation  (2)  yields  a  set  of  coupled  modal  equations  with  reduced  degrees 
of  freedom,  where  O  is  generally  a  subset  (L  <  A)  of  the  linear  eigenvectors, 
and  q  are  the  modal  coordinates.  This  coupled  set  is  expressed  as: 

[/]9  +  [2^'^tW^]4+[[t»2]  +  [fc^]j^  =  /  (5) 

where  CD^.  are  the  undamped  natural  frequencies,  [7]  is  the  unit  matrix, 

is  the  diagonal  modal  damping  matrix,  is  the  diagonal  modal  stiffness 

matrix,  and  [kj  is  the  fully  populated  equivalent  stiffness  matrix  given  by: 

The  nonlinear  terms  may  be  represented  in  the  following  form: 

L  L 

j,k-j  j,lc=J,l=k 

where  a'j^  and  bj^  are  nonlinear  stiffness  coefficients  with  7  =  1,2,...,L,  k=  j, 
7+1,...,L,  and  /  =  k,  k+l,  ...,L.  This  form  of  the  nonlinear  terms  facilitates  the 
solution  of  equations  (5)  when  the  forces  and  displacements  are  random 
functions  in  time. 

Iterative  Solution 

Because  the  equivalent  stiffness  matrix  is  a  function  of  the  unknown  modal 
displacements,  the  solution  takes  an  iterative  form.  The  time  variation  of  the 
modal  displacements  and  forces  may  be  expressed  as: 

n  n 

where  (^)  indicates  the  dependency  on  .  Applying  (8)  to  (5)  and  writing  in 
iterative  form  gives: 

9”  =[//”-']/  (9) 

where  m  is  the  iteration  number  and 
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The  introduction  of  the  weightings  a  and  P  are  to  aid  in  the  convergence  of 
the  solution,  with  the  condition  that  a  +  P=\. 

For  stochastic  excitation,  (9)  is  rewritten  as: 

(11) 

and 

n 

The  diagonal  elements  of  [5^]  are  the  variances  of  the  modal  displacements. 
For  the  first  iteration,  is  zero  yielding  the  covariance  matrix  E\q^q,\  of  the 
linear  system.  For  subsequent  iterations  (w2>l),  j  is  determined  from  (6) 


[*r]=  E 


^1  = 
dq 


dqi 


•••  E\ 


where  (from  (7)), 


J  hk=j  ^  j  j,k=j 


Recall  a  zero-mean  response  is  assumed,  i.e.  E[q]  =  0,  which  reduces  (13)  to: 


•••  'Zb^u.^q^q,] 


The  iterations  continue  until  convergence  of  the  equivalent  stiffness  matrix 
such  that 

The  value  of  e  typically  used  is  0.1%.  Following  convergence,  the  NxN 
covariance  matrix  of  the  displacements  in  physical  coordinates  is  recovered 
from 

=  (15) 
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and  root-mean-square  values  are  the  square  roots  of  the  diagonal  terms  in  (15). 
Further  post-processing  to  obtain  power  spectral  densities  of  displacements, 
stresses,  strains,  etc.,  may  be  performed  by  substituting  the  converged 
equivalent  stiffness  matrix  into  (5)  and  solving  in  the  usual  linear  fashion. 

Implementation 

The  EL  procedure  as  outlined  above  was  recently  implemented  within  the 
context  of  MSC/NASTRAN  using  the  DMAP  programming  language  [10]. 
The  implementation  entails  first  performing  a  normal  modes  analysis  (solution 
103)  to  obtain  the  modal  matrices,  from  which  a  subset  of  L  modes  are  chosen. 
Since  the  form  of  the  nonlinear  stiffness  terms  are  not  explicitly  known,  the 
nonlinear  stiffness  coefficients  a'j,^  and  must  be  determined  numerically. 
To  accomplish  this,  a  series  of  inverse  problems  are  performed  by  prescribing 
displacement  fields  as  linear  combinations  of  modes  to  the  linear  static 
(solution  101)  and  nonlinear  static  (solution  106)  solutions.  The  nonlinear 
stiffness  coefficients  are  then  determined  from  the  resulting  linear  and 
nonlinear  nodal  forces.  The  process  by  which  this  is  done  is  covered  in  detail 
in  [8]  and  [9].  The  iterative  solution  is  performed  within  a  standalone  DMAP 
alter,  which  has  as  its  output  the  root-mean-squaie  displacements  in  physical 
coordinates,  the  cross  covariance  in  modal  coordinates,  and  the  sum  of  the 
linear  and  equivalent  linear  modal  stiffness  matrices.  The  latter  may  by 
substituted  for  the  linear  modal  stiffness  in  the  modal  frequency  response 
analysis  (solution  1 1 1)  for  post-processing. 

NUMERICAL  SIMULATION  APPROACH 

A  numerical  simulation  analysis  was  performed  to  generate  time  history 
results  from  which  response  statistics  could  be  calculated.  The  particular 
method  used  was  finite  element  based  with  the  integration  performed  in 
physical  coordinates.  Two  different  integration  methods  were  used  depending 
on  the  response  level.  For  lower  level  responses,  an  implicit  integration 
method  was  taken  which  allowed  for  larger  time  steps  compared  with  the 
explicit  method.  Because  the  implicit  scheme  is  unconditionally  stable,  a 
convergence  study  on  the  time  step  was  undertaken  at  each  response  level  to 
ensure  adequacy  of  the  time  step.  This  was  done  by  halving  the  At  used  until 
the  time  history  response  over  the  calculation  period  was  unchanged.  As  the 
response  level  became  higher  at  the  higher  excitation  levels,  the  At  required  to 
obtain  a  converged  solution  became  smaller.  When  the  At  required  was  on 
the  order  of  the  time  step  required  for  the  explicit  method,  it  became  more 
efficient  to  perform  the  explicit  integration.  Both  methods  produced  identical 
results,  so  the  particular  choice  of  implicit  versus  explicit  was  dictated  solely 
by  the  time  required  to  run  each  analysis.  In  both  the  implicit  and  explicit 
methods,  the  nonlinear  deformation  was  handled  using  a  corotational  scheme 
[11].  The  program  NONSTAD  [12]  was  used  to  generate  the  numerical 
simulation  results. 
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Loading  Time  History 

The  time  history  of  the  load  was  generated  by  summing  equal  amplitude  sine 
waves  with  random  phase  within  a  specified  bandwidth  using  a  discrete 
inverse  Fourier  transform.  This  generated  a  pseudo-random  time  history  with 
a  specified  amplitude  and  period  T.  The  period  was  specified  by  2”Ar.  In 
this  study,  At  =  50  //s  and  n  =  16,  giving  a  period  of  1.63845  in  duration. 
The  selected  At  corresponded  with  that  needed  for  the  implicit  integration 
scheme  used  for  the  lower  loading  levels.  The  explicit  integration  scheme 
used  for  the  higher  load  levels  interpolated  the  signal  between  points  such  that 
the  specified  loading  at  each  At  interval  was  maintained.  A  radix-2  number  of 
time  history  samples  was  chosen  to  facilitate  use  of  radix-2  FFT  algorithms 
employed  for  the  subsequent  analysis.  An  ensemble  of  time  histories  was 
generated  by  specifying  different  seeds  to  the  random  number  generator. 

A  typical  time  history  corresponding  to  an  inertial  load  of  0.05g  RMS  is 
shown  in  Figure  1.  The  corresponding  probability  density  function  is  also 
shown  with  the  Gaussian  distribution.  The  power  spectral  density  for  10 
ensemble  averages  gives  a  spectmm  level  of  1.67  x  10^  g^/Hz  over  a  1500  Hz 
bandwidth  as  shown.  A  sharp  roll-off  of  the  input  spectrum  practically 
eliminates  excitation  of  the  structure  outside  the  frequency  range  of  interest. 

Transient  Response  Processing 

The  structure  is  assumed  to  be  at  rest  at  the  beginning  of  each  loading.  An 
initial  transient  in  the  structural  response  is  therefore  induced  before  the 
response  becomes  fully  developed.  This  transient  must  be  eliminated  to 
ensure  the  proper  response  statistics  are  recovered. 

The  approach  taken  to  eliminate  the  transient  is  shown  graphically  in  Figure  2. 
Because  the  loading  is  pseudo-random,  it  is  possible  to  apply  multiple  periods 
of  the  load  and  generate  the  same  statistics  for  periods  of  length  T  beginning 
at  any  point  in  time.  For  example,  the  statistics  of  the  load  are  the  same  for 
the  period  0  --  T  as  they  are  for  the  period  7/4-57/4.  In  a  like  manner,  for 
the  linear  condition,  the  response  statistics  are  the  same  for  any  period  7 
following  the  initial  transient.  Therefore,  by  computing  the  desired  statistic 
for  a  moving  window  of  period  7,  it  is  possible  to  identify  a  point  in  time  t^ 
after  which  the  response  statistics  do  not  change  significantly.  In  the  present 
study,  the  root-mean-square  response  was  monitored  and  a  time  of  t^  -  OA5 
was  found  suitable.  For  each  loading  history,  a  total  response  of 
7  -1-0.55  =  2.13845  was  calculated  and  the  first  0.55  was  discarded.  Note  that  a 
similar  argument  for  the  nonlinear  condition  does  not  hold  because  the 
nonlinear  response  is  not  periodic  over  7.  Nevertheless,  the  above  approach 
was  employed  with  satisfactory  results. 
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Response  Statistics 

Response  statistics  were  generated  from  an  ensemble  of  N=10  time  histories  at 
each  load  level.  Estimates  of  the  displacement  root-mean-square  served  as  the 
basis  for  comparison  with  the  EL  method,  which  essentially  had  the  RMS  as 
its  basic  unknown.  Additionally,  confidence  intervals  for  the  mean  value  of 
the  RMS  estimate  were  generated  to  quantify  the  degree  of  uncertainty  in  the 
estimate  [13]  using: 

whereJ  and  are  the  sample  mean  and  variance  of  the  RMS  estimates  from 
N  ensembles,  and  is  the  Student  t  distribution  with  n  degrees  of  freedom, 
evaluated  at  a  J  2.  For  the  90%  confidence  intervals  calculated,  a -01, 

Estimates  of  the  displacement  mean,  skewness,  and  kurtosis  were  also 
computed  to  help  ascertain  the  degree  to  which  the  assumptions  made  in  the 
development  of  the  equivalent  linearization  method  were  followed.  Power 
spectral  density  and  probability  density  functions  of  the  displacement  were 
computed  for  similar  purposes. 

RESULTS 

Validation  studies  were  conducted  using  an  18-in.  x  1-in.  x  0.09in.  (Ixwxh) 
clamped-clamped  aluminum  beam  with  material  properties: 

£  =  10.6xl0V«,  G  =  4.0xl0V^i,  /0  =  2.588  xlO-^-^j^ 

The  beam  was  subjected  to  an  inertial  loading  over  a  computational  bandwidth 
of  1500  Hz,  as  shown  in  Figure  1.  This  bandwidth  was  in  excess  of  the 
desired  bandwidth  of  1000  Hz  to  allow  for  the  contribution  of  the  higher  order 
modes  in  the  EL  solution.  This  is  especially  important  for  capturing  the  anti¬ 
resonant  behavior.  The  numerical  simulation  analysis  utilized  the  same 
loading  for  consistency,  although  the  effect  of  the  higher  order  modes  are 
automatically  realized  since  the  computations  are  performed  in  physical 
coordinates.  Since  the  loading  was  uniformly  distributed,  only  symmetric 
modes  were  included  in  the  analysis.  In  general,  any  combination  of 
symmetric  and  non-symmetric  modes  may  be  included. 

The  NASTRAN  model  used  in  the  EL  analysis  was  comprised  of  thirty-six  Vi- 
in.  long  CBEAM  elements.  The  EL  analysis  used  a  four-mode  solution 
comprised  of  the  first  four  symmetric  bending  modes.  Damping  was  chosen  to 
be  consistent  with  the  mass-proportional  damping  of  the  numerical  simulation 
analysis  and  at  a  level  sufficiently  high  so  that  a  good  comparison  could  be 
made  at  the  peaks  of  the  PSD.  This  dictated  a  critical  damping  of  2.0%, 
0.37%,  0.15%,  and  0.081%  for  the  first  four  symmetric  modes.  The  finite 
element  model  used  in  the  numerical  simulation  analysis  was  also  comprised 
of  thirty-six  V2-in.  long  beam  elements.  Both  EL  and  simulation  finite 
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element  models  were  checked  for  convergence  by  running  additional  analyses 
with  models  consisting  of  Vi-in.  elements. 

Analysis  was  performed  at  load  levels  of  0.8,  3.2,  12.8,  51.2,  and  204.8  g 
RMS,  giving  a  dynamic  range  of  48  dB.  Figure  3  shows  the  normalized 
RMS  out-of-plane  (w)  deflection  at  the  beam  center  as  a  function  of  load  level. 
The  numerical  simulation  results  are  shown  with  90%  confidence  intervals  of 
the  RMS  estimate.  At  the  lowest  load  level  of  0.8  g  RMS,  the  response  is 
linear  as  can  be  seen  by  the  comparison  with  results  from  a  strictly  linear 
analysis  (NASTRAN  solution  111).  A  small,  but  noticeable,  difference 
between  the  linear  and  nonlinear  response  is  noted  at  the  3.2g  RMS  load  level. 
The  degree  of  nonlinearity  increases  with  load  level,  as  expected.  At  the 
highest  load  level,  the  nonlinear  response  calculations  predict  a  RMS  center 
deflection  of  2.5  times  the  thickness  compared  with  the  nearly  11  times  the 
thickness  from  the  linear  analysis. 

In  order  to  gain  greater  insight  into  the  nonlinear  dynamics,  plots  of  the  time 
history,  PSD,  and  PDF  are  shown  for  three  load  levels,  0.8,  51.2  and  204. 8g 
RMS,  in  Figure  4  through  Figure  6,  respectively.  Data  in  the  time  history  and 
PDF  plots  correspond  solely  to  numerical  simulation  results.  Data  in  the  PSD 
plots  correspond  to  numerical  simulation  and  EL  results,  where  the  EL  results 
were  generated  by  running  a  linear  analysis  (NASTRAN  solution  111)  using 
the  equivalent  linear  stiffness  generated  by  the  EL  process  described  above. 
Also  shown  in  the  figures  are  plots  of  the  normalized  RMS  deflection  shape 
for  both  numerical  simulation  and  EL  analyses. 

Results  for  the  0.8g  RMS  excitation  level  are  shown  in  Figure  4.  This 
excitation  level  was  shown  (see  Figure  3)  to  produce  a  linear  response.  As 
expected,  the  PDF  mimics  the  normally  distributed  PDF  of  the  input  shown  in 
Figure  1.  The  averaged  PSD  and  normalized  deflected  shape  show  excellent 
agreement  between  the  EL  and  numerical  simulation  results.  This  agreement 
helps  to  establish  the  confidence  in  making  comparisons  between  these  two 
fundamentally  different  analyses. 

Figure  5  shows  a  nonlinear  response  associated  with  the  5L2g  RMS  excitation 
level.  The  time  history  of  the  center  displacement  has  a  visibly  higher  peak 
probability  and  the  PDF  exhibits  a  flattening  at  the  peak.  The  PSD  from  both 
the  numerical  simulation  and  EL  analyses  both  show  the  shifting  of  peaks  to 
higher  frequencies  compared  with  the  linear  solution.  This  shifting  is 
associated  with  a  hardening  spring  type  of  nonlinearity.  Note  that  the 
frequencies  associated  with  the  peaks  of  the  EL  solution  are  the  natural 
frequencies  of  the  equivalent  linear  system.  The  numerical  simulation  results 
correctly  show  the  peak  broadening  effect,  which  the  EL  analysis  is  unable  to 
capture.  Also  distinguishable  in  the  numerical  simulation  results  are 
contributions  of  harmonics.  The  effect  of  nonlinearity  is  somewhat  over 
predicted  in  the  EL  result,  as  seen  in  the  normalized  deflection  shape. 


840 


The  highest  degree  of  nonlinearity  is  shown  in  Figure  6,  corresponding  to  the 
204. 8g  RMS  load.  The  time  history  is  further  peak  oriented  and  the  PDF  is 
nearly  flat.  The  peak  broadening  in  the  PSD  of  the  numerical  simulation 
results  is  severe,  and  nearly  flattens  the  spectrum  above  350  Hz.  Of  particular 
interest  is  flattening  of  the  normalized  deflection  shape,  which  both  the  EL 
and  numerical  simulation  results  reflect.  This  is  likely  to  have  a  significant 
effect  on  the  strain  distribution.  It  is  unclear  why  the  results  at  the  204. 8g 
RMS  load  level  compare  more  favorably  than  those  at  the  51.2g  RMS  level. 
This  behavior  warrants  further  investigation. 

Moments  of  the  center  displacement  were  calculated  from  the  numerical 
simulation  results  for  all  load  levels.  They  are  provided  in  Table  1  with  the 
RMS  center  displacement  from  the  EL  analysis.  The  EL  and  numerical 
simulation  results  agree  well,  thus  validating  the  EL  analysis  over  a  substantial 
load  range.  The  validity  of  assumptions  made  in  the  development  of  the  EL 
method  are  ascertained  by  observing  the  mean,  skewness  and  kurtosis.  The 
mean  value  is  effectively  zero  for  all  load  levels,  indicating  the  assumption  of 
zero  mean  response  has  not  been  violated.  Although  the  PDF  is  more  or  less 
skew-symmetric,  the  shape  is  flattened  at  the  higher  load  levels  as  indicated  by 
a  decreasing  kurtosis  from  the  linear  value  of  3.  The  decreasing  kurtosis 
values  indicate  a  violation  of  the  Gaussian  response  assumption.  However, 
even  with  this  non-Gaussian  response  distribution,  the  EL  analysis  gives  a 
good  prediction  of  the  RMS  response. 


Table  1:  Moments  of  the  center  displacement. 


Load 

Mean  (in.) 

EL 

Numerical  Simulation  RMS 

Skewness 

Kurtosis 

(g)RMS 

RMS 

(90%  Confidence  Interval) 

(in.) 

(in.) 

0.8 

-6.54x10'* 

0.0038 

0.00379  <  RMS  <  0.00381 

0.0197 

3.05 

3.2 

-5.26xl0'‘ 

0.0147 

0.01438  <  RMS  <  0.01532 

0.0190 

2.82 

12.8 

-1.62x10'’ 

0.0458 

0.04680  <  RMS  <  0.05350 

-0.0017 

2.47 

51.2 

-4.93x10-* 

0.1078 

0.11268  <  RMS  <0.12325 

-0.0002 

2.25 

204.8 

3.78x10"' 

0.2285 

0.21654  <  RMS  <  0.23216 

-0.0058 

2.29 

DISCUSSION 

The  RMS  random  response  predictions  from  the  EL  implementation  have  been 
validated  through  a  wide  range  of  load  levels.  Comparisons  with  numerical 
simulation  results  are  good,  even  when  the  assumption  of  Gaussian  response 
has  been  violated. 

Differences  that  do  exist  warrant  some  discussion.  It  is  seen  that  the  EL 
approach  slightly  over-predicts  the  degree  of  nonlinearity  compared  to  the 
numerical  simulation  results.  This  does  not  appear  to  be  due  to  a  violation  of 
the  assumption  of  a  Gaussian  response  because  the  over-prediction  does  not 
correlate  with  increasing  kurtosis  of  response.  The  likely  reason  for  the 
difference  is  in  the  error  minimization  approach  used.  Results  previously 
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computed  using  the  alternative  strain-energy  error  minimization  technique,  not 
included  here,  indicated  better  comparison  with  the  exact  F-P-K  solution  than 
the  conventional  force-based  error  minimization  undertaken  here  [9].  The 
improved  comparison  of  strain-energy  error  minimization  and  simulation 
results  was  also  seen  in  a  different  EL  implementation  for  the  problem  of  a 
beam  on  an  elastic  foundation  [6].  The  strain-energy  analysis  is  beyond  the 
scope  of  this  paper  and  is  left  as  an  area  for  further  investigation. 

Some  implications  on  the  use  of  the  EL  technique  as  a  basis  for  fatigue  life 
calculations  are  worth  mentioning.  First,  assuming  that  stresses  or  strains 
from  the  EL  technique  will  compare  equally  well  with  the  fully  nonlinear 
results,  a  simple  fatigue-life  calculation  based  on  RMS  levels  will  be  much 
less  conservative  than  calculations  based  on  linear  analyses.  This  offers  the 
potential  for  substantial  weight  savings  for  structures  designed  using  nonlinear 
methods.  Secondly,  it  appears  that  a  nonlinear  analysis,  EL  or  otherwise,  is 
required  to  accurately  calculate  the  RMS  deflected  shape.  Use  of  a  linear 
RMS  deflected  shape  scaled  to  the  nonlinear  level  would  inaccurately  reflect 
the  spatial  distribution.  Simple  fatigue-life  calculations  based  on  the  RMS 
stress  or  strain  could  be  significantly  affected  as  these  quantities  depend  on  the 
spatial  distribution  of  the  deformation.  Lastly,  use  of  the  EL  derived  PSD 
response  in  a  more  sophisticated  fatigue-life  calculation  requires  careful 
investigation.  Recall  that  peaks  in  the  equivalent  linear  PSD  may  occur  at 
different  frequencies  than  the  fully  nonlinear  PSD,  as  shown  in  Figure  5  and 
Figure  6.  Methods  such  as  spectral  fatigue  analysis  [14],  which  take  moments 
of  the  PSD,  may  incorrectly  account  for  the  contribution  a  particular  frequency 
component  in  the  cycle  counting  scheme.  It  is  not  known,  for  example,  if  the 
narrowly  shaped,  higher  fundamental  frequencies  of  the  equivalent  linear  PSD 
result  in  conservative  or  non-conservative  estimates  of  fatigue  life  relative  to 
predictions  made  using  the  fully  nonlinear  PSD  with  more  broadly  shaped, 
lower  fundamental  frequencies.  An  assessment  of  this  effect  is  left  as  an  area 
for  further  study. 

The  question  of  computational  efficiency  has  not  been  addressed  in  this  paper 
because  the  differing  analyses  were  performed  on  different  computer 
platforms.  What  can  be  stated  is  that  the  computational  burden  for  the  EL 
approach  will  increase  only  slightly  with  an  increase  in  the  size  of  the  physical 
model  for  the  same  number  of  modes  used  in  the  solution.  This  increase  is 
associated  with  the  solution  of  a  larger  linear  eigenvalue  problem.  The 
expense  of  the  numerical  simulation  solution,  however,  will  increase 
dramatically  with  an  increase  in  physical  system  size. 
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Figure  1:  Typical  loading  time 
history,  probability  density,  and 
power  spectral  density. 
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Figure  2:  Transient  response 
processing. 


Figure  3:  Normalized  RMS  center 
deflection  as  a  function  of  inertial 
load 
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Figure  6:  Time  history,  PSD,  and  PDF  of  center  deflection  response  and 
normalized  deflection  shape  at  204.8g  RMS  inertial  load. 
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Abstract 

Under  plate  heating  by  a  uniform  temperature  rise  above  the  ambient 
temperature,  we  have  obtained  simple  analytical  expressions  of  static  single¬ 
mode  analysis  to  include  the  temperature-dependent  physical  properties.  The 
critical  bucking  temperature  is  lowered  but  the  post-buckled  plate 
displacement  is  raised  as  the  plate  temperature  increases.  This  qualitatively 
confirms  the  numerical  computations  of  previous  investigators.  We  have 
further  found  that  the  temperature-dependent  properties  decrease  the  static 
normal  x-stress  and  increase  the  static  x-strain  based  on  the  post-buckled  plate 
displacements-  Surprisingly,  when  we  formulate  a  single-mode  stochastic 
dynamics,  the  RMS  x-stress  and  x-strain  are  also  decreased  and  increased  by 
the  temperature-dependent  physical  properties.  More  than  that,  the  percent 
decreases  in  static  and  RMS  x-stress  are  nearly  the  same,  so  are  the  percent 
increases  in  static  and  RMS  x-strain. 

Cq,  Cj,  C2 
D 

E.E, 

m 

fPi.j 
F 
G 
h 

Lj.,  Ly 

p 

P{x\  P(r) 

Q 

s 

t,  T 


Nomenclature 

=  Fourier  amplitudes  for  w 
=  quadratic  constants  for  6*  and  £ 

=  Eh^n2(l-fi^) 

=  Young  modulus,  fractional  increment  of  £  per  a  degree 
of  temperature 
=  fPi,Aph^l7^) 

=  Fourier  amplitudes  for /? 

=  dimensionless  power  input  for  white-noise  excitations 
=  m^(s-l)^2X/KF 
=  plate  thickness 

=  plate  sides  in  jc  and  y  coordinates 
=  externally  applied  pressure 
=  Fokker-Planck  distributions 
= 

=  «i,i 

=  tJT‘ 

=  time,  dimensionless  time  t/y 
=  uniform  plate  temperature  above  the  reference 
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temperature 


T* 

=  critical  buckling  temperature 

X,  y,  z 

=  plate  coordinates  (x  and  y  normalized  by  and  Ly) 

w 

=  transverse  displacement 

Z 

=  z/h 

a, 

=  thermal  expansion  coefficient,  fractional  increment 

of  a  per  a  degree  of  temperature 

P 

=  W^x 

r 

=  ^phLl/7t*D, 

^ix,y,xy) 

=  normal  strain  tensor  components 

€ 

=  e^l}ylK^h^ 

c 

=  damping  coefficient 

K 

=  cubic  stiffness 

X 

=  Igm 

=  Poisson’s  ratio 

p 

=  plate  mass  density 

^(.x,y.xy) 

=  normal  stress  tensor  components 

G 

=  G^lIylK'^h^E^ 

(Pi 

=  beam  mode  functions 

'P 

=  Airy  stress  function 

C7 

=  square  root  of  linear  stiffness 

subscript  ‘a’ 

=  actual  temperature 

subscript  ‘r’ 

=  reference  temperature 

<  •> 

=  statistical  average 

1.  Introduction 

For  the  thermal -acoustic  structural  fatigue  analysis,  one  estimates  the 
statistical  responses  of  displacement  and  stress/strain  on  metallic  and 
composite  plates  under  the  intense  heating  up  to  2000°  F  and  huge  acoustic 
loading  over  170  dB.  In  spite  of  a  large  temperature  variation,  the  physical 
properties,  such  as  the  thermal  expansion  coefficients,  Young’s  moduli  of 
elasticity,  and  Poisson’s  ratios,  are  usually  assumed  temperature  independent. 
Hence,  constant  physical  property  values  at  the  reference  (room)  temperature 
have  been  used  in  analyses  for  simplicity  (e.g.,  Ref.  [1-3]).  Since  Poisson’s 
ratios  are  not  susceptible  to  temperature  variation  [4],  we  shall  call  in  this 
paper  only  thermal  expansion  coefficient  and  Young’s  modulus  the 
temperature-dependent  physical  properties. 

In  fact,  the  physical  properties  do  not  change  much  with  temperature. 

For  instance,  the  thermal  expansion  coefficient  increases  by  2.75%/100°F  for 
aluminum  and  1.25%/100°F  for  Silicon-Carbon-Titanium.  On  the  other  hand, 
a  typical  Young’s  modulus  decreases  by  3.75%/100°F  for  aluminum  and  2%/ 
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100“F  for  Silicon-Carbon-Titanium  [4-6].  Although  the  incremental  changes 
are  small,  total  variations  over  many  multiples  of  100“  F  cannot  be  ignored. 
Since  Hoff  [7]  first  drew  attention  to  the  temperature-dependent  physcial 
properties  at  high  temperature  buckling  in  1957,  temperature  dependency  has 
been  addressed  in  a  variety  of  structural  analyses  [8-13].  We  however 
consider  here  only  those  pertaining  to  thermally  buckled  plates  [5,  11,  12]. 

By  a  static  analysis,  Kamiya  &  Fukui  [11]  first  showed  that  the 
maximum  displacement  is  raised  by  temperature-dependent  physical  properties 
for  simply-supported  and  clamped  square  aluminum  plates.  They  have 
remarked  in  passing  that  the  critical  buckling  temperatures  are  decreased  by 
temperature-dependent  properties.  Later,  Chen  &  Chen  [12]  carried  out  a 
parametric  study  to  demonstrate  that  the  temperature-dependent  physical 
properties  always  lower  critical  buckling  temperatures.  More  recently,  Mei  et 
al.  [5]  have  recomputed  the  maximum  post-buckled  displacement  of  a  clamped 
square  aluminum  plate,  together  with  the  static  bending  and  membrane 
stresses.  However,  since  the  changes  wrought  by  temperature-dependent 
physical  properties  are  so  slight,  they  have  dismissed  the  effects  of  temperature 
dependency  as  insignificant. 

The  main  purpose  of  this  paper  is  to  demonstrate  how  the  temperature- 
dependent  physical  properties  would  affect  the  static  and  stochastic  dynamic 
responses  of  thermally  buckled  plates.  As  already  shown  [1],  the  formulation 
of  heated  plates  involves  three  thermal  terms;  (0  a  uniform  plate  temperature 
rise  above  the  reference  temperature,  (ii)  a  local  temperature  variation  over  the 
mid-plate  plane  superposed  on  (0,  and  (Hi)  a  temperature  gradient  across  the 
plate  thickness.  The  first  two  thermal  terms  represent  total  plate  temperature 
over  the  mid-plate,  and  hence  they  contribute  to  thermal  buckling.  On  the 
other  hand,  the  third  term  inducing  thermal  moment  provides  an  additional 
forcing,  and  hence  brings  about  asymmetry  in  the  potential  energy  well.  Since 
the  first  thermal  term  contributes  mostly  to  thermal  buckling,  we  shall  restrict 
the  present  analysis  (Sec,  2)  to  a  heated  plate  whose  temperature  is  raised 
uniformly  over  the  mid-plate  above  the  reference  temperature.  Besides,  the 
inclusion  of  the  other  thermal  terms  will  complicate  the  analysis,  and  thereby 
obscuring  the  first-order  effects  of  temperature-dependent  physical  properties. 

From  a  single-mode  static  analysis  in  Sec.  4,  we  first  present  simple 
analytical  expressions  for  the  critical  buckling  temperature  and  post-buckled 
plate  displacement.  Based  on  the  latter,  we  compute  the  normal  components 
of  static  x-stress  and  x-strain.  In  Sec.  5  we  pose  a  stochastic  dynamic  problem 
for  the  single-mode  equation  under  a  random  white-noise  forcing.  We  then 
compute  the  RMS  x-stress  and  x-strain  to  compare  with  the  static  analysis 
counterparts. 

2.  The  plate  equations  under  a  uniform  temperature  heating 

In  our  previous  work  [1],  we  have  considered  the  heating  of  thin  plate  in 
a  general  temperature  field  T{x,  y,  z)  consisting  of  a  uniform  temperature  rise 
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above  the  reference  (room)  temperature,  a  temperature  variation  over  the  mid¬ 
plate,  and  a  linear  temperature  gradient  across  the  plate  thickness.  We  shall 
consider  here  plate  heating  by 

T(x,y,z)=t„,  (1) 

where  is  a  uniform  temperature  rise  above  the  reference  temperature. 

The  formulation  of  [1]  involves  the  transverse  displacement  w  and  Airy 
stress  function  'T,  instead  of  the  two  in-plane  displacements.  Under  the 
uniform  temperature  heating  (1),  thermal  terms  do  not  appear  explicitly  in  the 
equations  for  w  and  'F .  Written  in  the  normalized  coordinates  x  and  y  ranging 
over  (0,  1),  we  have 


,  d^w  j  dw  D 


y4  0W.r,r,2  OW 


dx 


+  • 


w 


-2- 


3 V 
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where  p  is  the  mass  density  of  plate,  h  the  plate  thickness,  p  the  externally 
applied  pressure  forcing.  Also,  D=Eh^l\2(}-p}),  where  E  is  Young’s 
modulus,  p  Poisson’s  ratio,  and  P=Ly/L^  is  the  aspect  ratio  of  plate  sides  Ly 
and  L^.  We  have  introduced  here  viscous  structural  damping  phg{dwfdt) 
with  the  damping  ratio  g . 

The  pair  of  (2)  and  (3)  is  same  as  the  familiar  von  Karman-Chu- 
Herrmann  equations  of  large-deflection  plate  under  no  plate  heating  [14]. 
However,  the  plate  heating  by  (1)  enters  through  the  integral  constrains  of  zero 
plate-edge  displacement 


+  afyo-^ 


(4) 


where  a  is  the  thermal  expansion  coefficient  [15].  In  terms  of  w  and  we 
have  the  stress  tensor 
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(5) 


p  fiEz 

^  dxdy’ 

from  which  the  strain  tensor  follows 

e,=  i(.<y,-^^(yy)+at„,  £=^(cTj,-fi(7,)+at„,  (6) 

In  this  paper,  we  let  the  temperature-dependent  E  and  a  of  the  form 

E=E^E^,  (7) 

where  the  subscript  V’  refers  to  the  reference  temperature  and  subscript  'a  to 

actual  plate  temperature.  In  particular,  we  assume  a  linear  temperature 
dependency 

E^={\-E^t^),  a^={l  +  a^t^),  (8) 

where  E^  and  denote  the  fractional  changes  per  unit  degree  of  temperature 
rise  1,  12].  We  however  ignore  the  temperature  dependency  of  jj, ,  for  it  is 
in  comparison  quite  insignificant. 


3.  The  Galerkin  procedure 

By  the  Galerkin  procedure,  we  eliminate  the  spatial  dependency  of  (2) 
and  (3)  on  x  and  y,  and  thereby  obtain  modal  equations  that  are  the  ordinary 
differential  equations.  We  begin  with  the  following  expansions  for  four 
symmetric  plate  modes 


(PiMcpjiy), 


(9) 


in  which  the  plate  modal  function  (p^(x)(pj{y)  is  a  product  of  the  beam  mode 
(pni^)  with  the  appropriate  end  boundary  conditions.  We  need  not  specify 
at  this  point,  other  than  requiring  Also,  we 

introduce  the  cosine  expansion  for  the  Airy  function 


H^=-^C^Lly^-^C  Llx^+Eh  S  'Lfp,gCOs{p7Dc)cos(qny).  (10) 

p=0,2,...  q=0,2,.‘ 

{p=q*0) 

In  the  Galerkin  (spectral)  procedure  we  first  express  ^  in  terms  of  the 
quadratic  a^j  by  (3).  We  then  evaluate  the  constant  and  Cy  through  the 
integral  constraint  (4). 
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where  <W_^>  —  3)^14, 0‘^^(^I,1^3,1'^^1,3^3,3)^1,3,0“^(^3,1‘^^3,3)^3,3,0’ 

<Vl^.y>  ”  (^1,1‘^^3,1 )  ^1,1, 0""^(‘^1, 1^1, 3'^^3, 1^3,3  )^1,3,0"^(^U'*"^3.3)  ^3,3,0’ 

di  j  k=\l  (pi\^)(Pj  (^)cos{k7r^)d^.  Lastly,  we  sort  out  the  modal  equations  for 
(^11,  aj  3,  ^23,1,^3(33)  from  (2)  after  inserting  (9)  and  (10).  Although  the  details 
of  Galerkin  procedure  are  quite  tedious  [1],  the  laborious  manipulation  has 
recently  been  carried  out  by  a  symbolic  manipulation  software,  such  as 
MATHEMATICAL  [16]. 

Later  on,  for  a  simply-supported  plate  we  use  (j!?,  (<^)=V2  sin(/;r(5)  of  the 
usual  simply-supported-beam  modes.  For  a  clamped  plate,  we  shall  use  for 
simplicity  the  trigonometric  clamped-beam  modes,  (pj  ,  (<^) , 

<P2(5)=2C2(^)-<P3(^)=-\/¥f3(4)+-y/5fi(^),  where  C'„(^)=T(cos(/-l);r^- 
cos(i-»-l);r(^)=  sin(«;r^)sin(;r(^),  rather  than  the  true  clamped-beam  modes  [17]. 


4.  The  static  analyses  of  thermal  buckling 

For  static  analyses,  we  drop  the  inertial  and  damping  and  forcing  terms 
in  the  left-hand  side  of  (2)  and  write  the  remaining  as 
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where  Dj.=E^  /z^/12(l-/t^).  Upon  introducing  (11)  into  (10),  we  find 
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2(1-m) 


(L]y^+L^,x^)E,E^a^aj^,+  Quadratic  in 


t2  2 
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Here,  the  first  term  is  multiplied  by  and  the  second  term  denotes  a  multitude 
of  quadratic  expressions  in  Hence,  when  (13)  is  inserted  into  (12)  we 

would  end  up  with  a  set  of  cubic  algebraic  equations  involving  Aj  j,  <213,  03  5, 
and  <333.  First  we  consider  only  the  first  right-hand  side  term  in  (13).  Then 
the  resulting  linear  system  determines  the  balance  between  plate  bending  and 
thermal  expansion  at^.  The  plate  temperature  at  which  thermal  expansion 
exactly  counteracts  the  bending  of  a  particular  mode  is  called  the  critical 
buckling  temperature  T* .  Although  there  are  critical  buckling  temperatures 
for  each  of  the  modes  we  mean  by  the  critical  buckling  temperature  the 
lowest  one  for  the  primary  mode  In  the  absence  of  external  pressure 

forcing  (p=0),  (12)  admits  only  zero  displacement  below  the  critical  buckling 
temperature.  In  contrast,  above  the  critical  buckling  temperature,  (12)  has  non¬ 
zero  post-buckled  plate  displacements  even  under  p=0.  To  see  this,  we  must 
consider  (13)  in  its  entirety  and  hence  investigate  a  system  of  cubic  algebraic 
equations,  to  be  presented  shortly. 
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4.1  The  critical  buckling  temperature 

We  express  the  linear  algebraic  equation  for  ^  resulting  from  (12)  in  a 

compact  form  (diaj^-d2)a^i=0,  where  di=l2l}^p^i\+fi)a^  and  d2= 
K^h^(\+P^)  for  simply-supported  plate,  and  d^=9Llp^(l+P^)(l+^)a^  and 
d2=7t^h^{'i+2p^+3p^)  for  clamped  plate.  Since  we  demand 

d^aj^-d2-0  and  solve  for  t^=d2fdiCX^,  which  is  the  critical  buckling 


temperature 


d^OCa 


«r;(i 


(14) 


We  need  to  explain  the  series  of  equalities.  Of  course,  the  first  equality  in  (14) 
is  by  definition.  In  the  second  equality,  we  define  =  d2/di  as  the  critical 
buckling  temperature  of  the  reference  state.  Now,  the  third  equality  involves 
a  pivotal  approximation,  in  which  we  replace  by  (8).  To  be  exact,  we 
should  have  written  r’=r^*/(l+ajr*),  which  would  then  result  in  a  quadratic 
equation  for  T* .  This  is  why  ^‘is  determined  by  iterative  schemes  in  the 
finite-element  formulations  of  Chen  &  Chen  [12]  and  Mei  et  al.  [5].  It  is 
evident  by  the  third  equality  that  T  /T^  never  exceeds  unity  and,  in  fact,  is  a 
decreasing  function  of  By  retaining  only  the  leading  terms  in  the 
expansion,  in  the  last  equality  it  is  rendered  a  linear  decrease,  in  which 

4c 

represents  a  fractional  decrease  in  T  ITj. . 

Returning  to  the  quadratic  equation,  we  now  write  the  positive  root 


7’*=^(Vl+4a.7’;-l)-  (15) 

Expanding  the  square  root  by  the  power  exponent  -j,  the  leading-term 
expansion  is  for  ajr/«l.  This  clearly  asserts  that  the  last 

equality  of  (14)  is  also  valid  for  That  T^*>r*for  means  that 

the  critical  buckling  temperature  is  always  lowered  by  the  temperature- 
dependent  physical  properties.  This  has  been  supported  by  the  finite-element 
analysis  of  Chen  &  Chen  [12]  for  the  simply-supported  and  clamped 
composite  plates.  In  particular,  Fig.  4  and  5  of  Ref.  [12]  show  that  the 
difference  of  T*  and  T*  increases  with  the  aspect  ratio  p~^-LJLy  in  the  range 
of  (0.3,  3).  This  is  indeed  in  qualitative  agreement  with  (15)  for  T* ,  which  is 
displayed  in  Fig.  1  with  respect  to  P~^=LJLy  of  a  clamped  plate.  Here,  we 
use  1.23 10“^/°F  for  an  aluminum  plate  of  jU?=VoT  and  LJh—  64.  Also, 
we  estimate  aj=  0.000275/^  from  a  being  increased  by  11%/400‘‘F  in  Fig. 
8  of  Ref.  [5].  We  also  note  that  in  Fig.  7  of  Ref.  [12]  the  decrease  in  r*is 
nearly  independent  of  the  ratio  of  moduli  of  elasticity  for  a  composite  plate. 
This  may  be  explained  by  that  (15)  does  not  at  all  involve  E. 
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Without  presenting  the  detail,  we  point  out  that  the  critical  buckling 
temperature  T*=n^h^{p^+\)l\2aP^l}y{\+li)  of  a  simply-supported  plate  is 
not  affected  by  the  presence  of  other  Fourier  amplitudes  3,  3).  On 

the  other  hand,  T'=}l^h^(3P*+2p\3}/9aP\P^+V)Ll(\+n)  of  a  clamped 
plate  is  reduced  by  the  factor  0.9975,  when  all  four  Fourier  amplitudes 
fli  3,  ^31,  ^3  3)  are  included  in  (12). 

4.2  The  post-buckled  maximum  displacement 

Into  (12)  we  introduce  (13)  in  its  entirety.  For  the  primary  mode  a^^=Q, 
we  obtain  a  cubic  equation 

W^(1-s)Q  +  kQ^  =  0,  (16) 

where  in^=(l+P^f  and  )t:=6(l+^''+2^/3^)+3(l+;3‘')(l-/i^)  for  simply- 
supported  plate,  and  w'‘=i^(3+2p^+3p*)  and  K=^(l+p\2fip^)+ 
^P\^i-^l^){ll{l+p-^)+32(l+P^)-^+i(4+P^T'^+^Mp^)-^)  for  clamped 
plate.  Also,  we  let  s-tJT* in  (16).  For  a  pre-buckled  plate  (j  <  1),  (16)  admits 
only  zero  displacement  Q=0.  For  s  >1  the  post-buckled  plate  displacements 
are  given  by  Q=±CD^(s  -  lyK .  Then,  by  (14)  we  express  temperature 
dependency  through  s 

Q  =  (17) 

where  s^=tJT*.  Note  that  s=s^  for  or]=0,  and  hence  the  reference  state  dis¬ 
placement  is  Q^-±tJyyl(s-  \)/k  . 


Figure  1.  Critical  buckling  temperature  of  a  clamped  aluminum  plate;  - , - T  . 
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Clearly,  by  (17)  we  have  Q>Q^  for  a  heated  plate,  since  ait^>0.  In 
other  words,  the  post-buckled  plate  displacement  is  always  raised  by  the 
temperature-dependent  physical  properties.  This  is  confirmed  by  Fig.  2  of 
Kamiya  &  Fukui  [11],  in  which  the  maximum  displacements  are  always  larger 
under  the  temperature-dependent  properties  than  the  temperature-independent 
counterparts.  We  now  compute  the  Q  and  for  a  square  clamped  plate  of 
^=1,  as  shown  in  Fig.  2.  With  a^=  1.23  for  a  clamped  aluminum  plate 

of  jU=VoT  and  LJh=64,  the  critical  buckling  temperature  is  T*»6T¥.  In 
Fig.  2  and  the  remaining  figures,  we  always  consider  the  reduced  temperature 
range  of  j^=(1,  5).  That  is,  we  raise  up  to  five  times  the  critical  buckling 
temperature,  and  this  corresponds  to  the  actual  temperature  range  of  (140°F, 
420°  F)  when  both  the  reference  temperature  and  r^*are  assumed  70“  F.  We 
see  in  Fig.  2  that  the  final  increase  Q/Q^^\.Q6  (6%  increase)  is  reached 
toward  the  upper  temperature  limit  s^=5.  In  contrast.  Fig.  9  of  Mei  et  al.  [5] 
shows  only  a  minute  increase  of  Q  over  <2r  for  clamped  square  aluminum 
plate.  Hence,  they  concluded  no  appreciable  effect  of  temperature-dependent 
physical  properties  on  the  maximum  deflections. 

With  all  four  amplitudes  (a^,  ^3  3),  (16)  expands  to  a  set  of 

cubic  algebraic  equations  which  has  very  complex  root  configurations.  How¬ 
ever,  we  only  need  to  trace  the  roots  along  Q=±W^{s-iyK .  Here  we  simply 
point  out  that  the  inclusion  of  higher-order  amplitudes  lowers  the  maximum 
displacement  for  yet  Q=±(nyj(s  -  1)/k:  remains  a  good  approximation  for 
both  the  simply-supported  and  clamped  plates.  The  detail  will  be  reported 
elsewhere. 


Sr 

Figure  2.  Post-buckled  plate  displacement;  -  Q,., - Q. 
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4.3  The  normal  components  of  x-stress  and  x-strain 

Typically,  we  consider  the  normal  components  in  x-coordinate  of 
and  ,  involving  only  the  primary  amplitude  .  After  normalizing  a ^  by 
K^h^E^ll}y,  we  denote  it  by  G=c^l}ylK^h^E^,  and  similarly  £=£^l}y/K^h^ . 
In  view  of  (8),  the  quadratic  expression  for  a  becomes 

6-  =  (1  -  eXs,)(C^  +  C,  a,,,  +  C^al),  (18) 

where  Cq=- (3+2j343^'*)i,(l+  a,7’>,)/9(l+)S^)(l-/r^), 

C, = 1 6Z(/i  cos  2)cy  sin^roc+^^cos  2jdc  sin^ny)/  3(1 
€■2=  2(/3  V)/3(1-Ai^) +|/3^{-4  cos  2;ry+cos  AKy+ 

8  cos  2itK  cos  2;i5'/(1  cos  Am  cos  2n>’/(l+ 4/3^  )^  - 

1 6  cos  2m  cos  Airy! (A+P^  ) 

and  Z=  z/h  for  a  clamped  plate.  In  Fig.  3  we  present  the  maximum  O’  at  Z= 
x=y=  j  based  on  the  post-buckled  displacement  a^^=Q,  Here,  we  use  the 
same  parameter  values  of  Fig.  2  and  estimate  £j=0.000375/°F  from  15%/ 
400°F  decrease  in  E  from  Fig.  7  of  Ref.  [5].  In  Fig.  3  we  see  that  up  to 

but  then  o  falls  below  the  temperature-independent  6“^,  so  that  gIg^^ 
0.94  (6%  decrease)  at  5^=5.  We  believe  that  G  falls  below  o^  for  ^^>3, 
because  E^  is  a  decreasing  function  of  In  contrast,  in  Fig.  10  and  1 1  of  Mei 
et  al.  [5]  the  bending  and  membrane  stresses  of  a  clamped  aluminum  plate  are 
not  at  all  affected  by  the  temperature-dependent  physical  properties. 

Next,  we  compute  the  normalized  x-strain  by  the  quadratic  expression 

£  =  C,a,,, +  C2af,i,  (19) 

where  C^  -  ^cos  27ix  sin  ^Tty , 


1  2  3  4  5 


Sr 

Figure  3,  Maximum  normal  x-stress; 
- or,, - a. 
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C2=J  cos  2;ry +COS  4;^+8cos  2mc  cos  27ty/(l+P^f- 

4  cos  Atdc  cos  27Cy/{l-\-4p^  f- 1 6  cos  27tx  cos  4;0'/(4+j3^  )^- 
P^ji[cos  47Dcp~^-  4  cos  27ixp~^+  8  cos  27DC  cos  27ry/(l+p^)^- 
1 6  cos  4'nx  cos  27ty/{\+4p^  )^- 4  cos  27Dc  cos  4;^/(4+j8^  )^] } 

for  clamped  plate.  We  see  in  Fig.  4  that  e  is  always  larger  than  e^and  the  final 
ratio  £/£^»1.08  (8%  increase)  is  approached  at  .y^=5. 

5.  Statistical  responses  of  displacement  and  stress/strain 
Recall  that  the  cubic  equation  (16)  is  the  single-mode  representation  of 
(12),  which  is  nothing  but  the  time-independent  part  of  displacement  equation 
(2).  We  now  present  the  complete  single-mode  equation  in  a  standard 
oscillator  form 

^  +  2^^-E,aJ^(s-l)q+E,Kq^=f(T).  (20) 

It  is  nondimensionalized  by  %-tlj,  q-a^^lh,  /(t)=^i j/(p/i^/7^),  where 
7=  {phJ^yJn^ .  Besides,  G7,  k:,  and  s  are  already  given  in  Sec.  4  for  a 
clamped  plate.  The  damping  coefficient  0.01  is  used  in  the  subsequent 
computation.  We  split  q  into  the  buckled  displacement  Q  and  fluctuations  x 

q  =  Q  +  x,  (21) 

and  compute  total  moments 

<q^>=  +2Qm^+m2, 

<q^>-  ^  +3Q^m^  +3Qm2  + 

<q'^>=Q'^  +  4Q^  m^  +  6Q^m2+  4Qm^  +  .  (22) 

Here  m~<x‘>,  where  <  •>  denotes  ensemble  ayerage. 

Now,  inserting  (21)  into  (20)  gives  the  fluctuation  equation 

-^+X^+E^ax  +  3E^KQx^  +  E,kx^  =  m .  (23) 

dT  dT 

where  A=2gQJ  and  Cl=2W^{s~l).  Under  the  white-noise  excitations  with  a 
delta-function  correlation  <f{t)f{z)>=2F5{t-r)y  where  F  is  the  total  power 
input  of  forcing,  the  stationary  Fokker-Planck  distribution  is  given  by  [18, 19] 

P{x)  =  kQx^+ 

Hence,  the  moments  are  M„=  j^P{x)x^dx  for  all  n.  For  computation  it  is 
more  convenient  to  have  a  symmetric  distribution  which  follows  from  the 
transformations  x=y{2FlKX)^'^  and  y=r~y[^y  where  g=C7^(j~  1)^2A/kF’ . 
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B+l  _  fj 

Hence,  M„=  P(r)(r dr,  where  P(r)=  expj- )^}. 

Since  the  symmetric  P(r)  has  zero  odd  moments,  we  have  the  normalized 
moments  m-=  MJMq 

m,=-Q,  m2  =  J2+Q^, 

^3  =  -3g-/2 -2’ .  "I4  =  A +62^-^2 +  2"  .  (24) 

E 

where  Upon  inserting  (24)  into  (22),  we 

find  simple  expressions  for  the  even  moments,  <q'^>=J„  for  n  =  2,  4,  whereas 
all  odd  moments  are  zero,  <^">=0  for  n=l,  3.  Note  that  temperature 
dependency  on  a  and  E  is  introduced  by  g=W^(^s^(\+aiT*s^)-l^.yj2X/i^ 
and  E^=\+E^T*s^.  In  Fig.  5  and  6,  we  present  the  second  and  fourth-order 
moments  of  g  under  a  dimensionless  power  input  of  forcing  F=^.  Note  that 
both  moments  are  boosted  by  the  temperature-dependent  physical  properties, 
approaching  <q^>l<q^>~  1.12  and  <^S/< ~  1.24  at  ^^=5,  respectively. 

The  second  and  fourth-order  moments  are  needed  to  compute  the  root- 
mean-square  (RMS)  values  of  x-stress  and  x-strain.  By  squaring  and  averag¬ 
ing  (18),  we  obtain 

RMS(6-)  =  (1  -£,  T's^).^C^+  (C^+  2CoC2)<9^>  +Cl<q‘'> . 

In  Fig.  7  the  RMS(6')  is  decreased  by  the  temperature-dependent  physical 
properties,  giving  rise  to  the  final  ratio  of  RMS(6‘)/RMS(a^)~  0.93  (7% 
decrease)  at  .y^=5.  This  should  be  compared  with  the  final  6%  decrease  for  the 
static  x-stress  in  Fig.  3.  Similarly,  squaring  and  averaging  (19)  yields 
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Sr 

Figure  7.  RMS  normal  x-stress  for  F  =0.5; 

- - <G>. 


RMS(£)  =^c^<q'^>+cl<q*>. 

We  see  in  Fig.  8  the  RMS(£)  is  increased  by  the  temperature-dependent 
physical  properties.  The  final  increase  of  8%  (RMS(£)/RMS(£^)«  1.08)  at 
^^=5  is  same  as  that  of  the  static  x-strain  shown  in  Fig.  4. 

6.  Summary 

It  is  shown  experimentally  that  Young’s  moduli  for  several  aluminum 
alloys  decrease  with  temperature,  but  the  decrease  is  almost  linear  over  the 
temperature  rang  of  (50“C,  400°  C)  [4].  Mei  et  al.  [5]  have  compiled  typical 
temperature  variations  of  E  and  a  for  aluminum  in  their  Fig.  7  and  8, 
respectively,  over  the  temperature  range  of  (70°  F,  470°  F).  We  estimate  the 
linear  decrease  in  £"  of  13%  and  the  increase  in  a  of  9.6%  over  the  range  of 
350°F.  To  compare  with  the  previous  work  [5,  11,  12],  we  consider  here  a 
square  clamped  aluminum  plate  of  LJh=64,  so  that  the  critical  buckling 
temperature  turns  out  about  70°  F.  In  this  paper,  the  uniform  plate  heating 
temperature  is  varied  over  five  times  the  critical  buckling  temperature,  i.e., 
350° F.  Hence,  the  actual  temperature  range  considered  is  (70° F,  420° F)  when 
the  reference  temperature  of  nominal  70°  F  is  assumed. 

To  establish  a  frame  of  reference,  we  have  derived  from  a  static  single¬ 
mode  analysis  simple  analytical  expressions  for  the  critical  buckling 
temperature  and  post-buckled  plate  displacement.  As  we  raise  the  plate 
temperature  by  350°  F,  the  critical  buckling  temperature  decreases  by  9.6%  and 
the  post-buckled  plate  displacement  increases  by  6%.  This  is  in  qualitative 
agreement  with  the  numerical  computations  of  Kamiya  &  Fukui  [11]  and  Chen 
&  Chen  [12]  on  thermally  buckled  aluminum  and  composite  plates.  We  have 
further  computed  the  normal  x-stress  and  x-strain  based  on  the  static  post- 
buckled  plate  displacements.  Here,  the  static  x-stress  is  decreased  by  6%  and 
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Figure  9.  Ratio  of  the  RMS  x- 
stresses 


x-strain  is  increased  by  8%  when  the  temperature  dependency  of  E  and  a  is 
taken  into  account  over  350“ F.  For  comparison,  we  also  compute  the  RMS  x- 
stress  and  x-strain  of  stochastic  dynamics  analysis  based  on  the  single-mode 
Fokker-Planck  distribution.  Surprisingly,  the  temperature-dependent  E  and  a 
decrease  the  RMS  x-stress  and  increase  the  RMS  x-strain,  just  as  in  the  static 
x-stress  and  x-strain.  More  important,  over  the  plate  temperature  range  of 
350° F,  the  RMS  and  static  x-stresses  are  decreased  by  6-7%,  and  both  RMS 
and  static  x-strains  are  increased  by  the  same  8%.  It  is  indeed  reassuring  to 
observe  such  close  agreements  between  the  static  and  stochastic  dynamic 
analyses. 

For  a  qualitative  comparison,  we  have  thus  far  based  statistical  estimates 
on  a  forcing  power  input  ofF=0.5  for  the  Fokker-Planck  distribution.  Note 
that  F  is  nondimensional,  rather  than  a  physical  power  input  as  expressed  by, 
say,  deci-Bell  units,  as  in  Ref.  [20].  We  therefore  summarize  in  Fig.  9  and  10 
how  the  RMS  x-stress  and  x-strain  are  affected  when  F  is  varied  over  a  decade 
range  of  (0.5,  5).  In  Fig.  9,  a  linear  decrease  in  RMSCaj/RMSCa^)  with 
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temperature  is  not  altered  significantly  by  F  over  the  range  of  350“?.  On  the 
other  hand,  Fig.  10  shows  the  final  increase  in  RMS(e)/RMS(e^)  at  5^=5  falls 
off  from  1.08  to  1.065  as  F  increases  from  0.5  to  5,  respectively. 
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ABSTRACT 

The  subject  of  the  paper  is  modal  analysis  of  acoustic  space  relevant  to  the 
human  supraglottal  vocal  tract.  The  influence  of  the  wall  impedance  is  taken 
into  consideration  in  the  numerical  analysis.  The  finite  element  (FE)  method  is 
used  for  modelling  of  the  vocal  tract.  Several  lowest  natural  frequencies, 
damping  ratios  and  natural  mode  shapes  of  vibration  are  calculated.  The 
agreement  between  the  computed  first  two  lowest  natural  frequencies  and  the 
values  of  the  formant  frequencies  found  in  the  literature  are  good  in  all  cases 
studied. 

INTRODUCTION 

In  accordance  v^th  the  established  source-filter  theory  of  voice  [1],  the  vocal 
tract  serves  as  an  acoustic  filter,  which  modifies  the  primary  voice  signal, 
produced  by  the  voice  source,  the  vocal  folds.  The  vocal  tract  encompasses  the 
acoustic  space  in  between  the  vocal  folds  and  the  lips  and,  since  the  speech 
articulation  takes  place  here,  may  be  varied.  The  relationship  between  the 
shape  of  the  vocal  tract  and  its  resonance  properties  has  been  the  subject  of 
interest  in  various  disciplines  related  to  voice,  such  as  phonetics,  speech 
analysis  and  synthesis,  voice  physiology,  research  on  singing,  etc.  The  present 
study  explores  a  FE  mathematical  model  in  order  to  get  more  detailed 
information  on  the  natural  frequencies,  damping  ratio  and  natural  mode  shapes 
of  vibration  of  the  air  column  in  the  vocal  tract.  To  the  authors’  knowledge,  it 
is  the  first  attempt  to  model  the  shape  of  the  vocal  tract  as  used  in  the  Czech 
language. 

The  subjects  of  particular  importance  here  are  the  properties  of  the  two  lowest 
resonant  frequencies  of  the  vocal  tract,  so  called  formants  Fi  and  F2.  These 
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Fig.  1  -  Vocal  tract  profiles  based  on  data  obtained  from  X-ray  photographs  of 
the  vocal  tract  during  the  phonation  of  Czech  vowels:  a)  /a/  and  b)  /i/; 

1  -  mouth  resonance  cavity,  2  -  lips,  3  -  hard  palate  with  front  teeth,  4  -  soft 
palate,  5  -  tongue,  6  -  throat.  Reproduced  from  [4], 

two  formants  are  crucial  for  the  production  of  vowels  [2].  The  developed 
mathematical  models  represent  a  male  supraglottal  vocal  tract.  The  considered 
geometry  and  volume  of  the  acoustic  space  correspond  to  English  and  Czech 
vowels  /a/  and  /i/.  The  length  of  the  vocal  tract  is  assumed  from  the  lips  to  the 
glottal  end.  The  geometry  of  the  investigated  models  is  evaluated  from  the 
data  published  by  Story  et  al.  [3]  for  English  vowels  and  by  Hala  and  Polland 
[4]  for  Czech  vowels.  The  supraglottal  tract  is  considered  as  an  acoustic  space 
composed  of  a  number  of  narrow  truncated  cones.  The  total  length  of  the  vocal 
tract  is  174.58  mm  (in  accordance  with  Story)  and  it  is  composed  of  43 
sections  of  the  length  4.06  mm  each.  The  first  cross-section  (1)  corresponds  to 
the  lips.  The  glottal  end  is  at  the  last  cross-section  (44).  The  data  published  by 
Story  et  al,  in  [3]  for  the  English  vowels  /a/  and  III  were  obtained  by  using  the 
magnetic  resonance  imaging  (MRI)  method.  The  shape  of  the  vocal  tract  for 
the  Czech  vowels  was  taken  from  the  X-ray  study  of  Hala  &  Polland  [4].  This 
study  offers  the  only  available  set  of  data  on  the  vocal  tract  shapes  for  Czech 
vowels.  Unfortunately,  the  X-ray  images  of  Hala  &  Polland  provide 
information  on  the  part  of  the  vocal  tract  around  the  tongue  only;  the 
information  on  the  lower  part  (especially  the  laryngeal  cavity)  and  on  the 
shape  of  the  lips  is  missing.  Therefore,  in  order  to  construct  a  complete  model 
of  ihQ  vocal  tract,  the  data  from  Story  et  al.  for  the  US-English  vowels  were 
used  and  attached  to  the  original  data  of  Hala  &  Polland.  Although  such  a 
compilation  of  two  sets  of  data  is  not  absolutely  correct,  it  allows  for  a  first 
approximation  of  the  properties  of  the  vocal  tract,  before  actual  data  on  the 
vocal  tract  shapes  for  the  Czech  vowels  become  available. 
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The  geometrical  data  for  the  Czech  vowels  for  the  medium  part  of  the  vocal 
tract  (mouth)  were  evaluated  from  the  published  pictures  of  the  vocal  tract 
profiles  (see  Fig.  1).  Equivalent  transversal  measures  (radii  r\)  corresponding 
to  each  cross-section  are  given  in  Table  1  for  all  studied  cases. 
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0.383 
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0.259 
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0.339 
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170.520 

0.252 

0.252 

0.309 

0.309 

44 

174.580 

0.378 

0.378 

0.324 

0.324 

Table  1  -  Geometry  of  the  vocal  tract  for  all  studied  cases. 


FINITE  ELEMENT  MODEL 


The  acoustic  field  inside  a  closed  space  is  described  by  the  following  wave 
equation  for  the  pressure  p: 


1  ay 

clde  ’ 


(1) 


where  co  is  the  speed  of  sound. 

The  boundary  condition  associated  with  the  rigid  boundary  area  is 


dn 


=  0, 


and  at  the  open  end  of  the  acoustic  space  it  is  supposed 

p  =  0. 


(2) 

(3) 


The  application  of  the  finite  element  method  to  an  investigation  of  acoustic 
fields  requires  a  discretization  of  the  wave  equation.  Each  node  of  the  acoustic 
finite  element  has  one  degree  of  freedom,  i.e.,  the  magnitude  of  the  acoustic 
pressure.  The  equation  of  motion  for  acoustic  pressure  in  the  acoustic  space 
can  be  written  in  FE  formulation  as 

MP  +  BP  +  KP=0,  (4) 

where 

M  -  mass  matrix  in  global  co-ordinate  system 
B  -  acoustic  boundary  damping  matrix  in  global  co-ordinate  system 
K  -  stiffiiess  matrix  in  global  co-ordinate  system 
P  -  vector  of  acoustic  pressures  in  global  co-ordinate  system. 

The  damping  matrix  B  is  associated  with  the  pressure  degrees  of  freedom.  The 
acoustic  boundary  damping  is  defined  as  an  acoustic  resistance  of  the  elements 
-  dampers  between  the  fluid  and  structural  mesh  or  a  mesh  on  the  boundary 
areas.  This  element  resistance  per  unit  surface  area  can  be  in  the  range  from 
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zero  for  no  sound  absorption  up  to  a  value  of  fluid  characteristic  impedance 
poCo,  e.g.,  for  air  in  the  vocal  tract  poco  =  400  Nsm'^,  where  po  is  the  fluid 
density.  The  acoustic  damping  modelled  here  by  the  coefficient  \i  of  the 
boundary  admittance  is  associated  with  the  fluid-structure  interface  on  the 
boundary  between  the  air  and  the  walls  (tissues)  of  the  vocal  tract.  The 
coefficient  p  is  a  dimensionless  quantity  between  0  and  1  that  is  equal  to  the 
ratio  of  the  real  component  of  the  specific  acoustic  impedance  (resistance  term 
x)  associated  with  the  sound  absorbing  material  to  the  fluid  characteristic 
impedance  [10]: 

ju^xlpoco.  (5) 

Another  frequently  used  characteristic  of  the  sound  absorption  of  the  material 
is  dimensionless  absorption  coefficient  a  which  is  related  to  the  boundary 
admittance  coefficient  p  by  the  following  equation: 

0,5  +  0,25(ji  +  \/ft)  ’ 

e.g.,  for  poCo  =  400  kgm'V‘  and  x  =  6  kgm'^s"'  is  ;/  =  0,015  and  a  =  0,06 . 
a)  b) 


c)  d) 

Fig.  2  -  FE  models  of  the  human  vocal  tract  for:  a)  English  vowel  /a/, 
b)  Czech  vowel  laf,  c)  English  vowel  ///,  d)  Czech  vowel  ///. 

^  This  value  corresponds  to  soft  tissues  (according  to  the  measurement  of 
Misun  V.etal.  [11]). 
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The  finite  element  model  of  the  supraglottal  vocal  tract  is  designed  by 
applying  the  FE  code.  Each  section  of  the  vocal  tract  is  modelled  using  a 
truncated  cone  and  acoustic  finite  elements  are  used  for  the  fluid.  Investigated 
FE  models  are  shown  in  Fig.  2.  The  straight  acoustic  space  is  composed  of  43 
truncated  cones. 

In  the  plane  that  corresponds  to  the  lips  the  acoustic  pressure  is  presumed  to  be 
zero.  The  plane  of  the  vocal  folds  (co-ordinate  z= 174,58  mm)  is  considered  to 
be  acoustically  hard.  All  other  walls  (tissues)  of  the  acoustic  volume  are 
generally  considered  as  absorbent  (p>0).  The  Lanczos  unsymmetrical  complex 
eigenvalue  solver  was  used  for  the  modal  analysis. 

RESULTS  OF  NUMERICAL  CALCULATIONS 
The  investigation  of  the  influence  of  the  boundary  admittance  pon  the 
complex  eigenffequencies:  Fj=Fjreai+^Fjmag  and  damping  characteristics 

(damping  ratios):  Dj  =  +  ■^yimag  vocal  tract  FE  models 

was  the  main  aim  of  this  study.  The  results  of  such  numerical  calculations  are 
presented  in  Tables  2  -  5  for  the  formants  F\  and  Fj  for  all  cases  studied.  The 
associated  fundamental  acoustic  mode  shapes  of  the  vocal  tract  are  presented 
in  the  Figs.  3-6.  First  several  eigenffequencies  belong  to  the  acoustic  modes, 
which  are  excited  in  the  direction  of  z-axis  of  the  global  coordinate  system 
(see  Figs.  3-6).  The  9*^  and  10*^  eigenfrequencies  correspond  to  transversal 
acoustic  modes  excited  in  the  direction  of  x  and  y-axis  (see  Fig.7). 


a)  b) 


Fig.  3  -  First  two  acoustic  eigenmodes  of  vibration  for  the  English  vowel  /a/: 
a)  1®'  formant  -  Fi=789,8  Hz,  b)  2"^  formant  -  ^2=1 183,8  Hz  for  p=0. 
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a)  b) 


Fig.  4  -  First  two  acoustic  eigenmodes  of  vibration  for  the  Fnglisb  vowel  /i/; 
a)  1  “  foimant  -  Fi=204,4  Hz,  b)  2"'’  formant  -  ^2=2290,3  Hz  for  n=0. 


a)  b) 


a)  1”  formant  -  Fi=753,3  Hz,  b)  2"'*  formant  -  ^2=1 146,4  Hz  for  n=0. 


a)  b) 


Fig.  6  -  First  two  acoustic  eigenmodes  of  vibration  for  the  Czech  vowel  /i/: 
a)  1“  formant  -  F|=203,5  Hz,  b)  2"‘‘  formant  -  F2=2360  Hz  for  n=0. 
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-1 


Fig.  7  “  Ninth  acoustic  eigenmode  of  vibration  for  the  English  vowel  /a/, 

F9  =  7809  Hz. 

The  dependence  of  the  half  power  3dB  bandwidths: 

AF;=2F;,.A=-2^.a.  (^*  =  1.2)  (5) 

on  the  coefficient  of  the  boundary  admittance  p  is  shown  in  Fig.  8  for  the 
formants  F\  and  F2  for  English  vowels  /a/  and  /i/. 


Fig.  8  -  Half  power  3dB  bandwidths  versus  the  coefficient  of  the  boundary 
admittance  the  formants  F\  and  Fj  of  the  English  vowels  /a/  and  /i/. 
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F,  [Hz] 


Fig.  9  -  Experimentally  obtained  frequency  of  second  formant  F2  versus 
frequency  Fx  of  first  formant  for  10  English  vowels  [5].  Results  of  the  FE 
calculations:  S  -  FE  model  according  to  STORY  et  al.  [3],  H  -  FE  model 
according  to  HALA  [4]. 

DISCUSSION  OF  THE  RESULTS 

The  calculated  acoustic  eigenfrequencies  of  the  vocal  tract  for  the  vowel  /a/ 
reflect  the  difference  between  the  shapes  of  the  vocal  tract  for  Czech  and 
English  vowels.  For  the  vowel  /i/  the  difference  in  the  eigenfrequencies  is  not 
large  since  the  shapes  of  the  vocal  tract  in  the  FE  models  for  the  Czech  and 
English  vowel  /\I  are  very  similar.  The  reason  for  that  was  mentioned  above.  A 
reliable  measurement  of  the  vocal  tract  geometry  for  Czech  vowels  is  needed. 
All  calculated  first  two  eigenfrequencies  for  both  the  vowels  /a/  and  /i/  are  in 
the  regions  of  first  two  formant  frequencies  reproduced  here  in  Fig.  9  from  the 
reference  [5]  where  men,  women  and  children  were  taken  into  account  for  ten 
English  vowels  (see  Fig.  9). 

The  calculated  eigenfrequencies  for  the  Czech  vowels  are  compared  in  Table  6 
with  the  values  published  in  [6,7]. 

The  agreement  between  calculated  and  published  frequencies  is  good  for  the 
vowel  /a/,  however,  poor  for  the  vowel  /i/,  probably  caused  by  insufficiently 
accurate  geometry  of  the  vocal  tract. 
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Concerning  the  acoustic  damping  of  the  vowels,  there  is  no  important 
difference  between  the  results  for  Czech  and  English  vowels  (see  Tables  2-5). 
The  acoustic  mode  shapes  of  vibration  in  Figs.  3-6  are  also  very  similar. 


1  absorption 

1  INFORMANT /a/ 

(STORY) 

HH 

F' i  real 

■F' I  imag 

Dx 

F2  real 

HuHl 

mam 

[Hz] 

[Hz] 

[1] 

[Hz] 

l^eil 

[1] 

0.0000 

0.000 

0.000 

789.8 

0.000 

fcwiniiM 

0.0025 

0.010 

-30.75 

-18.18 

BtiilWi 

■iTiinaM 

■lltWiM 

-61.61 

■«HWM 

-36.26 

1182.3 

0.031 

0.0075 

0.030 

-92.68 

KBO 

0.046 

gfcegiM 

Wihmm 

-71.73 

1178.0 

0.061 

Emi 

0.196 

0.076 

1  0.0150 

0.058  1 

-188.0 

773.1 

0.236 

-105.7 

1171.2 

0.090 

Table  2  -  Calculated  complex  natural  frequencies  and  damping  ratios  for 
English  vowel  /a/. 


absorption 

FORMANT /i/ 

[  2“  FORMANT /i/  1 

(STORY) 

(STORY) 

a 

■F 1  real 

F 1  jmag 

Di 

F2real 

F2  imag 

F>2 

-  m 

_Jii_ 

[Hz] 

[Hz] 

[1] 

[Hz] 

[Hz] 

[1] 

■IIIIIIM 

204.4 

0.000 

0.000 

2290.3 

0.000 

0.010 

203.8 

gJilrZM 

0.010 

illlllHW 

0.020 

■sliUI 

202.2 

MiEai 

-43.60 

wjrmnm 

imnMi« 

■IKIKIIM 

-45.17 

199.4 

0.221 

■sam 

0.029 

■wimiM 

■llttBM 

0.295 

gAJHtl 

0.038 

likiiw 

0.049 

-75.30 

BESQII 

■BCrffiM 

-109.1 

0.048 

1  0.0150 

0.058 

-90.37 

MMM 

0.057 

Table  3  -  Calculated  complex  natural  frequencies  and  damping  ratios  for 
English  vowel  /i/. 


A  linear  relation  was  found  between  the  considered  absorption  coefficient  of 
the  living  tissue  and  the  calculated  damping  ratios  for  the  acoustic  modes  in  all 
cases  studied.  An  interesting  result  is  that  the  damping  of  the  acoustic  modes 
for  the  first  formant  is  much  higher  for  the  vowel  /a/  than  for  the  vowel  /i/  (see 
Fig.  8). 

The  range  of  real  damping  (formant  bandwidths  AFj)  is  not  well  known.  The 
calculated  half  power  3dB  bandwidths  AFi  for  the  formants  Fi  and  are 
somewhat  higher  than  the  values  of  the  formant  bandwidths  published  by 
JoviCid  [8]  and  Fant  [9].  Fant  notes  that  AF  =40  -  250  Hz  are  probable  limits 
for  the  first  three  formants  and  that  AF  =100  Hz  is  a  typical  average  value 
(compare  it  to  Fig.  8).  Jovicic  found  that  AF  is  higher  than  1 00  Hz  for  first  two 
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formants  for  whispered  vowels  (AFi  =  160  Hz  for  /i/  and  AFi  =  1 16,5  Hz  for 
/a/)  and  that  the  mean  formant  bandwidths  for  voiced  vowels  are  much  smaller 
(AFi  =  45,8  Hz  for  /i/  and  AFi  =  63  Hz  for  /a/).  Hence  the  calculated 
bandwidths  AF  presented  in  Fig.  8  are  probably  somewhat  overestimated  and 
the  range  of  \x  should  be  considered  from  /i »  0,005  to  «  0,0075 . 


absorption 

1*' FORMANT /a/ 
(HAlA  -  STORY) 

2“  FORMANT /a/ 
(HALA  -  STORY) 

— 

a 

F 1  real 

F 1  imag 

Di 

^2  real 

Hn 

[1] 

[Hz] 

[Hz] 

[1] 

[Hz] 

0.0000 

0.000 

0.000 

0.000 

0.000 

0.0025 

0.010 

-27,00 

■watKM 

0.036 

-22.98 

1145.8 

■tUMlrf 

0.0050 

-54,10 

752.2 

0.072 

-45.86 

1144.2 

■wiiiida 

-81.41 

750.9 

0.108 

-68.54 

-109.0 

748.9 

0.144 

mattsm 

BllcHrJ 

0.080 

EEHS 

746.3 

0.181 

naai 

1132.9 

0.099 

1  0.0150 

0.058 

msBsa 

743.0 

0.218 

1  -134.3 

1127.1 

0.118 

Table  4  -  Calculated  complex  natural  frequencies  and  damping  ratios  for 
Czech  vowel  /a/. 


absorption 

FORMANT /i/ 
(HALA  -  STORY) 

2""  FORMANT /i/ 
(HALA- STORY) 

M 

■■ 

F 1  real 

F 1  imag 

FlKdi 

F 2  imag 

F>2 

mm 

■m 

[Hz] 

[Hz] 

[1] 

[Hz] 

[Hz] 

[1] 

0.0000 

0.000 

203.5 

0.000 

2360.0 

0.000 

0.0025 

-15.31 

MifthlM 

mm 

0.010 

0.0050 

mm 

0.151 

0.020 

0.0075 

■iiiHtil 

198.3 

0.226 

-70.42 

2359.6 

0.030 

0.0100 

■mitfeB 

2359.2 

0,040 

0.0150 

0.058 

-91.93 

181.6 

0.452 

MlWil 

2358.2 

0.060 

Table  5  -  Calculated  complex  natural  frequencies  and  damping  ratios  for 
Czech  vowel  /if. 


Czech 

1^^  formant 

2"^*  formant  | 

vowel 

MiWIRllriW 

FE  model 

!zl 

700-1100  Hz 

753  Hz 

1100-1500  Hz 

1146  Hz 

N 

300-500  Hz 

204  Hz 

2000-2800  Hz 

2360  Hz 

Table  6  -  Comparison  of  the  calculated  and  published  formants  for  the  Czech 
vowels  /a/  and  /i/. 


CONCLUSIONS 

The  presented  results  of  modal  analysis  of  the  human  supraglottal  vocal  tract 
indicate  that  the  magnitude  of  the  acoustic  boundary  admittance  has 
significant  influence  on  the  eigenfrequencies  of  the  FE  model.  For  further 
analysis  it  is  necessary  to  verify  the  values  of  boundary  admittance  for  the  soft 
tissues  in  the  human  vocal  tract.  The  agreement  between  the  calculated  first 
two  eigenfrequencies  and  first  two  formant  frequencies  is  very  good. 
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ABSTRACT 

The  stiffening  effect  experimentally  exhibited  by  locally  damaged,  thin 
walled  structures  such  as  plates  and  shells,  is  investigated.  This  effect  is 
related  to  a  positive  shift  of  some  eigenfrequencies  whenever  damage  is 
present,  i.e.  some  natural  frequencies  tend  to  increase  with  respect  to  the  same 
values  obtained  in  sound  conditions.  In  this  paper,  the  stress  concentration 
around  a  small  cutout  such  as  a  hole  is  investigated,  and  its  effect  on  the 
modification  of  structural  stiffening  is  studied  and  taken  into  account.  It  is 
shown  that  in  some  cases  this  secondary  effect  may  prevail  on  the  damage 
added  flexibility  reverse  effect,  so  that  some  natural  frequencies  may  increase, 
despite  the  commonly  expected  reverse  behaviour. 

A  numerical  simulation  approach,  based  on  a  finite  element  (F.E.) 
program  developed  by  the  author,  is  described,  and  results  concerning  the  free 
vibrations  of  a  thin  walled,  initially  loaded  shell  structure,  locally  damaged  by 
a  small  circular  cutout,  are  reported  and  discussed  in  detail. 

1.  INTRODUCTION 

Free-vibration  response  of  mechanical  structures  is  a  well  developed  area 
of  research  from  both  the  modeling-simulation  and  the  machine  health 
conditioning-diagnostics  standpoint.  Modal  parameters,  such  as 
eigenfrequencies  and  eigenshapes,  may  correctly  model  the  dynamical 
behaviour  of  a  mechanical  component  under  many  ordinary  conditions,  just  as 
usually  employed  stiffness  and  inertia  structural  parameters  generally  do.  As  a 
matter  of  fact,  small  variations  of  eigenfrequencies  and  shapes  may  be  used  as 
indicators  of  local  stiffness  and  inertia  structural  modifications.  Since  minor 
damage  can  be  generally  related  to  some  local  slight  structural  modification,  a 
change  of  the  free-vibration  response  of  the  whole  structure  is  generally 
expected.  Scientific  and  technical  literature  provides  plenty  of  diagnostic 
tools  and  procedures  to  detect  structural  damages  such  as  cracks  and  cutouts 
starting  from  measured  forced  or  free  vibrations  [1,2].  Some  methods  simply 
rely  on  complex  signal  {signature)  analysis  techniques,  mainly  considering  the 
mechanical  system  as  an  unknown  **black  box'*,  while  other  techniques  are 
model-oriented,  being  based  on  the  before  mentioned  correspondence  between 
structural  and  modal  models.  Identification  of  damage  parameters,  such  as 
type,  position  and  dimensions,  can  be  obtained  in  this  latter  case  by  measuring 
die  free  response  of  the  whole  structure  and  then  employing  an  inverse. 
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identification  technique  on  a  previously  defined,  effective  model  of  a  damaged 
structure.  Many  analytical  and  numerical  methods  have  been  proposed  in  the 
past  to  accomplish  this  task,  some  results  being  by  now  well  known  and  quite 
accepted  by  the  scientific  community.  It  has  been  found  analytically  and 
experimentally  that  the  presence  of  damage  locally  decreases  structure 
stiffness  and  inertia,  so  that  modal  mass  and  stiffness  parameters  decrease  as 
well.  On  the  other  hand,  real  damage  such  as  a  crack  only  tends  to  exhibit  a 
low  variation  of  inertia,  while  local  flexibility  may  be  greatly  increased.  This 
means  that  in  practical  circumstances  a  decrease  of  some  eigenfrequencies  is 
expected,  according  to  local  structural  eigen-sensitivity.  Nevertheless,  the 
experience  of  the  author  [3]  and  other  researchers  [4,5]  show  that  under  some 
experimental  circumstances  an  increase  of  some  eigenfrequencies  can  result, 
even  if  the  structural  inertia  was  not  modified,  i.e.  minor  damage,  such  as  a 
thin  cutout  or  a  crack,  results.  It  should  be  pointed  out  that  these  relative 
eigenvalue  differences  are  generally  small,  but  are  not  generally  related  to 
computational  or  experimental  errors.  Moreover,  even  low  eigenfrequencies 
may  exhibit  this  behaviour. 

The  most  commonly  accepted  interpretation  of  this  phenomenon  may  be 
obtained  by  differentiating  the  standard  expression  of  eigenvalue  as  a 
function  of  modal  stiffness  ki  and  modal  mass  mi: 

01?=^,  (1.1) 

m, 


dax  =• 


1 


2-6X  -m. 


d^i  — ^-dwj 

m 


(1.2) 


Thus,  when  low  mode  index  i  is  taken  into  account,  positive  (small) 
variations  of  natural  frequency  Q\  are  associated  with  usually  large  negative 
variations  of  modal  mass  mi,  since: 


dfi>,  >0  =>  — 


(1.3) 


As  a  matter  of  fact,  numerical  experiences  carried  out  by  the  author  of  this 
paper  seem  to  point  out  that  this  effect  may  only  occur  if  large  cutouts  or  high 
frequency  modes  (ft>,  /’/’)  are  considered. 

In  other  cases,  a  different  interpretation  could  be  given.  The  presence  of  a 
cutout  may  consistently  alter  the  structural  dynamic  behaviour,  as  happens 
when  damage  is  localized  close  to  some  physical  constraints,  e.g.  the  clamp 
connections  to  the  ground  [5].  In  this  case,  boundary  conditions  are  modified 
and  model  structure  may  change  as  well. 

Moreover,  it  should  be  pointed  out  that  strange  results  may  also  be 
obtained  while  trying  to  simulate  the  dynamic  behaviour  of  thin-walled 
structures  by  employing  commercial,  RE.  packages.  When  trying  to  obtain 
the  numerical  solution  of  eigen-problems  related  to  a  sound  and  a  similar  but 
damaged  structure,  very  low  eigenfrequency  differences  are  expected. 
Efficient,  iterative  procedures  adopted  by  these  programs  may  give  wrong 
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results,  since  errors  referring  to  mode  z*  are  commonly  related  to  the  previous 
(z-1)*^  mode.  As  a  matter  of  fact,  there  is  no  effective  way  to  check  against  the 
absolute  error,  and  to  verify  that  this  error  is  small  with  respect  to  expected 
eigenfrequency  difference  values.  The  same  can  also  apply  when  numerical 
models  concerning  sound  and  damaged  structures  are  too  different,  e.g.  RE. 
meshing  and  model  algebraic  dimensions  (number  of  degrees  of  freedom)  are 
not  the  same.  Even  in  this  case,  numerical  results  may  not  be  consistent  at  all. 

In  this  paper,  effective  modeling  of  the  free  vibration  response  of  a  shell 
structure,  damaged  by  a  cutout,  is  considered,  with  the  main  concern  being 
addressed  to  give  a  physical  interpretation  of  the  previously  mentioned  effect. 
Known  research  in  the  modeling  and  diagnosis  contexts  is  mainly 
concentrated  on  the  eigenvalue  variation  of  simple  damaged  structures  such  as 
beam,  plates  and  single  curvature  (circular  cylinders)  shells,  generally  under  a 
few  standard  boundary  conditions;  eigenshape  variation  is  studied  as  well,  but 
difficulties  and  errors  in  practical  testing  can  make  this  approach  less 
attractive  from  an  experimental  point  of  view.  Nevertheless,  these  approaches 
seem  to  suffer  from  the  modeling  standpoint,  since  only  unrealistic,  simple 
case-structures  are  considered;  moreover  they  also  seem  be  lacking  in  some 
testing  verifications,  since  the  previously  cited  secondary  stiffening  effect  is 
not  modeled  at  all. 

To  account  for  stiffening  effect,  local  stress  field  modification  that  occurs 
in  proximity  of  the  physical  damage  is  taken  into  account.  Since  large  stress 
concentrations  are  generally  expected,  stress  stiffening  may  result,  and  some 
eigenvalues  are  expected  to  increase,  despite  the  added  flexibility  due  to 
damage.  To  justify  this  assumption,  initial  stresses  are  needed,  as  happens  for 
example  in  most  civil  and  aerospace  structures  which  are  pre-loaded  for 
stiffening  purposes.  On  the  other  hand,  it  should  be  pointed  out  that  initial 
loading  may  also  occur  if  structural  weight  is  not  negligible,  or  even  if  residual 
stresses  due  to  some  technological  process  are  taken  into  account. 

An  ad  hoc,  finite  element  program,  based  on  a  library  of  isoparametric 
shell  elements  was  developed  and  implemented  to  obtain  the  dynamical  model 
of  a  damaged,  general  shell  structure,  under  some  initial  external  loading.  The 
combined  influence  of  initial  stresses  and  cutouts  is  considered  to  correctly 
interpret  the  stiffening  behaviour.  An  automatic,  parametric  mesh  fitting 
procedure  was  studied  to  allow  nearly  rectangular  and  elliptical  cutouts  be 
modeled.  Initial  stresses  were  then  taken  into  account  by  evaluating  the 
element  geometric  stiffness  matrix  Kg.  Natural  frequencies  of  the  same 
structure,  undamaged  and  damaged  by  a  circular  cutout,  are  numerically 
obtained  and  compared,  showing  that  some  eigenffequencies  may  increase 
under  some  loading  conditions. 

2.  FINITE  ELEMENT  MODELING  APPROACH 

A  family  of  standard,  Mindlin-type  shell  elements  was  developed  and 
implemented  to  allow  general  double  curvature,  thin  and  moderately  thick 
structures  to  be  modeled.  Quadrilateral,  iso-parametric  formulation  was 
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adopted  [6],  and  linear,  quadratic,  cubic  polynomial  interpolation  form 
functions  were  chosen  to  obtain  a  family  of  five  different  quadrilateral 
elements  (linear,  4  nodes;  quadratic,  serendipity  8  nodes;  quadratic,  full  9 
nodes;  cubic,  serendipity  12  nodes;  cubic,  full  16  nodes).  In  all  of  the  family 
elements,  five  degrees  of  freedom  (d.o.f.)  per  node  were  chosen,  according  to 
standard  references  [6]. 

Quadratic  and  cubic  elements  were  initially  preferred  to  effectively  model 
curved  shells  without  further  mesh  refinement,  i.e.  with  a  limited  number  of 
d.o.f.s.  Since  meshing  of  large,  isoparametric  shell  elements  tends  to  stiffen 
{locking)^  a  selective  integration  rule  was  adopted  [7].  To  prevent  numerical 
increase  of  element  rigid  modes  {mechanisms,  [8])  due  to  the  adoption  of  low 
order  integration  rules,  an  original  stiffening  rule,  based  on  algebraic  Singular 
Value  Decomposition  (SVD)  conditioning  of  stiffness  element  matrix  K,  was 
defined  and  implemented;  details  of  it  can  be  found  in  [9]. 

An  accurate  solution  of  the  generalized  eigenproblem  related  to  the  free 
vibration  problem  (2.1): 

{K^-OX^-M^yS,=0,  i  =  (2.1) 

being  Mass,  ^ass  the  assembled  stmctural  mass  and  stifihess  matrices  and 
the  eigenvalue  and  eigenvector,  was  obtained  by  evaluating  the 
Crout  decomposition  of  positive  definite  mass  matrix  =  L-l7 ,  then 
solving  the  standard  eigenproblem  (2.2)  by  reducing  the  real  symmetric  matrix 

to  a  symmetric  tridiagonal  matrix  using  orthogonal 

similarity  transformations;  eigenvalues  are  then  evaluated  using  Sturm 
sequences  [10]: 

S,={L-'f  ■1',,  /  =  (2.2) 

Although  this  historical  algorithm  performs  poorly  from  an  efficiency 
standpoint,  especially  with  respect  to  other  usually  employed  procedures,  such 
as  sub-space  iteration  techniques  [11],  more  accurate  results  can  be  obtained 
with  it  when  high  frequency  modes  are  considered. 

Elements  were  then  tested  and  validated  by  comparing  numerically 
evaluated  natural  frequencies  with  reference  values  computed  by  analytical 
closed  form  (C.F.)  expressions  allowable  from  literature  [12];  only  plate  and 
circular  cylinder  structures  under  standard  boundary  conditions  were 
considered.  Numerical  validation  showed  that  analytical  C.F.  modes  were 
effectively  modeled,  and  that  a  relative  low  eigenfrequency  error  (less  than 
1%)  can  be  easily  obtained  for  the  first  50  modes  starting  from  moderately 
fine  meshes. 

Although  better  results  were  obtained  with  cubic,  12  and  16  node 
elements,  especially  with  respect  to  their  behaviour  against  the  before 
mentioned  locking  effect,  the  8  node,  40  d.o.f.,  parabolic,  serendipity  element 
was  preferred  instead,  because  of  its  inherent,  low  computational  load.  As  a 
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matter  of  fact,  a  smaller  number  of  d.o.f.s  is  generally  obtained  with  lower 
order  elements  by  using  standard  meshing  techniques. 

A  simplified,  automatic  mesh  generation  scheme  was  then  adopted,  based 
on  the  generalization  of  classical  algorithm  [13].  Starting  from  a  complex, 
single  patch  B-spline  model  ^  of  surface  geometry  /"(2.3): 

fi={[o.i]x[o,i]}c9i\  (2.3) 

0  being  obtained  by  point  interpolation  or  fitting  [14],  the  final  mesh  can  be 
obtained  by  decomposing  91^  square  domain  Q  in  n  rows  x  m  columns 
rectangular  sub-domains  q\:{. 

={9ii.«i2.".9ij.-9».};  (2-4) 

Element  jij  can  then  be  obtained  as  the  91^  image  of  91^  domains 

(2.5) 

To  effectively  mesh  a  rectangular  or  curved  cutout,  the  following  scheme, 
illustrated  in  figs.  1-2  and  previously  implemented  for  plane  geometry  (plates) 
[3],  was  adopted.  A  single  91^  rectangular  domain  is  refined  in  4xs(-i‘l) 
rectangular  sub-elements: 

^ij  »^uPr  ’bright,  »^down,  (»^o)}  »  T  =  1....S  ;  (2.6) 

element  vertices  (external  nodes)  being  built  on  main  diagonal  straight  lines  of 
rectangle  c  91^  parameter  domain. 


Figure  1:  rectangular  slot.  Figure  2;  elliptical  slot. 


The  position  of  internal  nodes  is  thus  evaluated  by  linearly  interpolating 
the  positions  of  internal  nodes  of  reference  domain  ^y,  and  those  referring  to 
internal  element  cuo.  Element  ctib  refers  to  cutout  geometry,  and  only  belongs 
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to  sound  structure  /]  instead,  only  external  4xs  refined  elements  belong  to 
damaged  structure  /dam-  Since  parabolic  interpolation  functions  were  adopted, 
rectangular  (slot)  and  elliptical  (hole)  cutouts  can  be  modeled  by  correctly 
positioning  coa  internal  nodes.  Damaged  and  undamaged  finite  element 
models  /^m  and  Tare  thus  similar,  meaning  that  the  same  degrees  of  freedom 
are  considered  in  both  cases. 

Since  iso-parametric  quadrilateral  elements  may  behave  critically  when 
distorted  [15],  an  iterative  check  is  also  done  to  ensure  that  angle  a  between 
any  contiguous  curved  element  sides  is  not  too  small  (q:>15°)  or  close  to  a 
flat  angle  (a  <165®).  Side  ratio  r  between  the  length  of  any  contiguous 
couple  of  element  sides  is  also  evaluated  and  checked  ( 0.2  <  r  <  5 ). 

Stress  stiffening  is  modeled  by  adding  a  geometric  stiffness  matrix  to 
the  stiffness  element  matrix  K.  Many  formulations  of  matrix  are  known 
and  may  be  found  in  literature,  but  local  formulations  are  generally  taken  into 
account,  depending  on  the  particular  problem  studied  (Kirchoff  plates, 
cylindrical  shells,  etc.).  Since  Mindlin  type  elements  employed  in  this  work 
can  consistently  model  transverse  shear  deformations,  a  more  general 
expression  is  preferred.  Moreover,  it  should  be  taken  into  account  that  even 
simple  initial  stress  fields,  such  as  one-dimensional,  uniform  membrane  stress 
field,  are  expected  to  change  and  become  fully  3-dimensional  stress  fields  in 
proximity  of  a  cutout. 

A  general  formulation  of  Kg  is  thus  adopted,  as  results  from  adding  the 
work  done  by  the  initial  stress  field  <ToOn  the  non  linear,  second  order 


(Lagrange)  deformation  components  e"  to  the  local  element  elastic  energy 
77 ;  this  means  that  elastic  work  done  by  any  stress  field  can  be  evaluated. 
This  formulation  does  not  seem  new,  since  [16]  first  seems  to  have  proposed 
this  generalization,  and  other  researchers  [15]  state  the  same  concepts,  but  in 
the  author’s  knowledge  there  does  not  seem  to  be  any  published  reference  to 
successful  implementations  of  such  general  formulation. 

Following  standard  notations  employed  in  variational  formulation  of 
elasticity  problems  [15],  the  contribution  77g  to  the  full  potential  energy  77' 


and  algebraic  expression  of  Kg  can  be  obtained  as  results  from  the  following: 

n'=n+n.,  n=|  <y'^  K  <s+5  M  .5;  (2.7) 


0  0 

»  0 

0  0^ 

=0 


(2.8) 


2  * 
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0  0 

j_0 

lir^=j’(JEr  Ar)’^  o  O  H  N  dy, 

’’  0  0  <T 

— 0_ 

where: 

K :  element  stiffness  matrix, 

M:  element  mass  matrix, 

S  :  element  d.o.f.  vector, 
y  :  finite  element  domain, 

=  :  displacement  vector, 

N :  interpolation  (form)  vector  function  (u=N-<J); 
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8k  ,  9«  I  dy  3v  I  9w  dw 

dx  dy  dx  dy  dx  dy 

du  du  I  dv  8v  1  dw  dw 

dy  dj  dy  dz  dy  dz 

Uz  dz^dz  a*^dz  dxJ 


3.  APPLICATION 

A  numerical  example  is  reported,  concerning  the  double  curvature  shell 
structure  shown  in  fig.3.  The  shell  main  surface  geometry  is  obtained  from  a 
curved,  quadrilateral  patch,  initially  meshed  by  the  automatic  procedure 
previously  referred,  so  that  an  initial  mesh  of  50  elements  results.  Both 
external  loading  and  constraints  are  distributed  along  the  four  sides  of  the 
original  surface  patch.  Load  is  uniformly  applied  along  one  direction,  on  a 
single  side  only;  constraints  are  modeled  as  elastic,  and  distributed  along  the 
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four  sides  of  the  patch,  to  obtain  a  clamp-like  constraint  (five  d.o.f.s  elastically 

constrained)  on  one  side,  and  a  rolling,  support-like  elastic  constraint  on  the 

opposite  loaded  side  and  on  the  other  lateral  sides.  Main  dimensions  can  be 

expressed  by  the  length  along  the  load  direction  ^  =  1200mm,  transverse 

width  Z?  =  300^500mm,  and  uniform  thickness  t=2mm.  Material  is  high 

strength  aluminium  alloy,  density  p  =  2S00kg /m^ ,  Young  modulus 

E  =  7.2x10’®  2  y  Poisson  coefficient  v  =  0.33 . 

/rri'S 


Damage  is  modeled  by  an  interior  circular  cutout,  diameter  d  =10 mm; 
automatic  meshing  is  done,  and  a  locally  fitted  mesh,  consisting  of  «e=69+l 
elements,  nd=241  nodes,  n=1205  d.o.f.s,  was  obtained  by  choosing  the 
previously  defined  mesh  refinement  parameter  5=5  (rig.4). 

4.  NUMERICAL  RESULTS 

Natural  frequencies  (^l...m)  and  mode  shapes 

of  undamaged  (/)  and  damaged  (/^)  structures  previously  defined  in  §3 
were  first  evaluated  with  no  external  loading,  to  outline  the  sensitivity  of  free 
vibration  modes  to  the  modeled  damage. 


mode  index 
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It  was  checked  that  first  m=40  mode  shapes  are  essentially  the  same,  and  also 
result  in  the  same  order,  if  ordering  is  made  with  respect  to  crescent, 
eigenffequency  values.  Tab.l  shows  first  w=40  natural  frequencies  and 
difference  A/^  =  ,  while  fig.5  refers  to  the  relative  frequency 


difference  parameter 


plotted  against  (discrete)  mode  index  k.  It 


can  be  shown  that  only  null  or  negative  relative  differences  are  obtained,  as  is 
expected. 


Tab.l:  ft^,  Afk  (^=0). 


f[I]=  2.1798e+02  Hz  =>  Af=  -2.77e-02  Hz 
fI2]=  2.5863e+02  Hz  =>  Af=  -8.86e-02  Hz 
f[3]=  3.4367e+02Hz=>Af=-7.82e-02Hz 
fI4]=  4.0340e+02  Hz  =>  Af=  -2.67e-02  Hz 
f[5]=  4.8517e+02  Hz  =>  Af=  -7.24e-01  Hz 
fI6]=  5.3488e+02  Hz  =>  Afe  -3.60e-01  Hz 
fI7]=  6.3750e+02  Hz  =>  Af=  -1.94e-01  Hz 
f[8]=  6.58 1  le+02  Hz  =>  Af=  -6.63e-02  Hz 
f[9]=  7.4484C+02  Hz  =>  Af=  -1.68e-01  Hz 
f[10]=  7.8470e+02  Hz  =>  Af=  -2.05e-01  Hz 
f[l  1]=  8.0178e+02  Hz  =>  Af=  -2.75e-01  Hz 
f[12]=  9.0053e+02  Hz  =>  Af=  -4.22e-01  Hz 
f[13]=  9.3622e+02  Hz  =>  Af=  -5.73e-02  Hz 
f[14]=  1.0082e+03  Hz  =>  Af=  -6.31e-02  Hz 
f[15]=  1.0261e+03  Hz  =>  Af=  -1.12e-02  Hz 
f[16]=  1.1134e+03  Hz  =>  Af=  -1.18e-01  Hz 
f[17]=  1.1582e+03  Hz  =>  Af=  -1.77e-01  Hz 
f[18]=  1.1892e+03  Hz  =>  Af=  -1.47e-01  Hz 
f[19]=  1.3075e+03  Hz  =>  Af=  -3.75e-01  Hz 
f[20]=  1.4161e+03  Hz  =>  Af=  -2.996-02  Hz 
f[21)=  1.5028e+03  Hz  =>  Af=  -5.68e-01  Hz 
fI22]=  1.5206e+03  Hz  =>  Af=  -1. 12e-01  Hz 
fr23]=  1.5945e+03  Hz  *=>  Af=  -8.43e-02  Hz 
f[24]=  1.6541e+03  Hz  =>  Af^  -2.64e-01  Hz 
fI25]=  1.6636e+03  Hz  =>  Afe=  -1.88e-01  Hz 
fI26]=  1.8135e+03  Hz  =>  Af-  -3.95e-01  Hz 
fI27]=  1.8343e+03  Hz  =>  Af=  -4.28e-02  Hz 
([28]-  1.8806e+03  Hz  =>  Af=:  -2356+00  Hz 
f[29]=  1.9930e+03  Hz  =>  Af=  -2.24e+00  Hz 
f[30]=  2.02116+03  Hz  =>  Af=  -1.466+00  Hz 
([31]=  2.06916+03  Hz  =>  Af=  -1356+00  Hz 
f[32]=  2.1336e+03  Hz  =>  Af=  -1.60e-01  Hz 
([33]=  235426+03  Hz  =>  Af^  -1.936+00  Hz 
f[34]=  2.3212e+03  Hz=>  Afe  -3.35e-01  Hz 
f[35]=  2.4205e+03  Hz  =>  Af=  -2.20e-01  Hz 
([36]=  2^7896+03  Hz  =>  Af=  -137e+00  Hz 
f[37]=  2.5163e+03  Hz  =>  Af=  -3.66e-01  Hz 
f[38]=  2.57826+03  Hz  =>  Af=  -7.496-01  Hz 
f[39]=  2.6768e+03  Hz  =>  Af=  -4.576-01  Hz 
f[401=  2.8100e+03  Hz  =>  Af^  -6.936-01  Hz 


Tab,2:  Afi  (9=100l%^). 

f[l]=  2.53786+02  Hz  =>  Alb  1.71e-02  Hz 
f[2]=  2.89216+02  Hz  =>  Af=  5.66e-03  Hz 
f[3]=  3.92156+02  Hz  =>  Afb  -1.006-01  Hz 
f[4]=  4.45886+02  Hz  =>  Af=  8.28e-02  Hz 
f[5]=  5.30336+02  Hz  =>  Afb  -2.986-01  Hz 
f[6]=  5.77816+02  Hz  =>Af= -3.766-01  Hz 
f[7]=  6.9284e+02  Hz  =>  Afb  7.31e-02  Hz 
f[81=  6.98196+02  Hz  =>  Afb  -6.966-02  Hz 
f[9]=  7.59646+02  Hz  =>  Alb  -1.486-01  Hz 
f[10]=  8.37186+02  Hz  =>  Af=  -2.52e-01  Hz 
f[l  1]=  8.78 126+02  Hz  =>  Af=  -6.05e-02  Hz 
f[12]=  9.37036+02  Hz  =>  Af=  5.06e-02  Hz 
f[13]=  9.6282e+02  Hz  =>  Af=  -3.12e-01  Hz 
f[14]=  1.04546+03  Hz  =>  Af=  -8.90e-02  Hz 
f[15]=  1.06646+03  Hz  =>  Af=  -1.44e-02  Hz 
f[16]=  1.15266+03  Hz  =>  Af=  -1.34e-01  Hz 
f[17]=  1.21736+03  Hz  =>  Af=  -1.73e-01  Hz 
f[18]=  1.25746+03  Hz  =>  Af=  -1.666-01  Hz 
f[19]=  1.37936+03  Hz  =>  Af=  -3.956-01  Hz 
f[20]=  1.46546+03  Hz  =>  Af=  4.126-03  Hz 
f[21]=  1.55076+03  Hz  =>Af= -1.536-01  Hz 
f[22]=  1.59446+03  Hz  =>  Af=  -3.58e-01  Hz 
f[23]=  1.65096+03  Hz  =>  Af=  -4.64e-02  Hz 
f[24]=  1.66776+03  Hz  =>  Af=  -4.44e-01  Hz 
f[25]=  1.70346+03  Hz  =>  Af=  -5.106-02  Hz 
f[26]=  1.85996+03  Hz  =>  Af=  1.236-02  Hz 
([27]=  1^7e+03  Hz  =>  Af=  137e+00  Hz 
f[28]=  1.96136+03  Hz  =>  Af=  -1.996+00  Hz 
f[29]=  2.06046+03  Hz  =>  Af=  -4.746-01  Hz 
f[30]=  2.07596+03  Hz  =>  Af=  -1.376+00  Hz 
f[3l]=  2-1 1886+03  Hz  =>  Af= -1.1  le+00  Hz 
f[32]=  2.18336+03  Hz  =>  Af=  2.846-01  Hz 
f[33]=  2.35126+03  Hz  =>  Af=  -2.106+00  Hz 
f[34]=  2.37486+03  Hz  =>  Af=  -1.32e-01  Hz 
f[35]=  2.44076+03  Hz  =>  Af=  1.876-02  Hz 
f[36]=  2.54566+03  Hz  =>  Af=  - 1 .21e+00  Hz 
([37]=  2^829e+03  Hz  =>  Af=  1.68e+00  Hz 
f[38]=  2.63966+03  Hz  =>  Af=  -3.93e-02  Hz 
f[391=  2.78706+03  Hz  =>  Af=  -4.956-01  Hz 
fr401=  2.85246+03  Hz  =>  Af=  -5.426-01  Hz 
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The  same  steps  are  repeated,  but  distributed  load  q  =100  is  applied 

(§3).  Static  evaluation  of  initial  stresses  was  first  performed,  in  order  to 
evaluate  K^: 

a^=DCNS; 
where  new  symbols  now  refer  to: 

^ass^^ass^^ass  *  ^ssembled  stiffness  matrix,  force  and  d.o.f.  vectors; 

D:  material,  constitutive  property  matrix  (<T=i)  e); 

C:  first  order  deformation  differential  operator  matrix  =  C‘U  =  C- N -S). 


Figures  6,7  refer  to  the  graphical  plot  of  stress  component  along  the 
main  loading  direction,  showing  that  high  stress  concentration  occurs  in 
proximity  of  the  hole. 


Figure  8:  = 
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Also  in  this  case  it  was  checked  that  the  effect  of  damage  does  not  modify 
either  mode  shapes  or  relative  ordering  while  referring  to  the  same  loading 
condition.  Nevertheless,  it  was  also  found  that  the  same  does  not  apply  if 
unloaded,  and  loaded  structure  mode  shapes  are  compared.  As  a  matter  of 
fact,  initial  stresses  tend  to  mostly  stiffen  the  structure  along  the  loading 
direction,  so  that  related  natural  frequencies  may  increase  as  well. 

Tab.2  and  fig. 8  report  the  results.  In  this  case,  positive  relative  differences 
are  obtained  with  respect  to  some  index  modes,  showing  that  the  previously 
defined  stiffening  effect  may  occur  and  prevail  on  the  reverse,  damage  added 
flexibility  effect. 


5.  DISCUSSION  AND  CONCLUSIONS 
The  stiffening  effect,  experimentally  found  by  the  author  in  some  past 
experiences,  was  considered,  and  a  physical  interpretation  of  this  effect  is  also 
proposed.  A  numerical  approach,  based  on  a  finite  element  analysis  based  on 
Mindlin,  iso-parametric  shell  elements,  was  used.  Since  standard,  F.E. 
packages  may  suffer  from  loss  in  accuracy  while  evaluating  structural 
properties  and  resulting  eigen-parameters,  an  ad-hoc  program  was  developed 
and  implemented  to  accomplish  this  task. 

Numerical  results,  obtained  on  a  thin  walled  structure  case  example, 
showed  that  in  some  cases  such  stiffening  effect  may  result.  Moreover,  it  was 
shown  that  this  effect  could  also  be  obtained  at  low  frequency  values,  i.e. 
when  low  order  free  vibration  modes  are  taken  into  account. 

Real  damage,  such  as  cracks,  is  not  considered  in  this  paper,  and  more 
effort  is  thus  required  to  consistently  model  both  the  stress  field  and  the  added 
flexibility  due  to  a  real  crack.  Nevertheless,  it  should  be  pointed  out  that  the 
aim  of  this  paper  was  to  analytically  demonstrate  that  the  stiffening  effect  can 
result.  Quantitative  results  about  real,  cracked  structures  still  need  to  be 
achieved:  some  work  is  actually  in  progress  to  obtain  an  effective  F.E. 
formulation  of  a  cracked,  iso-parametric  finite  element  [9]. 

Experimental  verification  of  numerical  results  was  previously  obtained  for 
plate-like  structures,  and  details  can  be  found  in  a  previous  paper  [3], 
However,  experimental  validation  is  also  needed  in  the  general  curved,  shell 
context,  to  assess  the  limits  of  applicability  of  eigenfrequency-based  condition 
monitoring  techniques.  Such  extension  could  be  a  new  related  topic  to 
investigate  in  the  future. 


6.  REFERENCES 

1.  Cawley,  P.,  Adams,  R.D.,  The  location  of  defects  in  structures  from 
measurements  of  natural  frequencies,  J.  of  Strain  Analysis,  1979,  14  (2), 
49-57. 

2.  Catania,  G.,  Maggiore,  A.,  Meneghetti,  U.,  Monitoring  rotors  by 
sensitivity  analysis,  Proc.  of  Conditioning  Monitoring  Conf.,  Swansea, 
Pineiidge  Press,  1994, 253-64. 


885 


3.  Catania,  G.,  Meneghetti,  U.,  Effect  of  initial  stresses  on  eigenfrequencies 
of  a  damaged  plate,  Proc.  of  16**^  DAS  Symposium  on  Experimental 
Methods  in  Solid  Mechanics,  1999,  Cluj-Napoca. 

4.  Ahmad,  A.Q.,  Meneghetti,  U.,  Crack  detection  in  plates  by  sensitivity 
analysis,  Proc.  of  the  15*  IMAC,  1997. 

5.  Natke,  H.G.,  Cempel,  C.,  Fault  detection  and  localisation  in  structures:  a 
discussion.  Mechanical  Systems  and  Signal  Processing,  1991,  5  (5), 
345-56, 

6.  Ahmad,  S.,  Irons,  B.,  Zienkiewicz,  O.C.,  Analysis  of  thick  and  thin  shell 
structures  by  curved  finite  elements.  International  Journal  of  Numerical 
Methods  in  Engineering,  1970, 2  (3),  419-51. 

7.  Zienkiewicz,  O.C.,  Taylor,  R.L.,  Too,  J.M.,  Reduced  integration  technique 
in  general  analysis  of  plates  and  shells.  International  Journal  of  Numerical 
Methods  in  Engineering,  1971, 3  (2),  275-90. 

8.  Verhegge,  B.,  Powell,  G.H.,  Control  of  zero-energy  modes  in  9-node  plane 
element.  International  Journal  of  Numerical  Methods  in  Engineering, 
1986,23(5),  863-69. 

9.  Vitali,  A.,  Modellazione  dinamica  di  un  guscio  criccato  mediante  il 
metodo  dell’elemento  finito.  Master  thesis,  University  of  Bologna,  1999. 

10.  Wilkinson,  J.H.,  Reinsch,  C.,  Handbook  for  automatic  computation,  vol.II, 
Linear  Algebra,  Part  2, 1971,  Springer- Verlag,  Berlin. 

11. Dhatt,  G.,  Touzot,  G.,  The  finite  element  method  displayed,  1984,  John 
Wiley  &  sons,  Chichester. 

12.  Leissa,  A.W.,  Vibrations  of  shells,  1973,  NASA  SP  288. 

13.  Zienkiewicz,  O.C.,  Phillips,  D.V.,  An  automatic  mesh  generation  scheme 
for  plane  and  curved  surfaces  by  isoparametric  coordinates,  International 
Journal  of  Numerical  Methods  in  Engineering,  1971, 3,  519-28. 

14.  Catania,  G.,  Molari,  P.G.,  A  prototype  CAD-CAM  environment  for  design 
and  manufacturing  of  mechanical  moulds  and  dies,  Proc.  of  the  36*  Anipla 
conference,  Genova,  Pirella  ed.,  1992,  IQ,  211-25. 

15.  Cook,  R.D.,  Malkus,  D.S.,  Plesha,  M.E.,  Concepts  and  applications  of 
finite  element  analysis,  1989,  John  Wiley  &  sons,  Singapore. 

16.  Przemieniecki,  J.S.,  Theory  of  matrix  structural  analysis,  1968, 
McGraw-Hill,  New  York. 


886 


ON  THE  IDENTIFICATION  OF  NATURAL  FREQUENCIES  OF  THICK 

PORTAL  FRAMES 


S.  E.  Hirdaris 

School  of  Engineering  Sciences 
Ship  Science 

University  of  Southampton 
Highfield,  Southampton,  S017 IBJ,  U.K. 
E-mail:  spyros  @  ship.soton.ac.uk 

AND 

A.  W.  Lees 

Department  of  Mechanical  Engineering 
University  of  Wales  -Swansea 
Singleton  Park,  Swansea,  SA2  8PP,  U.K. 
E-mail:  a.w.lees@swansea.ac.uk 


ABSTRACT 

Portal  frames  are  a  common  feature  in  many  engineering  structures  and  in  this 
paper  an  approach  is  given  to  model  their  d)mainic  behaviour  adequately. 
Whilst  the  eigen-frequencies  of  continuous  systems  comprising  of  slender  beam 
structures  can  be  identified,  in  most  cases  of  practical  interest,  by  means  of  Euler 
or  Timosherdco  beam  theory,  for  thick  portal  frame  models  this  is  not  true.  The 
present  paper  attempts  to  approach  this  problem  by  means  of  2D  planar  finite 
element  analysis.  Two  plane  stress  finite  element  representations  of  conforming 
and  non-conforming  form  are  suggested  and  their  differences  are  examined. 
Using  the  results  of  a  new  conforming  32dof  per  element  representation  some 
insight  is  gained  into  to  the  motion  of  such  structures,  particularly  with  respect 
to  the  strain  field  around  the  joints. 
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INTRODUCTION 


Many  engineering  structures  such  as  ships,  aeroplanes,  turboaltemator 
foundations,  rotors... etc.  can  be  modeled  with  sufficient  accuracy  using  beam 
models  and  extensive  research  on  the  basic  theory  has  spanned  almost  three 
centuries.  Most  of  the  work  is  based  on  the  so-called  Bernoulli  hypothesis 
according  to  which  structural  cross-sections  remain  undeformed  in  the  deformed 
state  of  the  beam  and  differ  in  the  way  the  relationships  between  the 
displacements,  rotations  and  corresponding  strain  measures  are  defined.  The 
Euler's  elastica  [11  denotes  a  planar  beam  with  no  axial  and  shear  strains  so  that 
the  bending  stresses  couple,  being  proportional  to  the  curvature,  while  the 
Kirchoffs  beam  [2]  consists  a  spatial  generalization  of  the  former  with  the 
torsional  stress  couple  being  proportional  to  the  torsional  curvature.  When  some 
small  axial  strain  is  added  the  Kirchoff-Love  beam  theory  [3]  is  being  used  to 
simulate  the  structure  sufficiently.  Due  to  the  absence  of  shear  strains  at  the 
centroid  of  each  plane  of  the  structure  in  all  of  these  theories  the  cross-sections 
remain  orthogonal  to  the  centroidal  axis  of  the  beam.  In  contrast,  the  presence  of 
shear  strains  introduces  a  change  of  the  angle  between  a  cross-section  and  the 
centroidal  axis,  so  that  the  deformed  configuration  of  a  beam  is  defined  by  (i)  the 
deformed  centroidal  axis  and  (ii)  the  set  of  orientations  cf  cross-sections  with  respect  to 
their  un-d^rmed  positions.  Such  a  beam,  in  which  the  fields  of  lateral 
displacements  and  rotations  are  considered  as  independent,  is  generally  referred 
as  the  Timoshenko  beam  [4], 

Although  the  Euler  equation  consists  good  representation  of  the  vibrational 
behaviour  of  a  slender  beam  at  lower  aspect  ratios  the  Timoshenko  theory, 
involving  shear  and  rotary  inertia  effects,  provides  a  better  description.  But  this 
improved  representation  has  only  a  limited  range  of  applications  for  continuous 
systems,  such  as  frame  models,  as  the  structure  deviates  from  its  fundamental 
beam  properties. 

These  deviations  from  the  ideal  behaviour  are  investigated  in  this  work  by 
means  of  finite  elements  and,  indeed,  by  representing  the  cross  section  of  the 
continuous  system  as  an  assembly  of  in-plane  stress  rectangular  elements.  The 
authors  have  recently  suggested  [5]  that  for  those  cases,  where  shear  effects 
become  important,  a  fully  conforming  finite  element  could  become  necessary  to 
achieve  reliable  results. 

Along  these  lines  a  new  fully  conforming  32dof  rectangular  finite  element,  which 
allows  for  the  shear  effects  to  be  simulated  more  reliably  at  the  comers  of  the 
portal  frame  stmeture,  was  derived.  Conforming,  non-conforming  and  ID  beam 
element  results  were  compared  for  various  aspect  ratios.  The  relevant 
computational  algorithms  have  been  developed  by  using  MATLAB 
computational  environment  for  a  mild  steel  structure  (E  =  200x10’  N/m^ 
p=7860kg/m^  v=0.3).  The  model  consists  an  example  for  those  cases  where 
beams  meet  at  right  angles  so  that  the  transverse  forces  in  one  member  interact 
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with  the  extensional  forces  of  the  adjoining  structure.  This  is  a  situation  with 
wide  general  importance  in  structural  dynamics,  ship  building  and  in  the 
supporting  structures  for  large  rotating  machines. 

LITERATURE  REVIEW 

The  problem  of  flexural  vibrations  of  frames  and  particularly  that  of  finding 
their  fundamental  natural  frequency  is  of  primary  importance  in  engineering 
design  practice.  As  expected,  there  has  been  extensive  research  into  the  vibration 
of  such  systems  in  many  different  configurations  and  complexities.  The  majority 
of  published  work  has  been  in  the  area  of  what  may  be  described  as  closed 
frames  [6]. 

Some  representative  examples  include  the  Rayleigh-Ritz  treatment  of  a  portal 
frame  under  support  conditions  that  range  from  clamped  or  pinned  [6,7,81  to 
elastically  supported.  The  latter  is  due  to  Filipitch  et.al.  [9],  in  case  of  symmetric 
vibrations,  and  to  Laura  and  Valegra  de  Greco  [10],  in  the  case  of  antisymmetric 
dynamics.  These  cases  have  also  been  treated  by  using  a  more  analytical 
approach  by  Filipitch  and  Laura  [11].  Portal  frames  with  cross  bracing  including 
axial  deformation  in  the  members  were  investigated  by  Chang  et.al.  [12],  while 
Mottershead  et.al.  [13]  have  reported  on  the  experimental  identification  of  portal 
frame  dynamics.  More  recently,  Lee  and  Ng  [14]  have  used  the  Rayleigh  -Ritz 
method  to  treat  portal  frames,  H  frames  and  T  frames.  Clough  and  Penzien  [15] 
include  a  two  member  closed  frame  as  an  example.  Alexandropoulos  et.al.  [16] 
analysed  the  free  vibration  of  a  closed  two  bar  frame  carrying  a  concentrated 
mass  capturing  the  dynamic  couplings  of  the  system  precisely. 

It  is  widely  recognized  that  the  traditional  BemouUi-Euler  theory  for  beam 
vibration  leads  to  erroneous  results  for  cases  of  a  large  ratio  of  radius  of  gyration 
of  cross-section  to  length.  Hence,  it  is  proposed  that  the  errors  may  be  corrected 
by  including  the  effects  of  rotary  inertia  and  shear  deformation  of  beams.  It  is 
true  that  frame  systems  behave  in  a  slightly  different  manner  due  to  the 
interaction  between  the  transverse  forces  of  one  member  to  the  extensional  forces 
of  the  span.  Thus,  the  effects  of  the  mass  of  the  joints,  the  inertia  properties  and 
slenderness  ratios  become  important  parameters  for  the  accurate  identification  of 
the  fundamental  frequency  of  the  system. 

In  treating  the  problem  a  usual  simplified  approach  is  to  assume  that  the  frame 
girders  are  infinitely  rigid  (very  rigid  as  compared  to  the  column's  rigidities). 
Another  method  is  to  transform  the  structure  into  an  equivalent  lumped 
parameter  system.  However,  replacing  the  mass  of  the  columns  by  lumped 
masses  at  their  ends  and  neglecting  the  flexibility  of  the  girders  leads  to  serious 
errors  in  identifying  the  fundamental  frequency  [17].  In  considering  the  effects  of 
longitudinal  vibration  on  the  lateral  vibration  eigenfrequencies  the  mass  of  the 
portal  frame  joint  as  well  as  the  shear  effects  have  to  be  considered. 
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The  present  investigation  suggests  a  more  unified  approach  to  such  problems. 
The  use  of  a  fully  conforming,  8dof  finite  element  of  bi-cubic  nature,  which 
allows  for  the  shear  effects  to  be  simulated  sufficiently  at  the  comers  of  the 
portal  frame  structure,  could  suggest  an  alternative  to  the  existing  analytical 
solutions.  The  validation  of  the  model  was  achieved  by  comparing  the  one  and 
two-dimensional  finite  element  idealisations.  The  important  aspects  related  to 
this  process  are  explained  in  the  following  paragraphs. 

ONE  DIMENSIONAL  FINITE  ELEMENT  SIMULATIONS 

A  considerable  nximber  of  Timoshenko  beam  finite  elements  for  use  in  vibration 
problems  has  been  described  in  Uterature.  In  a  critical  review  of  many  of  those 
they  may  be  classified  as  simple,  having  two  degrees  of  freedom  at  each  of  two 
end  nodes,  or  complex,  with  either  additional  degrees  of  freedom  or  nodal 
points  which  improve  their  accuracy.  However,  if  an  inappropriate  complex 
element  is  chosen,  its  accuracy  may  be  proved  to  be  poor.  Furthermore,  the 
additional  degrees  of  freedom  at  the  end  nodes  may  introduce  significant 
complications  when  used  in  structures  (such  as  frames)  with  elements  joining  at 
arbitrary  angles  and  changes  of  beam  cross-section  [18].  Thus,  for  the  purposes 
of  this  project  the  Przemieniencki  form  of  the  typical  McCalley  Timoshenko 
beam  element  has  been  adopted  [191.  This  is  a  2-node,  4dof  (one  transverse 
displacement  and  one  rotation  per  node)  element  which  has  been  widely 
accepted  in  literature. 

Three  significant  factors  namely  (i)  the  mass  distribution,  (ii)  the  shear  distortion 
of  the  joints  and  (Hi)  the  shear  coefficient  for  the  rigid  structure  should  be 
considered  in  the  ID  simulations.  The  first  one  is  associated  with  the  design  and 
manufacturing  of  the  structure  and  it  should  be  realistically  justified  when 
comparing  the  ID  rigid  frame  to  the  2D  planar  frame  finite  element  model.  The 
shear  distortion  of  the  joints  is  measure  of  the  realistic  representation  of  the 
distortion  angles  at  the  frame  comers.  Physically  frames  are  not  rigid  in  the 
sense  that  a  bending  moment  is  transmitted  at  the  comers  of  the  structure.  The 
shear  distortion  causes  a  discrepancy  between  the  angles  of  rotation  of  the  two 
beam  ends,  thus  failing  to  fulfil  the  assumption  of  a  unique  value  of  nodal 
rotation.  To  a  first  approximation  the  magnitude  of  the  discrepancy  in  the  angles 
is  equal  to  the  overall  mean  value  of  shear  strain  at  the  web  region,  If  the 
beams  are  relatively  short  the  joint  flexibility  arising  from  shear  distortion 
contributes  significantly  to  the  overall  flexibility  of  the  frame,  and  must  be 
accounted  for  in  order  to  obtain  accurate  values  of  bending  moments,  especially 
at  the  viscinity  of  the  joints.  For  the  simple,  unbracketed  structure  examined  an 
insertion  of  a  very  stiff  rotational  spring  connecting  the  two  beams  could 
provide  a  linear  elastic  moment  resisting  any  increase  or  decrease  in  the  angle  of 
the  joint.  The  spring  is  not  an  'element'  in  the  usual  sense  because  it  has  no 
physical  size,  but  it  does  connect  two  independent  degrees  of  freedom  (9.,  B)  and 
it  supplies  rotational  stiffness  between  them  (see  fig.l).  It  therefore  may  be 
incorporated  in  the  ID  finite  element  model  by  means  of  a  2x2  stiffness 
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Fig.l  Representation  cf  (i)  joint  shear  deformation  by  an  elastic  rotational  spring  (ii) 
inner  web  region  of  a  joint. 

matrix  having  the  same  form  of  that  of  a  linear  spring  k~kj  ^  ^  ^  /  where  kj 


-1  1 


is  the  spring  stiffness  of  the  joint  defined  as  the  net  total  moment  acting  on  the 
joint  divided  by  the  resulting  shear  angle. 


Although  the  exact  distribution  shear  strain  would  depend  on  the  local  geometry 
an  approximate  qualitative  estimate  of  the  joint  stiffness  on  the  basis  of  the  mean 
value  of  shear  stress  within  the  joint  region  could  be  obtained.  Milchert  [21]  has 
shown  that  for  a  joint  subject  to  applied  moments  M..,  the  joint  stiffness  is 

given  by  kj  =  ,  where  =  h,/h^  and  (P  is  an  empiricaUy  derived  factor 

a„  +  — 
a, 

based  upon  the  boundary  conditions  (e.g.  bending  moments)  applied  upon  the 
structure.  For  the  case  examined  optimisation  of  the  kj  was  not  possible.  This  is  a 
weak  point  of  the  ID  flexible  simulation,  which  may  be  overcome  by  mems  of 
the  2D  planar  finite  element  analysis.  Comparison,  however,  of  the  variation  of 
natural  frequencies  of  the  ID  system  for  Mindlin  torsional  stiffness  of  <p=l 
consists  a  dear  indication  that  the  fundamental  natural  frequency  of  the  system 
is  realistically  lower  than  this  given  by  ID  rigid  Timoshenko  simulation  (see 
table  1).  Joint  flexibility,  however,  due  to  shear  is  a  separate  and  distinct 
phenomenon  from  bending  flexibility  (or  its  inverse  namely  bending  rigidity). 
The  selection  of  an  appropriate  dimensionless  k  factor,  however,  is  not  a 
straightforward  matter.  According  to  the  commoiUy  accepted  definition,  k  is  the 
ratio  of  the  average  shear  strain  on  a  section  to  the  shear  strain  at  the  centroid. 
For  beams  of  rectangular  cross-section  Cowper  [22]  suggests  that  k  = 
10(l  +  v)/(12  +  llv). 


Mode  no. 

Mindlin  k,  with  <p=l 

Rigid  structure 

Mode  1 

7.30 

7.31 

Mode  2 

28.00 

28.03 

Mode  3 

45.44 

45.54 

Mode  4 

47.01 

47,15 

Table  2.  JD  flexible  versus  ID  rigid  portal  frame  idealisation  (Material:  mild  steel  l/t  - 
1:10). 


891 


This  expression  results  from  direct  integration  of  the  mathematical  formulae 
describing  the  three-dimensional  elasticity  theory.  The  nature  of  the 
approximation,  regarding  the  shear  stress,  suggests  that  such  value  would  be 
satisfactory  for  static  and  long  wavelength,  low  frequency  deformations  of 
beams.  Indeed  a  comparison  to  the  k  values  suggested  by  Mindlin  and  Goodman 
give  an  indication  of  the  bandwidth  of  variation  of  their  effective  values  with 
frequency  (see  table  2). 


Source 

k 

Mindlin 

0.822 

Goodman 

0.870 

Cowper 

0.85 

Table  2.  Shear  coefficient  alternatives  for  a  solid  beam  of  rectangular  cross  section  (Mild 
steel  E  =  200xl(f  N/ml  p=7860kgfml  \^0.3)[22l 

Whilst  the  value  proposed  by  Mindlin  is  appropriate  for  small  effect  vibrations, 
Goodman's  factor  could  be  considered  as  more  appropriate  for  frame  structures 
in  the  sense  that  it  provides  more  reliable  high  spectrum  eigen-frequencies.  In 
fact  the  deviations  from  Timoshenko's  equations  for  such  a  continuous  system 
may  suggest  a  small  arbitrarily  optimised  increase  of  k  so  as  to  simulate  more 
accurately  the  shear  effects  (see  table  2). 


Shear  factor 

k=  0.822 

k=0.85 

k  =  0.87 

k=0.89 

Mindlin 

Cowper 

Goodman 

arbitrary 

Mode  1 

7.30 

7.31 

7.31 

7.31 

Mode  2 

28.00 

28.02 

28.03 

28.04 

Mode  3 

45.44 

45.50 

45.54 

45.58 

Mode  4 

47.05 

47.10 

47.15 

47,20 

Table  3.  Effects  on  natural  frequencies  (Hz)  with  increasing  shear  coefficient. 

Mild  steel  rigid  portal  frame  cfL/t  =  10:1. 

FOUR  NODED  RECTANGULAR  FINITE  ELEMENTS 

Initial  studies  were  made  using  the  standard  in-plane  element  used  in  many  FE 
packages.  This  allows  for  a  linear  displacement  in  each  of  the  two  directions  and 
consequently  has  a  total  of  8  degrees  of  freedom.  Although  this  simple 
rectangular  element  is  economic  and  subject  to  simple  mathematical 
manipulations,  numerical  analysis  has  proved  123]  that  it  is  not  accurate  even  for 
the  dynamic  approximation  of  a  simple  cantilevered  beam  structure.  For 
comparisons  with  beam  elements  having  cubic  displacement  function  this  is  not 
surprising.  Further  study  was  performed  by  deriving  an  element  similar  to  that 
proposed  by  Schmidt,  Bogner  &  Fox  which  has  been  proved  to  give  results  with 
excellent  convergence  rate,  for  bending  analysis  [24].  The  element  has  six 
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degrees  of  freedom  per  node,  which  are  distributed  in  a  form  of  a  bi-cubic  field 
with  six  nodal  degrees  of  freedom  namely 

displacement  model  in  the  form  of  an  incomplete  fourth  order  polynomial 
function  as  shown  below; 

u  —  Aq  +  +  yA2  + ...  + 

V  =  ^2  +  x^,3  +  y/4,4  + ...  + 

After  evaluating  the  displacement  differentials  at  each  of  the  nodal  points  it  was 
customary  to  establish  the  24  by  24  displacement  field  matrix  and  hence 
formulate  the  stiffness  and  mass  effects  of  the  element  by  means  of  energy 
differentials. 

In  solving  a  structural  problem  whatever  the  type  of  structure,  loading  or 
material  three  separate  arguments  namely  equilibrium,  compatibility  and  stress- 
strain  law  need  to  be  deployed  (see  fig.2). 
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Fig.2  Fundamental  properties  used  in  the  derivation  of  an  FEA  model 

Along  these  lines  Lees  and  Hirdaris  [5]  have  recently  demonstrated  that  for 
frame  structures  the  Schmidt,  Bogner  &  Fox  non-confdrming  finite  element  is 
inadequate.  The  absence  of  the  following  highlighted  higher  order  polynomial 
terms  in  the  derivation  of  this  element  become  significant. 
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Hence,  for  frame  models  the  bi-cubic  variation  in  strain  along  each  of  the 
structures'  sides  is  affected  while  the  continuity  of  slope  conditions  is  violated. 
A  solution  to  the  problem  could  be  given  by  means  of  a  fully  conforming  finite 
element  having  8dof  of  freedom  per  node  namely 


this  case  become: 


d^u/  d^v/ 

’  /dxdy*  /dxdy 


.  The  displacement  field  models  in 


M(x,y)=  ^0  +  +  y^i  +  ^^^3  +  •••  + 

v(x,y)  =  ^,6  +  +  . ..  + 

In  this  case  the  second  order  partial  differentials  are  believed  to  accoimt  for  the 
distortion  at  the  comers  of  the  frame  model  especially  at  lower  aspect  ratios 
whilst  the  convergence  and  continuity  criteria  in  C  “space  are  not  violated. 

In  both  cases  the  mass  and  the  stiffness  effects  of  the  structure  were  calculated 
under  plain  stress  conditions  by  means  of  energy  integrals  and 
MATHEMATICA  software  program.  The  elements  of  the  stiffness  and  mass 
matrices  were  expressed  as  functions  of  the  dimensions  of  the  rectangular 
element  (a,h),  Yoimg's  modulus  (E)  and  Poisson's  ratio  (v)  and  are  not  included 
in  this  report  due  to  length  and  complexity.  Using  MATLAB  the  process  was 
completed.  In  applying  die  boimdary  conditions  it  was  necessary  to  reassure 
that  the  shape  functions  of  the  model  behave  adequately  at  the  clamped  edges. 

In  this  sense  constrained  wherever  appropriate 

at  the  clamped  edges  of  the  structure. 

In  all  the  following  work,  the  simple  Euler  element  is  referred  as  Rl,  the 
Timoshenko  rigid  beam  element  simulation  as  R2,  the  Timoshenko  ID  flexible 
finite  element  idealization  as  R2*,  Schmidt,  Bogner  &  Fox  plate  representation  is 
termed  R3  and  the  Hirdaris-Lees  32dof  conforming  element  as  R4. 

NUMERICAL  ANALYSIS 

Initial  studies  for  the  case  of  a  free-free  beam  of  L/t  =  10:1  and  solid  cross-section 
have  led  to  the  conclusion  that  the  2D  conforming  finite  simulation  provides 
lower  results  than  the  non-conforming  idealisation  as  well  as  Timoshenko's 
theory  (see  table  4).  Considering  that  these  deviations  form  the  Timoshenko 
theory  should  become  more  significant  due  to  shear  distortion  effects  in  portal 
frame  analysis  R4  approximation  could  be  realistic. 

In  comparing  the  results  the  two  dimensional  approximation  was  assumed  to 
form  the  basis  of  the  overall  numerical  interpretation,  mainly  because  of  the  fact 
that  it  is  much  more  realistic  than  the  ID  rigid-type  simulation  which  is 
becoming  rather  weak  at  lower  aspect  ratios  (L/t). 
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Element  type 

R1 

R2 

R3 

R4 

Rigid  modes 

0,0 

0,0 

0,0,0 

0,0,0 

Model 

52.05 

50.31 

50.30 

50.30 

143.52 

131.31 

131.04 

131.03 

Mode  3 

281.54 

241.41 

239.52 

239.43 

Mode  4 

466.08 

373.38 

253.09 

253.09 

Table  4.  Comparison  between  the  ID  and  2D  simulation  for  a  uniform  free-free  beam 
structure  of  aspect  ratio  L/t  =  10:1  (frequencies  in  Hzh 

The  torsional  spring  flexible  ID  idealisation  was  used  as  a  reference  point  in 
justifying  that,  depending  on  the  adjustment  of  a  suitable  shear  strain  factor, 
lower  natural  frequencies  could  be  achieved  even  when  Timoshenko  beam 
models  are  being  used.  As  the  angle  of  distortion  is  increasing  the  effects  of 
rotary  inertia  and  shear  deformation  could  be  approximated  in  a  better  way  by 
means  of  a  two  dimensional  mesh  providing  more  realistic  projections  towards 
the  expected  values. 

Before  proceeding  to  the  actual  comparison  between  the  one  and  two 
dimensional  finite  element  idealizations  it  is  useful  to  note  that  as  the  number  of 
elements  in  the  discretized  structure  is  increasing  the  level  of  approximation  is 
improving,  a  fact  necessary  for  the  validity  of  the  2D  finite  element  analysis  of 
the  structure.  In  demonstrating  this  effect  two  alternative  mesh  types  were  used. 
In  the  crude  one  each  beam  was  assumed  to  have  (L  by  1)><{L  by  DML  by  1) 
number  of  elements.  In  the  refined  mesh  model  the  number  of  elements  was 
doubled  for  each  beam  giving  (L  by  2)x(L  by  2)x(L  by  2)  discretization  level. 
Hence  four  rectangular  elements  were  used  to  idealize  the  comers  of  the 
structure  and  the  shear  strain  results  were  simulated  in  a  more  precise  manner. 
For  the  purposes  of  the  ID  simulation  a  constant  discretization  level  of  the  order 
of  (L+0.5)xlx(L+0.5)  was  used  mainly  for  reference  purposes  (see  table  5). 


Mode  no,~^ 

R4  crude  model 
(32  elem.,  520  d.o.f.) 

R4  refined 
(56  elem.,  696  d.o.f.) 

Mode  1  I 

8.6 

8.45 

Mode  2  1 

33.21 

32.91 

Mode  3 

52.64 

51.88 

Mode  4 

58.81 

57.81 

Table  5.  The  effects  cfMesh  refinement  for  a  mild  steel  portal  frame  of  L/t  =  10:1  (all 
frequencies  in  Hz), 

It  is  reasonable  to  suppose  that  the  comparison  between  the  one  and  two- 
dimensional  approximations  can  be  valid  if  the  two-dimensional 
eigenfrequencies  are  compared  to  the  one-dimensional  results  obtained  when 
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the  centerline  of  the  frame  is  considered  (see  fig.  3).  For  instance,  in  order  to 
simulate  successfully  a  symmetrical  portal  frame  with  ratio  L/t  =  10:1  the  one¬ 
dimensional  approximation  was  based  upon  a  structure  with  L  =  9.5,  t  =  1  while 
the  horizontal  member  corresponding  to  beam  2  was  of  length  8.  Mass  correction 
factors  of  the  order  of  0.5p/(I-0.5)  and  pI{\-L)  (since  A  =  1  m')  were 
implemented  in  order  to  account  for  the  mass  distribution  along  the  legs  and 
span  of  the  frame  respectively.  Shear  factors  of  the  order  of  0.87,  as  suggested  by 
Goodwin,  and  0.89  as  it  could  be  arbitrarily  suggested  were  used  (see  table  6). 


Aspect  ratio 

(l/t) 

Mode  no. 

R1 

R2 

(Goodwin) 

R2 

(arbitrary) 

R3 

R4 

10:1 

1 

8.58 

8.44 

8.45 

8.56 

8.45 

2 

34.55 

33.47 

33.55 

33.26 

32.91 

3 

53.09 

50.19 

50.41 

52.40 

51.88 

4 

57.23 

53.63 

53.93 

57.98 

57.81 

5:1 

1 

39.91 

37.13 

37.36 

38.11 

37.09 

2 

154.31 

138.08 

139.28 

137.27 

133.59 

3 

205.20 

182.79 

184.55 

200.84 

188.92 

4 

227.93 

190.11 

192.78 

206.04 

197.50 

3:1 

1 

136.31 

112.24 

113.87 

118.93 

108.11 

2 

390.89 

359.61 

365.66 

351.74 

303.47 

3 

461.27 

392.07 

394.94 

403.97 

347.64 

4 

510.80 

425.65 

429.33 

446.72 

401.55 

Table  6.  Comparison  between  the  ID  and  2D  simulation  for  a  portal  frame  structure 
over  a  variety  of  aspect  ratios  (all  frequencies  in  Hz). 
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As  expected,  the  effects  of  rotary  inertia  and  shear  deformation  become  more 
important  from  lower  aspect  ratios.  From  table  6  it  becomes  apparent  that  R4 
simulation  approximates  the  fundamental  frequency  of  the  system  (frequency  at 
mode  of  vibration)  much  better  than  the  non-conforming  R3  element.  This 
effect  becomes  more  apparent  as  the  frame  aspect  ratio  is  decreasing  and  the 
effects  of  shear,  particularly  at  the  comers  of  the  frame  model  become  more 
significant.  An  arbitrary  increase  of  the  order  of  0.02  of  the  Goodwin  shear  factor 
may  lead  to  better  results  even  for  slender  frame  aspect  ratios  of  the  order  of 
10:1. 

CONCLUSIONS 

The  dynamic  behaviour  of  thick  beam  structures  is  not  adequately  described 
using  either  Euler  or  Timoshenko  theory.  Planar  elements  have  been  shown  to 
give  better  and  more  realistic  results.  A  suitable  fully  two-dimensional  32dof 
conforming  element  has  been  derived  and  the  numerical  results  have  been 
compared  to  ID  rigid  and  flexible  frame  simulations.  The  idealisation  was 
proved  to  be  particularly  advantageous  for  thick  beam  structures  althou^  at 
higher  discretisation  levels  the  element  could  become  slightly  'uneconomic .  It 
was  also  suggested  that  care  is  needed  in  choosing  the  most  appropriate  shear 
factor  in  beam  model  representations.  Since  most  problems  of  such  nature  are 
degree  of  freedom  limited  future  work  will  be  concentrated  in  comparing  the 
present  finite  element  model  with  alternative  2D  plate  elements  having  the  saine 
total  number  of  degrees  of  freedom.  The  fact  that  most  non-academic  fimte 
element  practitioners  may  prefer,  at  the  moment,  to  resolve  such  problems  by 
means  of  3D  solid  finite  element  idealisations  is  also  acknowledged.  Along  these 
lines  comparison  of  the  Hirdaris-Lees  2D  conforming  ideaUsation  over  the 
commercial  3D  solid  models  will  be  performed  especiaUy  for  the  cases  of  lower 
aspect  ratio.  An  experimental  verification  of  the  model  will  also  be  earned  out. 
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Abstract 

This  paper  is  concerned  with  a  multilayer  finite  shell  element, 
which  incorporates  very  thin  layers  of  viscoelastic  materials.  The 
element  is  a  conforming  quadrilateral  element  with  a  variable 
number  of  nodal  degrees  of  freedom,  depending  on  the  number 
of  layers.  Results  are  presented  for  a  cylindrical  shell,  even  though 
the  formulation  can  handle  general  shapes.  Two  different  exam¬ 
ples  are  presented  which  show  good  agreement  between  the  finite 
element  calculus  and  experimental  results. 


1.  INTRODUCTION 

Shell  type  structures  are  well  spread,  in  the  aerospace  industries  for  ex¬ 
ample,  and  therefore  there  have  been  a  lot  of  effort  put  into  their  finite 
element  modeling  ([1,  2,  3, 4,  5]).  To  avoid  fatigue  failure  due  to  vibra¬ 
tions  in  these  components,  one  common  practice  is  to  apply  damping 
coatings.  The  difficulty  is  then  to  achieve  a  good  damping  level  widiout 
compromising  the  stiffness  of  the  original  structure.  A  good  compro¬ 
mise  can  be  obtained  by  using  coatings  made  with  very  thin  constrained 
layers  of  viscoelastic  materials. 

Modeling  complex  structures  with  embedded  viscoelastic  layers  is 
not  an  easy  task.  Being  much  softer  than  elastic  ones,  the  viscoelastic 
layers  induce  additional  shearing  in  the  structure.  The  damping  is  then 
directly  related  to  the  shearing  energy  in  the  damping  layers. 
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Taking  into  account  this  phenomenon  to  predict  dynamical  behavior 
requires  special  care.  Analytical  expressions  of  the  dynamic  equations 
are  extremely  complicated,  and  can  only  be  solved  for  special  kinds  of 
boundary  conditions,  and  simple  geometries.  This  is  why  finite  element 
modeling  is  more  convenient  in  most  practical  cases  where  the  structure 
is  geometrically  complicated. 

However,  modeling  damped  structures  using  commercial  codes  is 
rather  restricting.  Complex  mode  calculation  are  generally  not  allowed, 
and  there  is  no  element  dedicated  to  layered  structures  incorporating 
viscoelastic  layers.  The  behavior  of  such  structures  is  completely  differ¬ 
ent  from  that  of  elastic  layered  structures,  and  so  it  is  incorrect  to  use 
the  layered  finite  element  shells  provided  in  these  codes.  It  is  necessary 
to  employ  3D  elements  to  properly  model  the  viscoelastic  layers  effect. 
This  leads  to  an  increased  number  of  degrees  of  freedom  required  to 
model  the  structure.  When  very  thin  layers  of  viscoelastic  materials  are 
involved,  the  meshing  should  be  so  refined  that  it  is  almost  impossible 
to  perform  the  analysis.  Special  elements  are  then  required  to  accurately 
and  efficiently  handle  the  problem. 

In  this  paper,  a  formulation  for  a  multi-layered  shell  element  is 
proposed.  It  is  based  on  thin  shell  assumptions,  and  can  incorporate 
several  damping  layers.  The  element  is  an  extension  of  a  previous 
work  from  Mac^  [6].  First  the  potential  and  kinetic  energies  in  each 
layers  are  calculated  based  on  the  proposed  kinematic  assumptions. 
The  problem  is  then  discretized  using  conforming  polynomials  for  each 
displacement.  Where  an  exact  equation  for  the  reference  surface  of  the 
shell  exists,  no  geometrical  discretization  is  involved.  Two  examples  are 
finally  given  which  compare  the  predicted  and  experimental  behavior 
of  a  three-layered  and  a  five-layered  cylindrical  shell. 

2.  GENERAL  ASSUMPTIONS 

The  theoretical  formulation  is  done  in  a  classical  way,  by  calculating  the 
potential  and  kinetic  energies  in  each  layers.  The  main  assumptions 
made  are  the  following; 

1,  The  multi-layer  shell  is  a  thin  shell  and  therefore  it  is  considered 
that 

(a)  one  of  the  geometrical  dimensions  of  the  shell  is  much  smaller 
than  the  other  ones, 

(b)  the  shell  deflections  are  assumed  to  be  small, 

(c)  the  stress  in  the  direction  normal  to  the  thin  dimension  is  neg¬ 
ligible, 

(d)  a  line  originally  normal  to  the  shell  reference  surface  will  re¬ 
main  normal  to  the  undeformed  reference  surface. 
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2.  There  is  no  shearing  in  the  elastic  layers. 

3.  The  thickness  of  the  viscoelastic  layers  is  nearly  zero, 

/it;  ~  0 


,  so  that  each  of  these  layers  are  represented  by  a  sliding  surfaces,; 

Assumption  l.(d)  above  implies  that  the  displacement  must  be  linear  in 
the  thickness  coordinate.  This  means  that  the  displacement  of  any  point 
in  the  shell  can  be  determined  from  a  corresponding  point  on  a  reference 
surface.  This  reference  surface  can  be  chosen  for  convenience.  It  is  usual 
to  select  the  middle  surface  of  the  shell  as  the  reference  surface,  but  in 
our  case  it  is  simpler  to  just  take  one  of  the  outer  surfaces  as  the  reference 
surface,  as  the  studied  shell  is  a  multi-layered  one  (see  Figure  1).  Let  the 
triplet  be  the  Cartesian  coordinates  related  to  the  base  vectors 

(ei ,  62, 63),  and  (5^,  5^,  z)  be  the  local  or  shell  coordinates  with  respect  to 
the  base  vectors  of  the  reference  surface  ai,  <22, n.  The  position  vector  E 
can  be  expressed  by 

E(x^,x^,x^)  =  OP 

=  x'ci  (1) 

in  the  Cartesian  coordinate  system,  and  by 
=  r(s^,s^) -i- zn 

=  +  zn  (2) 


in  the  shell  coordinate  system,  where  the  Einstein  summation  conven¬ 
tion  was  used,  and  and  n  are  given  by: 


and 


_  ^ 


(3) 


fli  A  02 

\\ai  Aa2\\ 


(4) 
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Similarly,  the  base  vectors  associated  with  a  surface  at  a  distance  2  from 
the  reference  surface  are 


9a 


m 

ds^ 


(5) 


and 


9-ri  (6) 

The  thin  shell  assumptions  l.(a)-(d)  enables  one  to  assume  the  following 
displacement  function  in  each  elastic  layer  i: 


Moreover,  It  follows  from  assumption  2.  that: 
/3«  =  -$<;> 

=  -  *‘*U^'* 

Assumption  1.  (c)  can  be  expressed  as 


(7) 

(8) 
(9) 


^33  =  0 


(10) 


in  the  whole  multi-layer  shell. 

Assumption  3.  provides  information  on  the  displacement  field  in 
each  viscoelastic  layer.  If  layers  i  and  i  +  2  are  elastic  layers  and  layer 
2  +  1  is  a  viscoelastic  one,  when  making  the  transition  from  the  elastic 
layer  i  to  the  elastic  layer  z  +  2  the  displacement  field  is  tangentially 
discontinuous.  Following  Mack's  notation  [6]  this  displacement  jump  is 
noted 


[|f;|](.,.+2)  ^  j;(.+2)  _  u(J) 

Having  clarified  all  the  basic  assumptions  linked  to  the  multi-layered 
shell  element,  one  can  now  express  the  energy  contribution  in  each  layer, 
which  is  necessary  to  carry  out  a  direct  finite  element  formulation  of  the 
new  element. 


3.  ENERGY  CONTRIBUTION  OF  THE 
ELASTIC  LAYERS 

The  elastic  layers  will  contribute  in  two  ways  in  the  total  energy  of  the 
shell 

•  with  a  potential  energy  Epe 

•  with  a  kinetic  energy  Eke 
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The  potential  energy  can  be  expressed  as  follows: 

(12) 

with  He  representing  the  volxime  of  the  layer  and  the  elementary 
volume  such  that 

dQ  =  \jdet  [5']  ds^ds^dz  (13) 


~  \ / det  \ a]  ds^ ds^ dz 


^  is  the  metric  tensor  of  the  reference  surface  defined  by 

^a/3  ~  (f  b) 

I  are  the  linearized  deformations  of  the  shell  in  the  curvilinear  coordi¬ 
nate  system  and  can  be  expressed  as  (see  [7],  [8]) 

r  ^a/3  ~  'yaP  4- 

where  7a/?  are  the  linearized  deformations  of  the  shell  reference  surface, 
which  are  given  by 

XaP  =  ~  ~  (18) 

b  is  the  curvature  tensor  given  by 

6a/?  =  W  *  flta,/? 

=  -fla  *  n,/?  (19) 

The  stress-strain  relations  can  be  written  as 

crA^  =  c^^°‘^eap  (20) 

where  all  the  tensors  are  expressed  in  the  curvilinear  coordinate  system. 
When  the  material  is  isotropic,  the  transformation  law  for  the  elasticity 
tensor  between  the  curvilinear  and  Cartesian  system  takes  the  following 
form 

+  G  +  s" V“ )  (21) 

The  kinetic  energy  in  an  elastic  layer  is  given  by 


^ke  —  2  j  daP'd  dCl^ 


so  that  in  harmonic  condition,  it  simplifies  as 


Eke  —  2  9<xpy  y  dfig 
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4.  ENERGY  CONTRIBUTION  OF  THE 
VISCOELASTIC  LAYERS 


According  to  assumption  3.,  the  viscoelastic  layer  thickness  is  consid¬ 
ered  to  be  zero.  This  means  that  their  only  contribution  in  the  energy 
balance  will  be  in  the  potential  energy.  Equation  11  expresses  the  fact 
that  the  tangential  component  of  the  displacement  vector  is  discontinu¬ 
ous  when  passing  through  a  viscoelastic  layer.  On  the  other  hand,  the 
stress  vector  is  continuous  through 


[|(T|].n  =  0 


(24) 


where  .  stands  for  the  contracted  tensorial  product.  The  stress  vector  on 
the  surface  can  be  expressed  by 

<T  =  <7®“£f,  a  =  1,2  (25) 


If  the  strains  are  assumed  to  be  constant  inside  the  viscoelastic,  then 


£30  = 


M 

hy 


a=  1,2 


(26) 


with  hy  the  thickness  of  the  viscoelastic  layer.  In  the  harmonic  state,  the 
components  of  the  tangential  stress  on  can  be  expressed  as 

0  =  1,2  (27) 


with  Gl  the  complex  shear  modulus  of  the  viscoelastic  material.  The 
contribution  of  the  viscoelastic  layer  to  the  total  elastic  energy  can  then 
be  written  as 

EPv  =  (28) 

=  y'^"“[|C/a|]  a  =  1,2  (29) 

s. 


5.  DISCRETIZATION  OF  THE  PROBLEM 

Using  the  previous  results,  the  multi-layered  shell  element  can  be  di¬ 
rectly  formulated  using  the  principle  of  total  energy  for  example 

=  0  (30) 

where  11  is  the  total  potential  energy 

n  =  ^  £,,  +  Y.  Y  (31) 

elastic  layers  viscoelastic  elasticlayers  elastic  layers 
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n  is  then  approximated  using  relevant  piecewise  continuous  interpola¬ 
tion  functions  for  the  displacement  field  and  the  geometry  if  needed.  In 
this  paper,  it  is  assumed  to  simplify  the  study  that  the  equation  of  the 
reference  surface  is  known  exactly,  so  that  it  is  only  necessary  to  approx¬ 
imate  the  displacement  components.  Therefore,  the  discrete  problem 
will  be  conforming  for  the  displacement  [9]  if  interpolation  functions 
are  chosen  for  the  in-plane  displacements  and  interpolation  func¬ 
tions  are  chosen  for  the  transverse  displacement.  To  fulfill  the  previous 
conditions  and  to  ensure  that  the  same  degree  of  accuracy  for  all  the 
displacement  components,  the  displacement  field  is  approximated  us¬ 
ing  the  following  relationship 

(  ui~  N^ui 

I  U2=  N^U2  (32) 

I  w  =  N^w 


where  N  is  the  vector  of  interpolation  functions,  and  ui,  112,  w  are  the 
vectors  of  degrees  of  freedom  related  to  each  displacement  component. 
To  fulfill  the  continuity  condition,  the  the  two  dimensional  interpolation 
functions  are  the  tensorial  product  of  one  dimensional  Hermite  polyno¬ 
mials  given  by 


Hu{si)  = 
H2M)  = 
^  H22{Si)  = 


(33) 


The  corresponding  finite  element  is  then  a  quadrilateral  with  four  nodes 
in  the  local  coordinates.  Each  node  has  twelve  degrees  of  freedom  (four 
per  displacement  component).  These  degrees  of  freedom  are  the  dis¬ 
placement  component,  its  first  derivatives  and  cross  derivative  with  re¬ 
spect  to  the  local  coordinate  system. 


6.  EXPERIMENTAL  VALIDATION 

Experimental  work  was  carried  out  in  order  to  validate  the  previous 
multi-layer  shell  element.  Three  different  specimens  were  tested: 

•  an  undamped  single  layer  cylindrical  shell 

•  a  sandwich  cylindrical  shell 

•  a  five  layered  cylindrical  shell  (two  viscoelastic  layers  sandwiched 
between  successive  elastic  layers) 

All  specimens  share  the  following  geometrical  characteristics: 
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•  length  =  0.6  m 

•  radius  of  curvature  =  0.132  m 

All  elastic  layers  are  made  of  aluminium  and  0.0015  m  thick.  All  vis¬ 
coelastic  layers  are  made  of  a  proprietary  acrylic  damping  material  ^ 
and  0.000127  m  thick.  The  stacking  sequence  for  the  multi-layer  shells 
is  aluminium-viscoelastic-aluminium  and  so  on. 

The  experimental  conditions  are  the  following: 

•  the  tested  specimen  is  hung  at  point  so  that  completely  free  bound¬ 
ary  conditions  are  assumed 

•  a  small  accelerometer  (B&K  4393)  is  attached  at  one  point 

•  a  roaming  hammer  is  used  to  impact  the  specimen  at  different 
points 

The  figures  3, 4, 5  show  the  comparison  between  the  calculated  and  ex¬ 
perimental  transfer  functions  at  the  same  point.  The  accelerometer  re¬ 
maining  in  the  same  position  at  point  1  (see  Figure  2)  the  specimen  is 
impacted  at  point  2. 
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Figure  2:  Numbering  convention  for  the  experimental  points 

The  theoretical  modeling  has  the  same  discretization  as  the  experi¬ 
mental  one  (4x8  meshing). 

For  each  specimen,  a  good  agreement  between  theory  and  experi¬ 
ment  is  observed.  One  can  notice  that  the  damping  introduced  by  the 
viscoelastic  material  is  high,  which  is  actually  a  good  result  with  respect 
to  the  very  small  thickness  of  the  damping  layers.  This  is  the  reason 
why  it  was  chosen  to  directly  compare  ^e  transfer  functions  instead  of 
the  modal  frequencies  and  damping  factors.  The  high  damping  level 

^3M  viscoleastic  polymer  113 
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makes  more  difficult  identification  of  the  experimental  values.  In  this 
particular  case,  the  calculated  average  loss  factor  and  stiffness  reduction 
over  the  first  five  modes  are  respectively  around  13%  and  50%,  which  is 
very  high  in  both  cases.  This  is  due  to  the  fact  that  no  attempt  was  made 
to  optimize  the  structure  at  this  point,  as  the  main  objective  was  to  vali¬ 
date  the  proposed  element.  The  damping  material  which  was  used  has  a 
shear  modulus  which  varies  between  2.8 10^  Pa  and  6.2 10®  Pa  in  the  fre¬ 
quency  range  of  interest.  A  more  reasonable  stiffness  reduction  (around 
20%)  could  be  achieved  by  using  a  stiffer  material  (with  an  average  shear 
modulus  and  loss  factor  over  the  frequency  range  of  interest  of  respec¬ 
tively  10®  Pa  and  0.8)  while  keeping  equivalent  damping  performance. 
It  is  worth  noticing  that  the  validation  was  carried  out  by  comparing  the 
transfer  functions  for  each  experimental  point  (20  points)  and  the  results 
were  equally  good. 


7.  CONCLUSION 

A  new  multi-layer  finite  element  shell  was  presented.  It  is  based  on  a 
real  thin  shell  assumption  and  incorporates  very  thin  layers  of  viscoelas¬ 
tic  materials.  The  formulation  is  made  in  the  shell  coordinate  system 
using  the  tensor  theory.  This  feature  enables  one  to  only  interpolate  the 
displacement  functions  in  the  case  when  the  equation  of  the  reference 
surface  is  known  exactly.  Conforming  interpolation  functions  were  cho¬ 
sen  to  ensure  a  monotonous  convergence  of  the  element. 

The  element  was  experimentally  validated  for  cylindrical  shaped  spec¬ 
imens,  for  various  number  of  layers.  The  comparison  between  theory 
and  experiment  was  satisfactory.  The  experimental  tests  also  revealed 
that  a  very  high  level  of  damping  could  be  achieved  even  using  damp¬ 
ing  layers  which  were  very  thin. 

Future  work  will  be  dedicated  to  the  formulation  of  a  geometrically  con¬ 
forming  element  for  a  general  shaped  shell. 
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Figure  3:  Theoretical - and  experimental _ transfer  function  at  point 

2  for  an  undamped  aluminium  shell 
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Figure  4:  Theoretical - and  experimental _ transfer  function  at  point 

2  for  a  three-layered  aluminium  shell 
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Figure  5:  Theoretical - and  experimental _ transfer  function  at  point 

2  for  a  five-layered  aluminium  shell 
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PREDICTING  THE  DYNAMIC  STRESS  INTENSITY  FACTOR  FOR  A 

CIRCUMFERENTIAL  CRACK  IN  A  HOLLOW  CYLINDER  USING 
FRACTAL  FINITE  ELEMENT  METHOD 

D.K.L.  Tsang,  S.O.  Oyadiji  and  A.Y.T.  Leung 

The  Manchester  School  of  Engineering,  University  of  Manchester,  Oxford 
Road,  Manchester,  Ml 3  9PL,  United  Kingdom. 

Abstract 

The  fractal  finite  element  method  predicts  very  accurate  stress  intensity 
factor  (SIF).  The  method  has  been  developed  to  study  all  kinds  of  2D  cracks 
and  penny  shaped  3D  cracks.  In  this  paper  we  extend  our  previous  study  to 
include  dynamic  effects  on  the  stress  intensity  factor.  We  present  the 
calculation  of  d5mamic  mode  I  stress  intensity  factors  for  complete 
circumferential  cracks  on  the  inner  surface  of  a  hollow  cylinder  subjected  to 
time  dependent  axisymmetric  loading.  The  effect  of  damping  is  also  presented. 
The  precise  time  integration  scheme  is  used  to  perform  the  time  integration. 
Our  numerical  results  show  that  the  fractal  finite  element  method  together 
with  the  precise  time  step  integration  method  give  very  accurate  dynamic  SIF. 
The  analysis  is  important  in  gun  barrel  design  and  in  the  design  of  pressure 
vessels  and  piping  systems  subjected  to  dynamic  loading. 

1.  Introduction 

It  has  been  shown  that  the  fractal  finite  element  method  [1,  2,  3,  4,  5  and  6] 
is  an  efficient  and  accurate  technique  for  determining  the  stress  intensity  factor 
for  various  crack  problems.  The  method  divides  a  cracked  elastic  body  into 
near  field  (singular)  and  far  field  (regular)  regions.  The  far  field  is  modelled 
by  conventional  finite  elements.  Within  the  near  field,  an  extremely  large 
number  of  finite  elements  is  generated  by  self-similarity  process  to  model  the 
crack  tip  singular  behaviour.  These  results  in  a  large  number  of  nodal 
displacements,  which  are,  reduced  effectively  to  a  small  set  of  global 
variables,  with  stress  intensity  factors  as  primary  unknowns  by  the  second 
level  global  interpolating  transformation.  As  the  global  transformation  can  be 
performed  at  element  level,  the  order  of  matrices  involved  is  very  small. 
Consequently,  computer  storage  and  solution  times  are  reduced  significantly. 
Furthermore,  the  stress  intensity  factors  can  be  determined  directly  from  the 
global  variables  without  the  need  for  any  post-processing. 

The  response  of  a  cracked  solid  which  is  subjected  to  rapidly  applied  loading 
is  significantly  affected  by  inertia  effects.  The  influence  of  the  loads  is 
transferred  to  the  crack  by  means  of  stress  waves  through  the  material.  To 
understand  whether  or  not  a  crack  will  propagate  due  to  the  stress  wave 
loading,  it  is  necessary  to  determine  the  transient  driving  force  acting  on  the 
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crack.  By  using  a  suitable  time  integration  method,  it  is  possible  to  use  fractal 
finite  element  in  dynamic  SIF  calculation. 

There  are  many  time  integration  methods  in  the  literature.  They  can  be 
classified  into  two  categories:  explicit  and  implicit  integration  schemes.  The 
explicit  integration  scheme  is  very  efficient  for  one  time  step  computation. 
However,  to  ensure  stability  of  integration  a  very  small  time  step  size  must  be 
selected.  The  implicit  integration  scheme  can  be  made  unconditionally  stable 
by  proper  selection  of  the  integration  parameters,  such  that  a  large  value  of  the 
time  step  size  can  be  selected.  However,  because  the  time  step  is  larger,  the 
vibration  components  with  higher  frequencies  will  be  distorted  after  several 
integration  steps.  Therefore  the  system  invariants,  such  as  system  energy  or 
momentum  in  a  conservation  system,  cannot  be  maintained. 

The  time  integration  scheme  we  used  in  this  paper  is  a  semi-analytical 
method  by  Zhong  [7]:  precise  time  step  integration  method.  The  method  can 
give  very  accurate  results,  which  usually  coincide  with  exact  solutions  to 
several  significant  figures.  The  method  is  almost  independent  of  the  time  step 
size  for  a  wide  range  of  step  sizes.  Also  the  main  computations  are  all  matrix 
multiplication  and  so  can  be  efficiently  executed  on  parallel  computers. 

A  4  cm  long  hollow  cylinder,  which  represents  a  0.22  gun  barrel  with  an 
internal  circumferential  crack  depth  a  is  considered.  The  outer  and  inter 
diameter  of  the  hollow  cylinder  are  1 .27  cm  and  0.56  cm  respectively.  Fractal 
finite  element  discretization  is  used  for  the  space  coordinates.  The  resulting 
ordinary  differential  equations  are  solved  by  the  precise  time  step  integration 
method.  The  effect  of  damping  is  included  in  the  analysis. 

2.  The  Fractal  Finite  Element  Method 

In  the  fractal  finite  element  methods,  the  overall  cracked  problem  is  divided 
into  near  field  and  far  field  regions  as  shown  in  Figure  1.  The  curve  that 
delineates  the  two  regions  is  denoted  as  Fq.  The  far  field  is  modelled  by 
conventional  finite  element  method.  In  the  near  field,  infinite  numbers  of 
layers  of  conventional  finite  element  are  generated  layer  by  layer  in  a  self¬ 
similar  manner  with  a  scaling  ratio  (p.  It  is  convenient  to  take  the  crack  tip  as  a 
centre  of  similarity.  Assuming  that  ^lies  between  0  and  1,  that  is  0  <  ^<  1,  an 
infinite  set  {T,,  r2v}  of  curves  similar  to  the  shape  of  Tq  with  proportionality 
constants  are  generated  inside  the  singular  region.  The  region  in 

between  any  two  consecutive  curves  is  called  the  n  th  layer.  The  nodes  located 
on  the  curve  Fq  are  called  the  master  nodes.  A  set  of  straight  lines  that  emanate 
from  the  similarity  centre  is  connected  to  the  master  nodes.  Thus  each  layer  is 
divided  into  a  set  of  elements  with  a  similar  pattern.  All  the  nodes  inside  the 
curve  Fq  are  called  the  slave  nodes.  The  grading  of  mesh  inside  the  singular 
region  can  be  controlled  by  the  proportionality  constant  0  <  p  <  1 .  Higher 
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values  of  (/>  will  produce  finer  grade  of  mesh  and  vice  versa.  This  procedure  is 
used  to  generate  a  fractal  mesh. 


7  7  \ 


far  field  crack  near  field 

Figure  1 :  Far  field  and  near  field  in  a  cracked  material 


Let  r  and  z  denote  the  radial  and  axial  coordinates  of  a  point  respectively. 
Without  loss  of  generality,  a  6-noded  triangular  element  is  considered  for 
axisymmetric  stress  analysis.  The  shape  functions  and  the  displacement 
function  may  be  expressed  in  an  isoparametric  form  as 


"  =  V  =  '^N,{4,ri)v, ,  w  =  ,  (2) 

/=!  /=i  \yj 

where  and  are  the  nodal  coordinates  and  the  nodal 

displacements  of  an  element  respectively,  w  is  the  displacement  field  and 
are  the  shape  functions.  The  resulting  element  stiffness  equation  is 
Kw  =  f.  (3) 

The  associated  stiffiiess  matrix  K  is  calculated  by 

K=|B''DBdF,  (4) 

where  V  is  the  volume  of  the  element, 

(  . 


dN,. 
_  dr 


0 

dN,  dN, 
,  dz  dr 
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where  E  and  v  are  Young’s  modulus  and  Poisson’s  ratio  respectively. 
The  static  equilibrium  equation  for  regular  region  is 


K 


00  J 


(7) 

*oJ  L*oJ 

where  d  and  f  are  displacements  and  force  vector  respectively.  The  subscript  r 
and  0  represent  the  values  in  the  regular  region  and  on  the  boundary 
respectively.  Similarly  the  static  equilibrium  equation  of  the  layer  n  is 

t  1 


1 

n  - 

1 - 

i=! 

[Ki’, 

1 _ 

k.,j 

1 

(8) 
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The  global  static  stiffness  equation  of  the  problem  is 
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fo 
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(9) 


Applying  the  transformation  {d/}=[T,]{c},  where  [T/]  is  evaluated  from 
William’s  function  and  {c}  is  the  vector  of  generalized  coordinates  to  be 
determined,  one  has 

M  If, 


K 


rO 


Or 


K„„+KJ, 

K., 


K, 

K. 


where  [K,J^=[K„]=[K2,][To]  and 

K„  =T,^K^,T,  +|;(T;Kf,T,  +T;Kf,T,  +T;k5,T*  +t;kU) 


(10) 


(11) 


*=2 


Each  entry  of  the  last  matrix  is  a  function  of  the  scaling  factor  The 
unknowns  now  are  df  and  c  instead  of  d; ,  z=l  to  oo.  An  additional  advantage 
is  that  the  SIFs  are  included  in  c  and  no  post-processing  is  required. 
Essentially,  the  original  infinite  matrices  are  compressed  to  a  finite  one  by 
fractal  transformation.  The  partially  overlapped  infinite  layers  have  been 
replaced  by  completely  overlapped  finite  layers. 
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In  a  fractal  finite  element,  the  nodal  displacement  w  is  transformed  to 
generalized  co-ordinates 

c  =  (12) 

that  is  w=Tc,  where  T  is  the  transformation  matrix.  The  static  equilibrium 

equation  can  be  transformed  to 

T'^KTc^T^f.  (13) 

After  the  transformation,  the  order  of  c  becomes  much  smaller  than  the 
original  w.  Consequently,  solving  Equation  (10)  is  much  more  efficient  than 
solving  Equation  (9). 

To  perform  a  dynamic  analysis  of  a  bounded  medium  in  the  time  domain, 
the  mass  matrix  M  is  required  in  addition  to  the  static  stiffiiess  matrix  K.  The 
analytical  expression  for  the  mass  matrix  is 

M=  (14) 

The  mass  matrix  is  transformed  using  a  procedure  which  is  similar  to  that  used 
for  the  stiffness  matrix. 


3.  The  Precise  Time  Step  Integration  Method 

It  is  common  practise  when  analysing  an  engineering  structure  under  shock, 
gust  or  similar  loading  to  perform  a  transient  analysis  to  check  its  time  history 
behaviour.  The  usual  dynamic  equation  is 

M^  +  G|^  +  Kx  =  r(0,  (15) 

at 

with  the  initial  condition  being  the  given  vectors  x(0)  and  x(0) ,  where  M,  K 
and  G  are  mass,  stiffiiess  and  damping  matrices  respectively,  x  is  the 
displacement  vector  to  be  solved  for,  r(0  is  the  given  external  force  vector  and 
the  dot  means  differentiation  with  respect  to  time,  t.  For  time-invariant 
systems,  that  is  ones  for  which  M,  K  and  G  are  independent  of  t,  the  precise 
time  integration  method  gives  highly  precise  results,  even  when  G  is  a  general 
damping  matrix.  The  scheme  does  not  give  an  analytical  expression  but  its 
numerical  results  are  highly  precise.  Numerical  error  is  solely  due  to  computer 
round-off  error. 


We  define  D  =  M-*,  p  =  Mx  +  — ,  A  =  - 


MG 


B  =  -  K- 


GM  'G 


and  C  =  ■ 


GM  ' 


.  Then,  Equation  (15)  can  be  rewritten  as 


V  =  H  V  +  Tj  , 


where  v  = 


and  Tj  = 
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Equation  (15)  is  inhomogeneous.  From  the  theory  of  ordinary  differential 
equations,  the  general  solution  of  its  homogeneous  equation  should  be  found 
first.  The  general  solution  can  be  given  as 

V  =  exp(Hx/)xVo,  (17) 

where  Vq  =  v(0)  is  the  initial  conditions.  Now  let  the  time  step  be  t.  Then 
v(r)  =  S  X  Vq  ,  where  S  =  exp(H  x  r) .  After  finding  the  matrix  S  precisely,  the 
time  step  integration  is  Vjt=Sxv*_, ,  A:  =  1,2,....  A  precise  computation 
algorithm  for  an  exponential  matrix  is  given  in  [8].  It  uses  the  theorem  of 
exponential  function 

exp(H  X  r)  =  r  expf  5-^1  ,  (18) 


where  w  is  an  arbitrary  integer.  If  m==2^  is  selected,  At^rfm  will  be  an 
extremely  small  time  interval  for  N>20.  Therefore  the  following  truncated 
Taylor  series  expansion  can  be  used 

rtl  T  u  A*  (HxA/)^  (HxA/)^ 

^  2  3! 

.  (HxAO^ 


=  I  +  S. 


where  =  H  x  A/  +  (H  x  AO^  x 
factorized  as 


I-f(HxAO/3  +  (HxAOVl2 


Also  S  can  be 


Ss(l  +  S„f 

=  (I  +  Sj"-"(I  +  S„r"  (20) 

=(i+s„+s„+s„xs„r'" 

and  the  factorization  can  be  repeated  recursively. 

It  is  assumed  that  the  inhomogeneous  term  is  linear  within  time  step 
(4  >  4+1 )  ♦  Then,  Equation  (15)  can  be  written  as 

v  =  Hv  +  ro+r,x(r-rO,  (21) 

where  and  r,  are  given  vectors.  Let  be  the  solution  of  the 

homogeneous  equation 

Y  =  HY,Y(0)  =  I.  (22) 

The  solution  of  equation  (21)  can  be  derived  as 
V  =  Y(/-4)x  (v*  +H-'(r„  +H-'r,)}-H‘'(r„  +  H-'r,)-(H-'r, )x ((-/,).  (23) 
Now  substituting  ^  ~  4+1 

Y(r».,-/J=Y(r)=S,  (24) 

then  the  one  step  integration  equation  is 
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Vt„=Sx[v*  +  H-’(r„+H-'r,)]-H-'(ro  +  H-'r,+r.xT)  (25) 

4.  Description  of  the  Problem 

In  this  paper,  a  4  cm  long  hollow  cylinder,  which  represents  a  0.22  gun 
barrel,  is  considered.  The  configuration  of  the  barrel  is  shown  in  Figure  2.  It  is 
assumed  that  a  crack  emerges  at  the  middle  of  the  barrel.  The  crack  is  a  cm 
deep  and  the  thickness  of  the  barrel  is  h  =  0.355  cm.  We  define  a 
dimensionless  parameter  a  as  the  ratio  of  the  crack  depth  to  the  thickness  of 
the  barrel  and  as  the  ratio  of  external  to  internal  radius.  It  is  assumed  that 
uniform  tensile  (mode  I)  time  dependant  loading  is  applied  at  both  ends  of  the 
barrel.  The  time  history  of  the  loading  is  shown  in  Figure  3.  It  is  also  assumed 
that  the  loading  increases  linearly  with  time  for  the  first  IxlO'^s  and  then 
remains  constant.  The  Poisson’s  ratio  and  Young’s  modulus  of  iron  is  0.25 
and  2. 1 X 1 0^  ’Pa  respectively. 


Figure  2:  The  problem  layout 

For  the  static  case,  Nied  and  Erdogan  [9]  presented  numerical  values  of 
mode  I  SIF  and  displacements  at  the  crack  mouth  for  various  geometric 
dimensions  in  an  infinitely  long  cylinder.  In  their  work  the  dimensionless  SIF 
for  J3  =  QA  and  «=0.2,  0.4,  0.6  and  0.8  are  1.003,  1.001,  1.099  and  1.411 
respectively.  In  our  study  here  p  equal  to  0.44  and  the  dimensionless  SIF  for 
a  =0.2,  0.4,  0.6  and  0.8  are  0.979,  1.000,  1.099  and  1.423  respectively,  which 
show  very  close  agreement  with  Nied  and  Erdogan  results. 

Figures  4  and  5  show  the  mesh  configurations  for  a=  0.8  used  in  the  present 
analysis.  In  previous  work  [10],  a  study  was  carried  at  on  determining  the 
optimum  value  of  the  similarity  ratio  (j)  and  number  of  layers  n.  That  study 
showed  that  a  similarity  ratio  in  the  range  0.5  <  ^  <  0.9  with  corresponding 
number  of  layers  in  the  range  20  <  «  <100.  Figure  4  shows  the  fractal  finite 
element  mesh,  where  the  number  of  layers  n  and  similarity  ratio  are  20  and  0.6 
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respectively.  These  values  give  accurate  results  without  too  much 
computational  efforts.  Figure  5  shows  the  far  field  finite  element  mesh.  There 
are  772  elements  and  1625  nodes  before  the  transformation.  But  after  the 
transformation  the  number  of  nodes  reduces  to  354.  Therefore  it  is  more 
efficient  to  solve. 


5.  Discussion  of  Numerical  Results 

Figure  6  depicts  the  variation  of  the  dimensionless  SIF  with  time  for  the 
loading  conditions  shown  in  Figure  3,  and  for  values  of  the  crack  depth-to- 
thickness  ratio  a  =  0.2,  0.4,  0.6  and  0.8,  and  for  zero  damping.  It  is  seen  that 
there  are  harmonic  oscillations  in  the  SIF  profile.  These  oscillations  are  most 
likely  due  to  multiple  reflection  from  the  crack  and  the  ends  of  the  cylinder. 
The  figure  also  shows  that  the  amplitude  of  the  sinusoidal  waves  initially 
decreases  as  a  increases  from  0.2  to  0.6.  Thereafter  the  amplitude  of  the 
waves  increase  as  a  increases  from  0.6  to  0.8.  Furthermore,  it  is  seen  that  the 
final  mean  values  of  the  dynamic  SIF  are  approximately  the  same  as  the  static 
SIF.  These  SIF  values  increase  very  slightly  as  a  increases  from  0.2  to  0.6. 
But  as  a  increases  further  to  0.8,  the  SIF  values  increase  rapidly. 

In  order  to  model  damping  effects  on  the  solution,  we  use  the  so  called 
Rayleigh  damping,  that  is  G  =  +  pK ,  where  0  and  p  are  two  parameters. 
In  this  study  we  simplify  the  damping  further  by  assuming  that  0-  p .  i.e., 
G  =  ^(M  +  K) .  Figures  7,  8  and  9  show  SIF  time  history  for  6  =1x10*’,  1x10' 
^  and  1x10'^  respectively. 

With  6  =1x10  ^  Figure  7  shows  waves  in  the  SIF  profiles  in  the  transit  step 
stage  and  then  harmonic  oscillations  in  the  constant  stage.  However  the 
amplitude  of  these  oscillatory  waves  decrease  with  time  gradually  due  to  the 
effect  of  the  damping.  As  0  is  increased  to  1x10'^,  Figure  8  shows  few 
oscillations  at  the  beginning  of  each  stage.  The  dynamic  SIFs  approach  their 
static  values  at  around  0.15  ms.  Figure  9  shows  SIF  profiles  when  ^=1x10^ 
It  is  seen  that  there  are  no  oscillations  in  the  SIF  profiles.  However  the 
dynamic  SIF  values  do  not  approach  their  static  values.  This  is  likely  due  to 
the  damping  coefficient  being  in  excess  of  the  critical  damping  value. 

6.  Concluding  Remarks 

In  dynamic  fracture  mechanics,  a  subfield  of  fracture  mechanics  concerned 
with  dynamic  fracture  phenomena,  the  role  of  material  inertia  is  very 
significant.  Inertial  effects  can  arise  either  from  rapidly  applied  loading  on  a 
cracked  solid  or  from  rapid  crack  propagation.  Progress  towards  a  thorough 
understanding  of  dynamic  fracture  phenomena  has  been  impeded  by  several 
complicated  factors.  The  inherent  time  dependence  of  a  dynamic  fracture 
process  results  in  mathematical  models  that  are  more  complex  than  the 
equivalent  equilibrium  models  for  the  same  configuration  and  material  class. 
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There  has  been  considerable  amount  of  research  directed  towards  the 
solution  of  problems  in  an  effort  to  improve  an  understanding  of  the  behaviour 
of  material  failure  under  dynamic  loading.  One  of  the  main  difficulties  is  the 
stress  singularity  around  a  crack  tip.  Usually  numerous  degrees  of  freedom  or 
special  singular  elements  have  been  used  in  order  to  accurately  represent  the 
stress  field  singularities.  Another  difficulty  is  the  selection  of  a  well-behaved 
time  integration  method,  since  there  are  so  many  different  integration  schemes 
in  the  literature. 

In  this  paper,  we  extend  our  previous  studies  on  the  computation  of  SIF 
values  for  cracked  solids  subjected  to  static  loading  to  include  dynamic  effects 
on  the  stress  intensity  factor.  The  calculations  of  dynamic  mode  I  stress 
intensity  factors  for  complete  circumferential  cracks  on  the  inner  surface  of  a 
hollow  cylinder  subjected  to  time  dependent  axisymmetric  loading  has  been 
presented.  The  numerical  result  show  that  the  fractal  finite  element  method 
together  with  the  precise  time  step  integration  method  provides  very  accurate 
computation  of  dynamic  SIF  values. 
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ABSTRACT 

Given  a  second-order  system  having  N  degrees  of  freedom,  it  is  standard  practice  in 
virtually  all  identification  procedures  either  to  assume  that  it  is  a  classically-damped 
system  whose  modes  are  real  or  to  convert  that  system  into  a  first  order  system  having  2N 
degrees  of  freedom.  Neither  one  of  these  is  completely  satisfactory.  Assuming  classical 
dancing  places  an  artificial  constraint  on  the  information  which  can  be  extracted  and 
places  a  Ihnit  on  how  accurately  that  information  can  be  obtained.  Conversion  into  a  first- 
order  system  produces  a  problem  which  has  fewer  constraints  than  it  truly  ought  have 
(the  natural  liiik  between  displacement  and  velocity  is  weakened). 

This  paper  examines  the  use  the  Clifford  Algebra  Ch  for  the  determination  of  system 
matrices  from  time-domain  signals.  In  many  of  the  established  methods  for  determining 
state-space  forms  from  time-domain  signals,  a  block-Hankel  matrix  is  formed.  The 
decon^sition  of  this  block-Hankel  matrix  using  Singular-Value  Decomposition 
provides  an  indication  of  model  order  and  state-space  matrices  can  then  be  found.  This 
paper  outlines  how  at  least  one  such  method  extends  to  the  use  of  Clifford  Numbers. 


INTRODUCTION 

Our  interest  in  the  use  of  Clifford  Algebra  began  with  a  relatively  mundane  quest  to 
improve  the  computational  efficiency  of  algorithms  for  computing  the  characteristic  roots 
of  non-classically  damped  systems.  The  particular  motivation  for  proceeding  was 
founded  on  the  faith  that  as  the  major  “direct”  methods  achieve  no  conputational 
advantage  when  the  system  being  analysed  is  self-adjoint,  there  should  be  some  other 
“direct”  methods,  by  which  this  symmetry  can  be  utilised.  We  use  the  term  “direct”  in 
this  context  to  describe  a  method  in  which  there  is  no  iteration  except  in  the  solution  of 
the  eigenvalue  problem.  We  have  found  such  a  method  and  we  outline  its  essentials  in 
summary  here.  Consider  the  following  representation  of  a  standard  second-order  system. 

Kq  +  Dq  +  Mq  =  Q  (1) 
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In  (1),  q  and  Q  are  the  vectors  of  displacement  and  force  coordinates  respectively  and 
K,D  and  M  are  the  system  matrices.  This  system  has  solution  pairs  {Si,  <hc}  satisfying  : 

fK  +  ^jD  +  i/M)c|),  =0  (2) 

In  order  to  determine  the  complete  set  of  characteristic  solutions,  we  normally  set  up  and 
solve  a  QN  x  IN)  generalised  eigenvalue  problem.  The  matrices  comprising  this  problem 
may  take  different  forms  but  we  favour  the  following  as  a  starting  point : 

X  F,rro  kTe^ 

G,  hJ  [k  dJ[G;,  hJ  [o  sJ 

X  f.TTk  oTe*  f„i  X.*,)  1 

X  hJ  L«  -mJx  hJ  [  0 

When  system  matrices  {K,  D,  M}  are  symmetrical,  the  left  and  right  characteristic 
vectors  are  identical  and  E£=  E^,  Fi,=  Fj?,  Gl=  G/j,  H£=  In  general,  E^,  Fx,  Gx,  Hx, 
Ej?,  Fjj,  G/{,  Hi{,  Si,  S2  are  complex.  We  have  shown  [1],  that  through  some  relatively 
simple  transformations,  (3)  can  be  written  in  the  following  equivalent  form 


W/  y/To  kTw,  0  n  ■ 

_x/  z/JLk  dIy^  zJ  [q.  2cn_ 

w/  -Y/lfK  OirWj  Xsl 

-X/  z/JLo  mJ[y„  zJ  [  0 


In  this,  Wz,,  Xx,  Yx,  Zt,  Wzj,  Xr,  Yr,  Zr,  fl,  ^  are  all  real  and  ft,  C  are  both  diagonal.  In 
the  case  of  passive  structural  naodels,  K=K^,  D=D^  and  and  we  have 


W,  =  w^  =  w,  x,=x,=x 

Y,  =  Y„=  Y,  Z^=Z^=Z 


For  such  self-adjoint  systems  we  can  immediately  see  that  the  equations  in  (4)  are 
perfectly  symmetrical  simply  by  transposing  them.  The  nomenclature  of  real  diagonal  ft 
and  C  is  deliberately  chosen  to  invoke  a  connection  with  the  quantities  ©n  and  ^  used  to 
describe  any  general  single-degree-of-freedom  second  order  system.  The  transformations 
presented  in  (4)  have  the  effert  of  decoupling  the  initial  second  order  system  into  a  set  of 
N  single-degree-of-freedom  second  order  systems. 

Clearly,  (4)  does  not  represent  a  generalised  eigenvalue  problem  in  the  usual  sense. 
However,  if  we  represent  each  of  the  (IN  x  IN)  matrices  of  real  numbers  in  (4)  in 
alternative  form  as  an  (iVx  iV)  matrix  of  Clifford  numbers  from  the  algebra  C/2,  it  is  found 
that  (4)  can  be  written  in  this  elegant  form. 
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U/*AU^=A 


U,"BU,=I 


(6) 


The  significance  of  each  of  the  matrices  in  (6)  can  be  appreciated  from  the  isomorphism 
between  the  Clifford  numbers  of  CI2  and  the  class  of  2x2  matrices  (see  [2],  [3]).  The  */ 
and  *k  operator  notations  denote  two  different  conjugate  transposes.  The  effect  of  the  *k 
operator  at  the  (2A/^  x  2N)  level  is  a  simple  transpose.  The  effect  of  the  *i  operator  at  this 
level  is  a  transpose  followed  by  a  negation  of  the  two  off-diagonal  {NxN)  blocks. 

We  have  found  ways  of  using  similarity  transformations  which  point  towards  efficient 
solution  of  (6)  in  the  domain  of  Clifford  Numbers.  Simplistically,  the  principal  advantage 
of  this  computational  approach  derives  from  the  fact  that  we  can  preserve  symmetry  in 
the  analysis  of  self-adjoint  systems  whilst  still  avoiding  the  use  of  Conq)lex  numbers. 
With  symmetry  comes  in^oved  computational  efficiency  and  accuracy.  This  paper 
extends  the  use  of  the  Clifford  Algebraic  approach  into  the  identification  of  self-adjoint 
second-order  systems. 


SELF-ADJOINT  AND  2*®  ORDER  SYSTEMS  IN  STATE  SPACE 

Consider  a  first-order  system  in  which  the  equations  of  motion  do  not  involve  any  mass. 

Kq  +  Dq  =  Q  (7) 

There  is  a  limited  number  of  terminals  at  which  forces  may  be  applied  and  displacements 
measured.  A  selection  matrix,  S,  indicates  the  terminals.  The  vectors  of  forces  and 
displacements  at  the  terminals  are  r  and  R  respectively. 

r  =  S^q,  Q  =  SR  (8) 

If  this  is  set  in  state-space  form  with  q  as  the  state  vector  we  obtain : 

4  =  Aq  +  BR  I  ^  A  =  -D‘'K,  B  =  D'S,  C  =  S’’  (9) 

r  =  Cq  J 


If  we  began  with  a  self-adjoint  system  (K=K^  and  D=D^),  then  we  must  find  that  the  state 
space  system  is  also  self-adjoint  (exhibits  reciprocity)  and  this  is  manifest  as 

(CA^B)=(cA^B)r  for  every  integer  L  (10) 

If  we  intended  to  perform  extensive  response  computations  for  a  known  first-order 
system,  we  would  invariably  solve  the  generalised  eigenvalue  problem  for  (KJ))  in  order 
to  find  a  coordinate  transformation  such  that  the  new  A  matrix  was  diagonal. 
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U^KU  =  A 


U^DU  =  I  q  =  Ux 


(11) 


Then  a  different  state-space  form  is  achievable 


x  =  Ax  +  BR 
r  =  Cx 


with  A  =  -A,  B  =  U’"  S,  C  =  S^U 


(12) 


The  symmetry  of  this  first-order  system  is  then  completely  clear  since  the  output  matrix, 
C,  is  the  transpose  of  the  input  matrix,  B,  and  the  A  matrix  is  diagonal  Moreover,  if  we 
are  set  the  task  of  identifying  the  dynamic  system  given  known  terminal  forces,  R(0,  and 
displacements,  r(f),  then  it  is  attractive  to  identify  it  directly  in  this  form. 

We  now  present  a  similar  form  for  self-adjoint  second-order  systems  which  both  makes 
the  symmetry  perfectly  clear  and  forms  a  natural  structure  in  which  to  identify  the 
con:q>lete  system.  The  second  order  system  of  interest  is  represented  by  (1)  and  the  same 
selection  matrix  S  applies  to  this  system  relating  the  terminal  forces  and  displacements  to 
the  complete  vector  of  forces  and  displacements  according  to  (8). 

To  parallel  the  development  above  for  1“^  order  systems,  we  write  the  “state-space” 
equation  for  the  second  order  system  using  a  double-differentiation  thus  : 


q" 

-m’k 

-M'D 

q 

A 

M'DM'K 

m'^m'd-k) 

A. 

0 

-M-' 


r 

r 


V  oTq' 

0 


M  ’  Ts  oTr 

M-'DM“'lo  S_[r 


(13) 


Using  (4)  in  mucli  the  same  way  as  (1 1 )  was  used  above,  we  can  find  (see  [4]), 


X 

y. 

r’ 

r 


0  -O 

-a  2cn 


•JVL 


0  n  X 

+ 

€1  2^0  y 


s’'w  s^'x 

S’'Y  S^'Z 


X 

y. 


W^S  Y^SirRl"! 

x^s  z^sJ[rJJ 


(14) 


In  (14),  X  and  y  together  comprise  the  state  vector.  Re-using  the  symbols  A,  B  and  C  now 
to  represent  the  matrix  quantities  in  (14)  we  have 


A  = 

B  = 


■  0  -a 

-n  icp. 


0  Cl 
n  2CJD, 


0  -n" 

■'W''S 

v’'s' 

C  — 

Vw 

s’'x' 

Q  2^ 

x''s 

z''s 

>  ^  — 

S'^Y 

s’'z 

(15) 
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The  symmetry  is  not  yet  as  obvious  as  it  was  in  (12)  for  the  first-order  system.  To  see  it, 
represent  A,  B  and  C  using  matrices  A,  B  and  C  of  Clifford  Numbers  (from  C/2)  whose 
dimensions  are  half  of  those  of  A,  B  and  C  respectively.  We  then  see  that 

A=Q*’n  with Q  diagonal,  n  = 

T  r- 

and  A  =A,  B  =  0  C 

Observing  certain  properties  of  the  conjugate  operators,  we  can  combine  (15)  and  (16)  to 
find  the  following  second  order  equivalent  of  (10) 

(cA^B)=(cA^B)f^  for  every  integer  L  (17) 

Equation  (17)  effectively  reproduces  a  result  about  reciprocity  of  the  system  which  could 
have  been  generated  directly  from  (1)  using  arguments  based  on  the  symmetry  of  the 
dynamic  stiffiiess  matrix.  However,  the  material  above  (in  particular  (16)  and  (17)) 
indicates  an  appropriate  decomposition  for  certain  matrices  which  occurring  in  the 
identification  of  second  order  systems. 


IDENTIFYING  MODELS  FROM  TIME-DOMAIN  DATA 

There  are  numerous  established  methods  for  performing  this  task  -  for  example  [5-9].  In 
almost  all  cases,  a  block-Hankel  matrix  is  established  and  it  is  factorised  into  smaller  lull- 
rank  terms  through  singular  value  deconqwsition.  In  this  paper,  we  are  interested  in  the 
decomposition  of  the  particular  block-Hahkel  matrix,  H,  which  relates  2L  derivatives  of  r 
to  2L  derivatives  of  R  For  brevity,  we  present  this  for  the  specific  case  L=3>  but  the 
extension  to  different  values  of  L  is  obvious. 


rW- 

h,  h, 

ha  h. 

ha  K' 

1 

K  ha 

h,  h. 

K  h. 

r(4) 

r(') 

•*3  l«4 

h,  h. 

h,  h, 

r(3) 

rW 

h,  h, 

h.  h. 

h.  h. 

r(3) 

r(w) 

h,  K 

h,  h. 

K  *»io 

r(1> 

r(») 

K  ^7 

h.  h, 

1^10  hn. 

_r(.) 

(18) 


In  this  equation,  represents  the  6®*  derivative  of  displacement  vector  r  with  respect  to 
time.  We  outline  in  the  appendix  one  method  whereby  this  matrix  can  be  obtained  from 
sampled-data  but  there  are  several  possible  routes  to  this  and  our  enq>hasis  is  on  the 
deconqjosition  of  Ho.  The  partitioning  lines  in  (18)  are  introduced  to  emphasise  the  feet 
that  the  proposed  decon^oshion  will  treat  the  large  (6M  x  6M)  matrix,  Ho,  of  (18)  as  a 
{3M  X  3Af)  matrix,  Hoi,  of  Clifford  numbers  from  CI2  (still  assuming  that  Z,=3).  Each 
Clifford  Number  will  simultaneously  represent  four  entries  (zj),  QM+J),  (M+iJ), 
(M+iMtf)  within  one  of  the  partition^  blocks. 
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In  almost  perfect  parallel  with  established  state-space  identification  methods,  we  can 
observe  that  Ho  has  the  structure : 


5^  =  0  0“  o’*  where 

=  ^n'’)c’*  (nn'I'c’*] 


(19) 


Using  1^,  etc.  to  denote  the  Ch  representations  of  the  (IM  x  2M)  blocks  containing 

{hi,  h2,  hs},  (hs,  h4,  hs},  (h5,  h^,  h?}  etc.  respectively,  it  is  relatively  straightforward  to 
verify  that  (19)  reproduces 

h,  =cnc’‘,  ^=c^’'nQ‘')c’‘,  ^=c^‘'nn"nQ’')c'*  (20) 


Factorising  Hp  into  symmetrical  factors  using  an  eigenvalue-eigenvector  decomposition 
(equivalent  to  singular  value  decomposition  since  Hp  is  symmetric)  begins  the 
decomposition  of  (19)  but  this  alone  is  not  sufficient  to  distinguish  the  scaling  of  O  from 
the  scaling  of  O.  After  this  factorisation  we  have 

H.=(OQ)(Q“n’'Q)(g’‘o’*)  withQ**Q=I=QQ**  (21) 

in  which  each  one  of  the  bracketed  terms  in  known  but  Q  is  unknown.  A  suitable  method 
for  eliminating  this  unknown  £2  involves  setting  up  another  block-Hankel  matrix,  H;. 
beginning  with  ha  rather  than  hi.  We  know  that  this  matrix  must  decompose  according  to 

i^  =  (oQ)^’*n’'no‘'Q)(Q“Q’‘)  (22) 

Then,  knowing  both  (q’*  O’^q)  and  (q’*  n‘'n£l''Q),  we  can  easily  isolate  Q. 


The  central  proposition  of  this  paper  is  that 

•  matrix  H^  is  derived  from  measured  data  and  should  have  dimensions  to  ensure  that 
any  further  increase  in  dimension  would  lead  to  no  increase  in  rank 

•  Ho  is  decomposed  according  to  (21 )  by  solving  a  symmetric  eigenvalue  problem  in 
Clifford  Numbers  (in  fact,  this  problem  can  be  solved  in  real  numbers  and  then 
transformed).  The  bracketed  terms  in  (21)  are  known  but  Q  is  unknown 

•  a  second  block-Hankel  matrix,  H/  be  compiled  from  almost  the  same  original  data 
(we  discard  h/  and  h^  and  we  introduce  It/i  and  1l//.+i)  and  by  combining  the 
previously  obtained  factors  of  Ho  with  this,  the  identification  can  be  completed. 
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EXAMPLE 


In  this  example,  we  create  Ho  directly  from  the  system  matrices  and  then  decompose  it 
again  -  leaving  out  the  very  large  step  of  transforming  it  into  sampled  time-domain  data 
and  processing  this  to  obtain  Ho.  Rather  than  specify  frilly-populat^  system  matrices  and 
then  generate  a  selection  matrix  S  comprising  only  I’s  and  O’s,  we  achieve  the  same 
generality  by  providing  system  matrices  in  con:5)act  form  and  fully-populated  S. 


K  =  diag({  0.7 
M  =  diag(ll.O 
Jl.O  0.0 
0.2  0.4 


1.0  4.0  9.0]) 
1.0  1.0  1.0  ]) 
-0.5  0.2" 
-0.2  1.0 


■  9 

-5 

4 

2 

1 

-5 

8 

-8 

-2 

5 

4 

-8 

10 

2 

2 

-2 

2 

6 

The  system  {M,  D,  K}  has  two  real  roots  and  six  con:5)lex  roots.  We  can  report  these 
roots  very  conqjactly  in  pairs  in  Chfford  form  (c.f.  eq.  (4))  as  : 


Pair#l 

Pair  #2 

Pair  #3 

Pair  #4 

0.996910 

1.599478 

2.968223 

1.060643 

0.892835 

0.645556 

1.090126 

3.971482 

Table  1.  The  characteristic  roots  of  the  example  system  quoted  in  Clifford  form» 


We  create  H^  directly  with  L=A  using  (13)  and  when  we  deconqmse  it  using  an 
eigenvalue-eigenvector  decomposition,  there  are  eight  non-zero  eigenvalues  and  eight 
zero  eigenvalues.  The  non-zero  eigenvalues  are: 


Index 

Eigenvalue 

1 

1.594532E6 

2 

-1.865365E5 

3 

825.31521 

4 

-369.74480 

5 

-3.3634063 

6 

3.0802217 

7 

1.6935677 

8 

-1.1216953 

Table  2.  The  eight  non-zero  eigenvalues  of  block-Hankel  matrix  Hn. 


The  Q  matrix  found  is  quoted  below  (as  an  (8x8)  matrix  of  reals  rather  than  as  a  (4x4) 
matrix  of  Ch  numbers)  so  that  the  reader  may  verify  that  the  deconq)osition  of  (21)  is 
genuinely  present. 
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2.6706637E-7 

-8.5102806E-7 

-2.1793478E-6 

3.5413063E-3 

-1.6451464E-6 

8.5036854E-6 

2.0190596E-5 

-9.0754426E-2 

6.9526035E-5 

8.2083564E-4 

-1.5038911E-3 

5.4845103E-4 

-3.4079385E-4 

9.0501618E-5 

-5.5262937E~6 

-3.6418997E-4 

-1.4377507E-7 

1.4600324E-7 

3.0822257E-6 

-1.1761670E-2 

-5.2901497E-6 

7.0910964E-6 

-9.2217792E-6 

9.6747687E-2 

-1.8487094E-4 

-2.0470132E-3 

-3.2037966E-3 

1.2119063E-3 

1.1774319E-3 

-3.1268006E-4 

1.9093465E-5 

8.3512013E-4 

Table  3.  Columns  1-4  of  the  matrix  O  (of  22), 


-2.3744078E-2 

4.6930695E-1 

5.3557326E-1 

-3.5748764E-1 

1.3610172E-1 

4.3493127E-2 

1.7102556E-1 

-3.0369552E-2 

1.4174212E-3 

3.9874863E-4 

7.5470619E-4 

-2.5903587E-4 

2.9735962E-4 

-6.0976298E-2 

1.5549770E-2 

1.3762340E+0 

-4.5314227E-3 

-6.2787429E-1 

2.5438795E-1 

3.7041249E-1 

9.3499225E-2 

-8.1329521E-2 

4.7792015E-2 

4.7678405E-2 

-1.4015367E-3 

6.8620482E-4 

-7.9961759E-4 

-5.2663892E-4 

-2.3120215E-3 

1.7005093E-2 

“6.4478923E-3 

-3.9792984E-1 

Table  4,  Columns  5-8  of  the  matrix  O  (of  22). 


CONCLUSIONS 

It  is  established  that  Geometric  (Clifford)  Algebra  has  much  to  offer  as  a  natural 
language  in  which  to  express  and  analyse  the  dynamics  of  generally-danq)ed  self-adjoint 
second  order  systems.  Tliis  paper  examines  the  implications  of  using  Geometric  Algebra 
in  the  context  of  identifying  second  order  systems.  The  time-domain  behaviour  of  a 
general  second  order  system  is  set  out  in  a  format  similar  to  the  normal  state-space 
format.  The  distinction  is  that  where  the  normal  state-space  equation  would  express  the 
first  derivative  of  the  state  vector  in  terms  of  the  inputs  and  current  state  vector,  we 
ejqjress  the  second  derivative  of  state.  From  this  point  on,  we  have  paralleled 
developments  in  conventional  state-space  methods  for  identification.  We  have  exposed  a 
coordii^te  transformation  such  that  the  so-called  “state-matrix”  is  diagonal.  We  have 
then  progressed  from  this  point  to  show  that  the  block-Hankel  matrix  which  relates  high 
derivatives  of  displacement  to  low  derivatives  of  forcing  (c.f.  (1 8))  can  be  decomposed  in 
a  particular  fashion  to  yield  the  complete  system  identification. 

We  have  not,  in  the  body  of  the  paper,  even  begun  to  address  how  the  block-Hankel 
matrix  of  interest  can  be  obtained  from  measured  data.  A  possible  route  is  described  in 
the  Appendices  for  completeness.  Accepting  that  there  are  practical  methods  for 
obtaining  this  matrix,  the  following  major  outcome  is  then  available. 

I/we  can  decompose  this  block-Hankel  matrix  using  Clifford  Algebra  according  to  (21), 
we  have  directly  identified  a  realisable  second  order  system. 
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This  is  in  stark  contrast  with  other  available  methods  for  identifying  second  order 
systems.  They  identify  state-space  representations  of  the  second  order  system  which  may 
not  correspond  to  realisable  second  order  systems  and  they  must  subsequently  perform 
some  non-trivial  computations  to  force  the  system  into  second-order  realisability.  After 
this,  they  must  extract  the  second  order  system  from  the  state-space  representation. 
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APPENDIX  1.  Processing  Measurements  to  Obtain  the  Block-Hankcl  Matrix. 

Begin  by  considering  a  general  discrete-time  system  represented  as 

=  (Ai) 

y*  =c.*t+D.u* 

Vector  ut  contains  a  set  of  inputs  to  the  dynamic  model  at  the  l?‘  time  instant  and  it  may 
be  measured  in  some  cases.  Vector  x*  is  the  state  vector  at  instant  k.  Vector  y*  contains  a 
set  of  outputs  from  the  dynamic  model  and  this  is  measured  -  almost  by  definition.  Let 
Af,  N  and  O  represent  the  dimensions  of  input,  state  and  output  vectors.  Initially,  take  it 
that  N=\=M=0.  From  (Al) 


=cXi  +d  M, 

y.>i  =cjc,>, 


=ax,+bu, 

JC,.,  =  a-r,., 


Through  some  straightforward  substitutions,  we  can  eliminate  x,-,  x/+i,  xm,  *..3 
T,+i  -ay.  ={cb-ad)u,  +</u,., 

CA3) 

-  o  y,.2  =(cb-a  d)u^^  +  d 


Assuming  that  {ui  ...  H(+3)and  {y,  ...  y,+3}  are  available,  (A3)  comprises  three 
simultaneous  linear  equations  in  three  unknowns ...  {a,  (c.b-a.d),  d]  which  can  be  solved 
with  ease.  We  can  write  (A3)  in  matrix  form  thus  ; 


\[c.b-a.d)  a  d  -\\ 


Extending  (A4)  to  the  case  of  system  matrices  is  straightforward  provided  that  some 
matrix  G  exists  such  that 

GC  =  CA  (A5) 

In  this  case,  it  is  invariably  possible  to  find  the  following  equivalent  of  (A4) 


Uui 

yi 

X>2 

W,>2 

y^ 

>^1.3 
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(A6) 


[(cb-gd)  g  d 


^>1 

y,>i 

_yi^i 

y.>2 

y^.3 

From  this,  we  can  choose  an  appropriate  coordinate  set  to  separate  CB  into  the  factors  C 
and  B.  Then,  knowing  C,  the  corresponding  A  can  be  extracted  as 

A  =  eGC  (A7) 

A  suitable  G  satisfying  (A5)  can  be  found  if  and  only  if  the  row  space  of  C  spans  N- 
space.  In  most  cases,  C  is  not  square  and  it  has  substantially  fewer  rows  than  its  N 
columns  (i.e.  0<N).  The  state  vector  x*  is  not  then  observable  from  a  single  vector  of 
outputs,  yk.  In  such  cases,  we  can  consider  creating  an  augmented  vector  of  outputs,  Zk 
and  a  corresponding  augmented  vector  of  inputs  v*  defined  as 


y*+2 

(A8) 


Here,  Q,  is  chosen  as  the  minimum  integer  sufficient  to  form  v*  containing  N  independent 
inputs  capable  of  influencing  Xjt+i  and  R  as  the  minimum  integer  sufficient  to  form  Zk 
containing  N  independent  outputs  observing  x^+i.  Clearly,  we  can  assemble  a  set  of 
dynamic  equations  in  very  similar  form  to  (Al)  as 


x*+i=Ax,+B'v* 


+  Hv* 

..  with 

B  = 

[b  ab 

..  A«“'b] 

■  CA"B 

CA'B 

CA'B 

CA'B 

CA'B 

CA'B 

H  = 

CA'B 

CA'B 

CA^B 

CA*'  B 

CA*'*B 

CA**'B 

C 

CA 


CA""-' 

CA""-’ 


C  A^-'  B 
CA^^B 


0 


Ca«^^B 


(A9) 


Note,  that  by  beginning  the  definition  of  Zk  at  time-instant  (A:+l),  any  effects  of  direct 
feed-through  (matrix  D  in  (Al))  are  avoided. 
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APPENDIX  n  Ertcnsion  to  continuous  time. 


The  above  appendix  outlined  the  block-Hankel  matrix  H  could  be  obtained.  There  are 
two  ways  (at  least!)  in  which  such  methods  developed  for  discrete-time  systems  can  be 
applied  to  continuous-time  systems.  One  of  these  is  the  trivial  operation  of  approximating 
a  derivative  by  a  finite-difference  expression  involving  values  of  a  function  at  two 
consecutive  instants  in  time.  Provided  t^t  the  time-interval  between  these  instants  is  very 
small  conq)ared  with  all  of  the  time-constants  of  the  continuous  system,  the 
approximation  will  be  a  good  one  mathematically.  If  the  time-interval  is  too  small, 
problems  arise  associated  with  the  finite  precision  representation  of  numbers. 

An  ahemative  possibility  -  much  preferred  by  the  authors  -  is  that  derivatives  of  the 
input  and  output  vectors  function  are  deduced  from  a  sequence  of  values  of  the  function. 
For  any  general  function,  we  can  use  a  Taylor  (McLauren)  series  to  relate  the  values 
of  this  function  at  a  sequence  of  values  of  t  about  the  instant  to  the  derivatives  of  the 
function  at 


f(to+h,) 

Inverting  the  expansion  matrix  instantly  provides  expressions  for  the  derivatives  in  terms 
of  time-sampled  values.  Assuming  that  all  requisite  derivatives  are  available,  we  can 
parallel  the  method  in  Appendix  I  perfectly. 

To  set  this  in  context,  suppose  that  we  require  to  obtain  the  block-Hankel  matrix  of 
equation  (18)  in  the  main  body  of  the  text.  We  would  use  six  different  levels  of 
differentiation  of  the  displacement  (output)  vector  (i^^^  up  to  and  six  levels  of 
differentiation  of  the  force  (input)  vector  (R^®^  up  to  The  extraction  of  derivatives 
zero  through  five  of  R  for  any  given  reference  time  would  involve  at  least  six  values  of  R 
at  instants  around  the  reference  time.  The  conq)utation  of  the  derivatives  six  through 
eleven  of  r  would  take  place  in  two  stages.  Firstly,  we  would  compute  the  sixth 
derivative  of  r  at  each  one  of  the  reference  times  of  interest.  Then,  we  would  use  the 
same  differentiation  process  as  was  used  for  finding  derivatives  zero  through  five  of  R  on 
this  already-differentiated  data. 

The  maximum  number  of  levels  of  differentiation  required  is  determined  by  the  order  of 
the  system  which  we  require  the  process  to  be  capable  of  detecting  and  by  the  rank  of  the 
input  and  output  matrices.  Note  that  in  the  case  of  structural  identification,  the  rank  of  the 
input  and  output  matrices  is  necessarily  identical. 
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ABSTRACT 

The  aim  of  this  paper  is  to  compare  the  results  of  the  traditional  linear 
spectral  analysis  to  those  of  the  bispectral  analysis  in  the  case  of  experimental 
tests  carried  out  on  a  straight  beam  with  a  fatigue  crack.  The  tests  are 
performed  on  a  simply  supported  beam  attached  to  a  vibration  shaker  fed  with 
Gaussian  noise.  An  accelerometer  is  used  to  measure  the  acceleration  of  the 
free  end  of  the  beam.  The  excitation  and  the  system  response  are  used  to 
compute  a  number  of  quantities  for  the  system  in  the  two  operating  states: 
without  damage  and  with  the  presence  of  a  fatigue  crack.  In  particular,  the 
power  spectrum,  the  frequency  response  function,  the  second-order  coherence 
function  and  the  third-order  spectrum  are  estimated.  These  measures  are 
compared  and  the  results  are  discussed.  Fatigue  cracks  open  and  close 
depending  on  the  vibration  direction,  causing  the  time-variation  of  the  physical 
system  parameters.  Therefore,  the  cracked  beam  exhibits  non-linear  behaviour. 
Consequently,  the  traditional  linear  spectral  analysis  is  of  limited  value  in 
studying  the  beam  response  because  non-linearities  are  involved.  On  the 
contrary,  higher  order  spectra  are  of  great  importance  in  the  analysis  of  non¬ 
linear  vibrations  where  the  generation  and  interactions  of  non-linear  resonance 
modes  are  of  major  concern.  Since  the  system,  which  is  excited  by  random 
signal,  tends  to  distribute  the  energy  between  frequencies  in  a  way  that  reflects 
the  type  of  non-linearity  contained  in  the  system  itself,  particular  effort  is  spent 
in  order  to  relate  information  obtained  from  higher  order  spectra  to  the  signal 
frequency  content. 


INTRODUCTION 

The  development  of  techniques  based  on  vibration  measurements  for 
monitoring  the  integrity  of  structures  has  received  increasing  attention  in  recent 
years.  As  a  matter  of  fact,  these  techniques  offer  an  effective  and  fast  means  of 
detecting  structural  damages.  Therefore  they  play  an  important  role  in  ensuring 
the  integrity  of  machine  elements  and  structures. 

A  range  of  research  has  been  conducted  into  the  area  of  detecting  cracks 
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in  structures.  Some  researchers  assume  that  cracks  are  always  open  during  the 
vibration.  In  their  works,  the  cracks  are  detected  from  alterations  in  natural 
frequencies  and  modes  of  vibration,  as  well  as  amplitude  of  forced  vibrations 
[1-3].  However,  the  modal  parameters  may  change  due  to  not  only  structural 
damage,  but  also  other  factors,  such  as  temperature.  Besides,  many  studies 
have  illustrated  that  it  is  important  to  consider  the  crack  closure.  In  [4]  the 
author  pointed  out  that  the  change  in  natural  frequencies  due  to  a  real  fatigue 
crack  is  much  lower  than  the  drop  caused  by  a  narrow  notch.  Therefore,  it  is 
important  to  take  into  account  the  non-linear  nature  of  the  system.  The  beam, 
in  feet,  exhibits  a  non-linear  behaviour  because  of  the  time-variation  of  the 
physical  system  parameters  due  to  the  crack  opening  and  closing.  Several 
studies  were  conducted  into  the  field  of  non-linear  cracks  in  beams:  models  of 
beams  with  closing  cracks  were  developed  by  [5-9].  In  these  works  the  authors 
employed  the  linear  spectra  analysis,  such  as  the  power  spectrum  of  the  beam 
vibration  and/or  the  frequency  response  function,  in  order  to  detect  and  identify 
the  structural  damages. 

The  second-order  spectrum,  that  is  the  power  spectrum,  is  very 
satisfactory  in  many  studies  of  vibrations,  but  it  is  obviously  of  limited  value  in 
other  studies  of  vibrations  where  non-linearities  are  involved  [10,  11]. 
Nevertheless,  the  traditional  linear  spectral  analysis  can  be  employed  in 
studying  vibrations  of  non-linear  systems.  As  a  matter  of  fact,  the  second-order 
frequency  response  function  and  the  coherence  function  are  commonly  used  to 
detect  deviations  from  linearity  of  a  system  [6,  12].  However,  then- 
computation  require  two  measurement  sensors. 

On  the  other  hand,  there  is  another  area  of  signal  processing  that  is 
gaining  importance  in  studying  non-linear  systems  and  has  a  wide  variety  of 
practical  applications  (vibration  analysis,  underwater  acoustics,  speech 
processing,  chaos  and  condition  monitoring).  It  deals  with  Higher  Order 
Spectra  (HOS)  which  are  the  natural  extension  of  the  ordinaiy  linear  spectral 
analysis.  In  particular,  the  HOS  can  be  viewed  as  the  frequency  domain 
equivalent  of  higher  order  statistical  moments  [13-18].  Accordingly,  they  are 
used  to  explore  statistical  relationships  between  several  spectral  components. 
Therefore,  the  HOS  are  of  great  importance  in  the  analysis  of  non-linear 
vibrations  where  the  generation  and  interactions  of  non-linear  resonance  modes 
are  of  major  concern.  In  such  cases,  HOS  are  necessary  to  investigate  and 
characterise  the  non-linear  phenomena.  An  important  feature  of  HOS  is  that 
their  computation  can  be  performed  from  a  single  signal  measurement. 

The  aim  of  this  paper  is  to  compare  the  results  of  the  traditional  linear 
spectral  analysis  to  those  of  the  third-order  spectra  analysis  in  the  case  of 
experimental  tests  carried  out  on  a  straight  beam  in  two  operating  states: 
without  damage  and  with  the  presence  of  a  fatigue  crack.  The  system  is  a 
simply  supported  beam  attached  to  a  vibration  shaker  fed  with  Gaussian  noise. 
The  beam  response  is  measured  by  an  accelerometer  located  at  the  free  end  of 
the  beam.  The  excitation  and  the  system  response  are  used  to  compute  a 
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number  of  quantities.  In  particular,  the  power  spectrum  of  the  beam  response, 
the  frequency  response  function  and  the  second-order  coherence  ftmction 
between  the  input  and  the  output  of  the  system,  and  the  normalised  version  of 
the  third-order  spectrum  of  the  response  are  estimated.  These  measures  are 
compared  and  the  results  are  discussed.  The  system,  which  is  excited  by 
random  signal,  tends  to  distribute  the  energy  between  frequencies  in  a  way  that 
reflects  the  type  of  non-linearity.  Particular  effort  is  then  spent  in  order  to  relate 
information  obtained  from  third-order  spectra  to  the  signal  frequency  content 
and  to  the  system’s  physical  characteristics. 

DEFINITIONS 

With  reference  to  two  discrete  time  series  jc(«)  and  y{n)  representing 
stationary  random  processes,  the  power  spectrum  (i.e.  the  auto-spectrum),  5^, 
and  the  cross-spectrum,  Sxy,  can  be  described  by  the  signal’s  Discrete  Fourier 
Transform  (DFT)  as 

S^ik)  =  E[X\k)X{k)] ,  S^{k)  =  E[x\k)  Y(k)] .  (1) 

The  symbol  E[]  denotes  the  expectation  operator,  and  k  is  the  discrete 
frequency  variable  [13]. 

For  a  linear  time  invariant  system  the  function  that  relates  the  response  to 
a  given  excitation,  at  each  frequency,  is  the  system’s  Frequency  Response 
Function  (FRF).  If  X{k)  and  Y(k)  are  respectively  the  DFT  of  the  input  and 
output  of  the  system,  the  FRF  is  defined  as 

=  (2) 
'  ’  X(k)  ^  ’ 

Measured  FRF  are  the  basic  data  for  several  techniques  for  frequency 
domain  identification  of  the  dynamic  characteristics  of  structural  systems  [12, 
13,  19].  They  are  employed  to  such  technologies  as  experimental  modal 
analysis,  structural  systems  identification,  and  force  determination  to  name  a 
few.  The  measured  input  and  output  can  be  obviously  affected  by  noise  that 
depends  on  the  environment  in  which  the  dynamic  test  is  taking  place. 
Background  disturbances  such  as  ambient  vibrations  and  instrumentation  noise 
may  excite  the  structure  without  being  accounted  for  in  the  measured  force  or, 
on  the  other  hand,  they  may  affect  the  measured  response  without  being  related 
to  the  physical  excitation  of  the  system.  By  converting  measured  data  from  the 
time  domain  into  the  frequency  domain  using  appropriate  windowing  functions, 
the  FRF  is  obtained  from  relations  between  the  auto-spectra  and  cross-spectra 
of  the  excitation  and  response  signals.  The  most  popular  methods  of  estimating 
the  FRF  for  uncorrelated  input  and  output  noise  are  [13, 19, 20] 
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(3) 


H^{k)  = 


SAk) ' 


Syyjk) 

S^ikY 


It  may  be  shown  that  the  estimator  H\  is  the  least  square  solution  for  the 
true  FRF  which  minimises  the  bias  effects  of  output  noise.  Conversely,  the 
estimator  H2  is  the  least  square  estimate  of  H  which  minimises  the  effects  of 
input  noise  [13,  20].  It  should  be  noted  that  at  the  resonances  the  output  SNR 
is  high,  thus  the  noise  to  be  minimised  is  that  which  affects  the  excitation. 
Therefore,  the  estimator  Hi  is  more  accurate  at  the  resonances.  On  the 
contrary,  at  the  anti*resonances  the  better  estimator  is  H\  because  the  SNR  of 
the  output  drops  causing  the  Hi  to  overestimate  the  true  FRF  substantially. 

As  a  measure  of  how  well  the  output  is  linearly  related  to  the  input  at 
each  frequency,  one  uses  the  ordinary  coherence  function  [13, 19,  20].  In  other 
words,  the  coherence  function  is  a  measure  of  the  linearity  of  the  system.  It  is 
rated  on  a  0  to  1  scale  and  is  defined  as 


H^ik) 


(4) 


The  conventional  linear  spectral  analysis  uses  the  lowest  order  spectra; 
that  is,  it  investigates  the  statistical  relationship  between  two  spectral 
components.  The  next  extension  of  linear  spectral  analysis  to  higher  order  is  the 
bispectral  analysis.  It  investigates  the  statistical  relationship  between  three 
spectral  components.  The  bispectrum  of  a  discrete  time  series  x(n)  is  defined  by 
the  DFT  as  [16] 


B,(k,  1)  =  E[X(k)  X(I)  X\k  +  /)] .  (5) 

The  bispectrum  contains  phase  information  and  is  a  function  of  two 
independent  frequencies.  Equation  (5)  shows  that  the  bispectnim  is  a  statistical 
average  of  a  product  of  three  spectral  components.  Therefore,  the  bispectrum  is 
of  great  importance  in  the  study  of  those  non-linear  vibrations  where  the 
relationships  between  three  spectral  components  are  in  question,  such  as  the 
generation  of  combinational  resonance  modes  or  quadratic  mode  couplings  [10, 
14, 18].  An  important  feature  of  bispectrum  is  the  fact  that  it  is  able  to  measure 
the  extent  of  joint  statistical  dependency  of  various  combinations  of  three 
spectral  components  and  their  statistical  degree  without  reference  to  the 
spectral  amplitudes.  In  addition,  the  bispectrum,  i.e.  the  third-order  spectrum, 
can  be  viewed  as  the  decomposition  of  the  third  statistical  moment  (skewness) 
of  a  signal  over  frequency  and  as  such  can  detect  non-symmetric  non-linearities 
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[11,  18,  21].  Moreover,  it  is  noteworthy  that  the  bispectrum  computation 
requires  a  single  signal  measurement. 

Due  to  several  symmetries  it  can  be  shown  that,  for  a  discrete  time 
process  with  no  aliasing,  it  is  necessary  to  compute  the  bispectrum  only  over  a 
limited  bifrequency  region  given  by 


{k.iy.  0<k<^,  0<l<,k, 


2 


(6) 


where  fs  is  the  sampling  frequency  [22]. 

In  order  to  estimate  the  bispectrum,  the  data  is  divided  into  N  segments, 
an  appropriate  window  is  applied  to  each  segment  to  reduce  leakage,  the 
quantity  in  eq.  (5)  is  computed  for  each  segment  by  using  the  DFT  and,  finally, 
the  bispectrum  is  averaged  across  segments  in  order  to  reduce  the  variance  of 
the  estimator.  The  main  disadvantage  in  computing  the  HOS  is  the  data  length 
needed  in  order  to  ensure  statistical  confidence.  Reference  [16]  stated  that  the 
segment  size  should  be  the  square  root  of  the  total  length  of  the  data.  This 
means  that  for  the  computation  of  the  bispectrum  by  using  a  DFT  size  of  512, 
the  data  length  should  be  512^=262144,  causing  problems  due  to  the  fact  that 
the  data  should  be  stationary  over  the  measurement  period. 

Unfortunately,  the  variance  of  the  bispectrum  estimator  depends  not  only 
on  the  data  length  but  is  also  proportional  to  the  triple  product  of  the  power 
spectra  of  eq.  (5)  [14].  Consequently,  the  second-order  properties  of  the  signal 
could  dominate  the  estimate,  which  can  result  in  a  misleading  interpretation  of 
the  bispectrum  as  discussed  in  [21].  For  this  reason  the  bispectral  analysis  often 
deals  with  normalised  versions  of  the  bispectrum.  One  method  for  normalising 
the  bispectrum  employs  the  bicoherence,  b\k,  /),  which  is  defined  by  [14]  as 


bHk,l)  = 


(7) 


The  bicoherence  is  bounded  between  0  and  1  and  quantitatively  measures 
the  fraction  of  the  power  of  the  signal  due  to  the  quadratic  interaction  between 
frequency  components  [21].  Since  it  is  related  to  the  skewness  of  the  signal,  the 
bicoherence  is  sensitive  to  the  non-symmetric  non-linearities.  Therefore,  if  the 
signal  is  Gaussian,  i.e.  it  has  a  Gaussian  probability  density  fimction,  the 
bicoherence  will  take  zero-value  over  the  whole  bifrequency  plane. 

It  is  noteworthy  that  the  bicoherence  is  just  a  method  of  normalisation  for 
the  bispectrum.  In  this  sense,  it  should  not  be  confiised  with  the  second-order 
coherence  fimction  defined  by  the  eq.  (4).  The  second-order  coherence  fimction 
is  also  employed  to  detect  deviations  from  linearity  of  a  system,  but  its 
computation  requires  two  measurement  sensors;  on  the  contrary,  the 
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bicoherence  can  be  computed  from  a  single  signal. 

EXPERIMENTAL  TEST 

The  experimental  test  is  carried  out  on  a  450  mm  long  straight  beam  with 
a  uniform  10x10  mm  cross  section;  the  beam  material  is  cold-drawn  bronze. 
The  beam  is  supported  and  excited  by  a  vibration  shaker;  the  beam  response  is 
measured  by  means  of  an  accelerometer  mounted  at  the  free  end  of  the  beam 
(see  Fig.  1).  The  excitation  is  a  random  signal;  in  particular,  it  is  a  Gaussian 
white  noise.  The  signal  analysis  is  limited  to  the  frequency  range  0-1000  Hz 
where  the  integral  beam  has  five  resonant  modes  measured  at  about  23,  170, 
420,  500,  and  890  Hz.  Actually,  within  the  examined  frequency  range,  the 
clamped  beam  should  have  only  four  resonant  frequencies,  but  the  supporting 
fixture  shifts  the  resonances  and  introduces  another  mode  of  vibration. 


Fig.  1  -  Set-up  of  the  experimental  apparatus. 

The  tests  are  performed  in  two  different  conditions:  when  the  beam  is 
integral  and  with  a  fatigue  crack  at  300  mm  from  the  free  end.  The  crack  was 
initiated  by  denting  a  V  0.5  mm-deep  notch.  It  was  propagated  on  a  high 
frequency  fatigue  testing  machine.  More  details  on  the  test  can  be  found  in 
[18].  The  severity  of  the  structural  damage  is  expressed  in  terms  of  the  ratio 
between  its  depth,  a,  and  the  height  of  the  beam,  h  (see  Fig.  1).  In  this  paper 
only  the  cases  a/h  ~  0.0,  that  is  no  crack  is  present,  and  a/h  -  0.6  are 
considered  and  discussed. 

RESULTS  AND  DISCUSSION 

Two  experimental  signals  are  analysed:  the  voltage  across  the  shaker  and 
the  beam’s  acceleration  response.  The  sampling  frequency  is  2560  Hz  and  a 
signal  length  of  32768  points  is  taken  into  accoimt. 

Some  higher  order  statistical  moments  of  the  beam  acceleration  response 
are  firstly  computed.  In  particular,  the  skewness  and  the  kurtosis  are 
considered:  their  values  are  reported  in  Table  1.  These  measures,  which  give  an 
overall  measure  of  system  non-linearity,  in  this  case  do  not  provide  clear 
information  about  the  beam  condition  because  of  their  small  changes. 
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When  a  non-linear  system  is  excited  by  random  input,  it  usually  generates 
response  at  frequencies  that  are  multiples  and/or  combinations  of  the  structural 
resonance  frequencies  (sometimes  it  generates  sub-harmonic  frequencies  as 
well).  The  power  spectra  of  the  beam  acceleration  response  are  then  considered 
in  order  to  look  for  the  generation  of  non-linear  modes.  The  power  spectra  are 
computed  by  averaging  32  segments  which  have  1024  points  each  (Hanning 
window  is  employed);  the  results  are  shown  in  Fig.  2.  The  presence  of  the 
crack  causes  only  small  changes  in  the  auto-spectra.  The  resonant  frequencies 
decrease  in  the  case  of  cracked  beam  and  there  is  a  change  in  the  peak 
amplitude.  The  differences  are  particularly  evident  for  the  third  and  fourth 
beam’s  resonances,  but  they  do  not  provide  much  information  about  the  nature 
of  the  system,  that  is,  they  do  not  tell  anything  about  the  generation  of 
combinational  components  due  to  the  non-linearity  .  This  confirms  that  the 
power  spectrum  is  of  limited  value  in  studying  the  behaviour  of  non-linear 
systems. 


Table  1  -  Features  of  the  beam  acce 

eration  response. 

a/h 

0.0 

0.6 

Skewness 

Kurtosis 

-0.00113 

2.884 

0.00488 

2.976 

Fig.  2  -  Power  spectrum  of  the  beam  acceleration:  a)  integral  beam;  b)  cracked 
beam. 

In  order  to  detect  the  non-linearity  introduced  by  the  crack,  the  FRF  and 
the  second-order  coherence  function  have  been  estimated.  The  processing 
parameters  are  the  same  as  in  the  case  of  power  spectrum,  that  is,  the  frequency 
resolution  is  identical  (2.5  Hz).  Figures  3  and  4  show  the  results  for  the  integral 
and  the  cracked  beam,  respectively.  The  FRF  is  computed  by  means  of  the 
estimator  H2.  As  a  matter  of  fact,  the  method  H2  should  be  better  than  H\  from 
the  point  of  view  of  the  detection  of  components  due  to  the  interaction  between 
the  system  resonances  which  takes  place  in  the  case  of  cracked  beam  {H2  is 
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better  than  H\  at  the  resonances). 


Frequency  [Hz] 


Fig.  3  -  Integral  beam:  a)  FRF  Hi  between  input  and  output  of  the  system;  b) 
second-order  coherence  ftinction. 
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Fig.  4  -  Cracked  beam:  a)  FRF  Hi  between  input  and  output  of  the  system;  b) 
second-order  coherence  function. 
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The  comparison  between  Fig.  3(b)  and  Fig,  4(b)  shows  that  the  estimator 
H2  is,  in  fact,  sensible  to  peaks  due  to  the  non-linear  behaviour  of  the  beam 
with  the  structural  damage.  In  particular,  there  is  a  clear  “non-linear**  peak  at 
the  frequency  570  Hz  and,  in  addition,  two  small  peaks  at  about  335  Hz  and 
515  Hz  are  visible.  Moreover,  one  can  observe  that  in  the  case  of  cracked  beam 
the  fourth  resonance,  which  is  the  more  affected  by  the  damage,  seems  to  be 
modulated  (lateral  bands  are  present).  As  a  matter  of  fact,  the  time-variation  of 
the  beam  stififtiess,  due  to  the  crack  opening  and  closing,  results  in  a  frequency 
modulation  phenomenon. 

On  the  contrary,  by  means  of  the  estimator  Hi  it  is  quite  impossible  to  see 
the  effect  of  the  system  non-linearities  (see  Fig.  5).  However,  this  does  not 
mean  that  H]  is  useless:  it  will  be  shown  that  the  second-order  coherence 
function,  which  implicitly  makes  use  of  the  estimator  Hu  is  very  sensitive  to  the 
damage. 

Therefore,  one  may  conclude  that  the  FRF  estimators  give  more 
informations  about  non-linearities  than  those  given  by  the  power  spectra. 
Actually,  the  peak  at  570  Hz  also  appears  in  the  power  spectrum  of  Fig.  2(b), 
but  in  that  case  it  was  practically  indistinguishable. 

At  the  frequencies  of  the  combinational  components,  the  beam  response 
is  not  correlated  to  the  input  of  the  system;  consequently,  the  coherence  will  be 
less  than  unity  at  those  frequencies.  This  is  particularly  evident  at  the  frequency 
570  Hz  where  a  non-linear  effect  takes  place  for  the  cracked  beam:  the 
coherence  decreases  substantially  [see  Fig.  3(a)  and  Fig.  4(a)].  Actually,  there 
are  other  coherence  drops;  they  appear  for  both  the  integral  and  damaged 
beam.  Some  of  them  are  located  at  the  anti-resonances,  as  it  was  expected; 
others  are  at  the  resonances  and  are  due  to  resolution  bias  errors  in  the 
estimation  [13]. 

As  a  conclusion,  the  second-order  FRF  and  the  coherence  function  give  a 
clear  indication  about  the  presence  of  non-linearity.  However,  it  is  noteworthy 
that  a  comparison  between  the  damaged  and  integral  case  is  needed.  In  other 
words,  only  the  observation  of  the  changes  of  these  functions  between  the  two 
beam  states  makes  it  possible  to  obtain  information  related  to  the  non-linearity 
of  the  system.  If  these  second-order  functions  were  unknown  for  the  integral 
beam,  the  crack  monitoring  would  be  impossible.  The  non-linear  effects  could 
be  investigated  by  employing  different  amplitude  of  the  excitation,  because 
when  the  amplitude  of  the  excitation  increases  the  beam  response  goes  further 
into  the  non-linear  regime.  However,  in  general  this  is  not  the  case;  an 
alternative  procedure  is  therefore  required. 

The  HOS  can  be  used  as  non-linearity  detectors  [11,  17].  In  [18]  the 
authors  stated  that  a  beam  with  a  fatigue  crack  has  a  bilinear  nature,  that  is,  the 
system  has  a  non-symmetric  non-linearity.  Therefore  the  bispectrum  should 
expected  to  be  sensitive  to  the  damage,  as  well  as  its  normalised  version,  i.e. 
the  bicoherence.  As  a  matter  of  fact,  when  the  beam  is  integral  the  Gaussian 
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excitation  operates  on  a  linear  system;  thus,  the  resulting  output  will  also  be 
Gaussian.  On  the  contrary,  the  output  results  as  non-Gaussian  for  the  cracked 
beam.  The  bicoherence,  that  takes  non-zero  values  only  in  the  case  of  signals 
which  have  a  non-symmetric  probability  density  function,  should  be  able  to 
extract  information  regarding  the  presence  of  the  fatigue  crack. 


Frequency  [Hz] 

Fig.  5  -  FRF  between  input  and  output  of  the  system:  a)  integral  beam;  b) 
cracked  beam. 

Figure  6  plots  the  bicoherence  of  the  beam  response  in  case  of  the 
undamaged  structure  and  when  the  fatigue  crack  is  present.  The  bicoherence  is 
computed  from  the  total  data  length  with  a  DFT  size  of  128  points.  It  clearly 
appears  that  the  bicoherence  is  very  sensitive  to  the  damage:  the  bicoherence 
rises  in  the  case  of  the  cracked  beam,  thus  showing  a  significant  coupling 
between  frequencies  due  to  the  system  non-linearities.  This  illustrates  a 
practical  aspect  of  the  bispectral  analysis.  Since  the  bicoherence  measures  the 
normalised  degree  of  statistical  dependency  without  reference  to  spectral 
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Bicoherence 


amplitudes,  it  detects  the  non-linear  interactions  even  in  those  cases  where  the 
resultant  spectral  component  is  hardly  noticeable,  as  in  the  power  spectrum  of 
Fig.  2(b). 


1250  1250 


Fig.  6  -  Bicoherence  of  the  beam  acceleration:  a)  integral  beam;  b)  cracked 
beam. 
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Fig.  7  -  Cracked  beam:  contour  plot  of  the  bicoherence  of  the  beam 
acceleration  response. 


Since  the  bicoherence  of  the  response  takes  non-zero  values  only  in  the 
case  of  the  non-linear  system,  the  bicoherence  peaks  are  undoubtedly  related  to 
the  presence  of  the  structural  damage.  As  a  consequence,  by  using  the 
bicoherence  it  is  not  necessary  the  comparison  with  the  integral  case.  This  is  a 
clear  advantage  with  respect  to  the  approaches  that  employ  second-order  FRF 
and/or  the  coherence  fimction.  Moreover,  it  is  noteworthy  that  the  bicoherence 
computation  requires  one  signal,  whilst  the  FRF  and  coherence  estimate  needs 
two  measurements.  In  addition,  it  is  interesting  to  note  that  the  bicoherence  of 
Fig.  6  has  a  frequency  resolution  which  is  much  lower  than  that  of  FRF  and 
coherence  functions  of  the  Figs.  3,  4,  and  5.  Nevertheless,  it  has  higher 
sensitivity  to  the  statistical  dependency  of  spectral  components  than  that  of  the 
second-order  functions. 

By  observing  the  bicoherence’s  contour  plot  of  Fig.  7,  it  is  possible  to 
understand  how  the  system  resonances  interact  causing  the  birth  of  non-linear 
components  in  the  case  of  the  damaged  beam.  The  highest  bicoherence  peak  is 
located  at  the  frequency  pair  (170,  400)  Hz.  This  indicates  a  coupling  between 
frequency  components  at  the  triplet  (170,  400,  570)  Hz,  and  is  a  manifestation 
of  the  fact  that  the  two  modes  at  frequency  170  Hz,  and  400  Hz  interact  and 
lead  to  the  combinational  resonance  at  570  Hz.  In  fact,  the  non-linear 
component,  which  is  visible  in  the  FRF  plot  of  Fig.  4(b),  rises  just  around  to  the 
frequency  570  Hz.  Figure  7  shows  other  couplings  between  spectral 
components,  but  these  occurrences  are  not  visible  in  the  FRF  of  Fig.  4(b). 

In  conclusion,  the  bispectral  analysis  provide  additional  insight  for 
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identifying  the  dynamic  response  of  structurars  non-linear  systems. 

CONCLUSIONS 

The  dynamic  behaviour  of  a  beam  with  a  breathing  crack  is  studied  by 
means  of  linear  and  higher  order  spectral  analysis.  In  particular,  the  study  is 
devoted  to  inspect  the  non-linearity  of  the  damaged  structure.  The  power 
spectrum  is  of  limited  value  in  detecting  the  system  non-linearities.  On  the 
contrary,  the  second-order  FRF  and  coherence  functions  are  able  to  give  a  clear 
indication  about  the  presence  of  non-linearity.  However,  the  comparison 
between  the  damaged  and  integral  case  is  needed,  that  is,  if  these  second-order 
functions  were  unknown  for  the  integral  beam,  the  crack  monitoring  would  be 
impossible.  Moreover,  the  FRF  and  coherence  estimates  need  two  signals. 
Conversely,  the  bicoherence  function,  which  is  the  normalisation  of  the  third- 
order  spectrum,  can  be  evaluated  from  a  single  sensor  measurement.  From  the 
bicoherence  it  is  possible  to  say  whether  or  not  non-linearities  occur  in  the 
system  or,  in  other  words,  this  signal  processing  technique  is  able  to  detect  the 
presence  of  a  structural  damage  in  the  beam.  Since  the  bicoherence  measures 
the  degree  of  statistical  dependency  between  spectral  components  without 
reference  their  amplitudes,  it  detects  the  non-linear  interactions  even  in  those 
cases  where  the  resultant  spectral  component  are  hardly  noticeable  in  the 
second-order  functions,  such  as  the  power  spectra.  In  addition,  the  bispectral 
approach  is  not  affected  by  environmental  factors,  therefore  this  procedure  may 
be  used  to  improve  the  reliability  and  effectiveness  of  damage  diagnostic 
techniques. 
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ABSTRACT 

A  new  method  of  parameter  identification  for  a  single-degree-of-freedom  (s.d.o.f.)  system  is  presented.  It  uses 
free  responses  of  the  system’s  phase  space  to  derive  the  acceleration.  When  the  state  space  is  reconstructed,  the 
parameters  of  the  equation  of  motion  of  the  model  under  consideration  can  be  estimated  by  solving  a  system  of 
algebraic  equations.  The  idea  is  based  on  the  fact  that  the  differential  equation  of  motion  is  an  algebraic  equation, 
if  the  parameters  are  considered  to  be  unknowns.  The  method  has  been  tested  on  a  Duffing  oscillator  with 
different  sets  of  parameters,  at  different  sampling  rates  of  the  signals  of  the  phase  space  and  at  different  signal  to 
noise  ratios  -  SNRs. 


1.  INTRODUCTION 

The  estimation  of  model  parameters  of  mechanical  systems  is  an  area  which  attracts  considerable  attention.  To 
predict  the  behaviour  of  the  dynamical  system  a  mathematical  model  of  the  system  should  be  deduced.  The  task 
is  to  determine  the  parameters  of  the  model’s  equation  of  motion  on  the  basis  of  information  contained  in  the 
system’s  dynamical  response.  There  are  several  ways  of  model  parameter  identification  based  on  the  system’s 
behaviour. 

The  study  of  the  parameter  identification  of  a  forced  system  with  combined  viscous  damping  and  Coulomb  dry 
friction  in  the  resonant  region  has  been  achieved  by  curve  fitting  of  the  data  presented  in  the  Kennedy-Pancu  plot 
[1,2].  This  method  is  suitable  for  lightly  damped  systems.  On  the  other  hand,  a  number  of  studies  consider  the 
free  vibrations  of  the  single-degree-of-freedom  (s.d.o.f)  system  with  combined  viscous  damping  and  Coulomb 
dry  friction  [3-5].  These  approaches  use  only  amplitude  decay  of  the  displacement  response  of  the  system.  Any 
other  information  in  the  signal  is  neglected.  A  completely  different  approach  to  parameter  identification  of 
assumed  polynomials  for  the  description  of  non-linearities  in  restoring  and  damping  forces  within  a  forced 
dynamical  system  has  been  used  in  [6].  This  approach  uses  approximation  theory  with  the  polynomials  of 
Tschebishev,  but  is  unable  to  deal  with  dry  friction  and  the  properties  of  the  system  that  depend  on  the 
combination  of  displacement  and  velocity.  The  results  of  the  methods  in  [3-6]  are  obtained  in  the  time  domain. 
Another  class  of  methods  that  can  be  used  for  parameter  identification  includes  the  input-output  models  of 
NARMAX  [7]  and  AVD  [8,9].  The  NARMAX  model  provides  the  output  variable  and  the  FRFs.  It  offers  a  way 
of  achieving  parameter  identification  of  a  non-linear  system  by  knowing  the  model  and  time  series  of 
displacement  and  velocity.  It  has  been  shown  [8,9]  that  the  AVD  model  gives  more  accurate  results  in  the  time 
and  frequency  domain,  but  still  requires  simultaneous  data  of  the  displacement,  velocity  and  acceleration.  Both 
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methods  need  far  more  points  than  the  number  of  parameters  of  the  model  to  be  estimated.  An  experimental 
method,  which  provides  a  means  of  identifying  the  linear  and  non-linear  damping  for  a  s.d.o.f  system,  is 
proposed  in  [10]  using  analysis  in  the  frequency  domain. 

In  this  paper  a  new  method  is  proposed  that  is  simple  and  could  be  used  on  different  classes  of  problems 
concerning  parameter  identification  of  second-order  autonomous  differential  dynamical  systems.  The  single- 
degree-of-freedom  (s.d.o.f.)  mechanical  systems  were  taken  into  consideration  using  their  free  vibration 
responses  including  both  the  displacement  and  velocity.  The  method  is  based  on  a  geometrical  representation  of 
the  solutions  of  the  differential  equation  of  motion.  The  solutions  consist  of  a  family  of  curves  governed  by  two 
parameters.  Only  one  curve  (trajectory)  is  realised  with  the  initial  conditions.  Each  of  the  points  on  the  trajectory 
in  the  state  space  satisfies  the  solution  of  the  differential  equation  of  motion.  On  the  other  hand,  the  differential 
equation  of  motion  can  be  represented  by  an  algebraic  equation,  if  the  parameters  are  considered  to  be  unknowns. 
Hence,  to  estimate  n  parameters  of  the  model’s  equation  of  motion,  theoretically  only  n  points  on  the  trajectory  in 
the  state  space  are  needed,  and  the  problem  is  transformed  to  one  of  solving  a  system  of  algebraic  equations.  The 
preliminary  results  [11]  show  that  the  method  gives  usable  results  even  when  the  simplest  algorithms  for 
reconstructing  the  acceleration  are  used. 


2.  THE  METHOD 

The  task  is  to  characterise  a  dynamical  system  with  a  chosen  dynamical  model.  Let  us  consider  that  the  type  of 
differential  equation  of  motion  is  known  and  the  phase  space  portrait  of  the  system  under  consideration  is  also 
known.  The  latter  assumes  that  the  discrete  values  of  the  phase  space  variables  (displacement  and  velocity)  of  the 
system  are  measured. 

The  method  for  identification  of  the  parameters  of  autonomous  s.d.o.f.  systems  can  be  divided  into  two  parts: 
Reconstruction  of  the  state  space,  meaning  the  reconstruction  of  the  missing  signal  of  the  acceleration  and 
smoothing  the  noisy  measured  time  series  of  the  phase  space  by  means  of  interpolation  and/or  approximation.  In 
this  paper  several  kinds  of  splines  are  used  in  order  to  numerically  derive  acceleration  and  to  smooth  noisy  data. 
Cubic  splines  [12,13,16],  Hermitian  splines  of  the  5*  degree  [12,16]  and  Splines  of  the  S'*"  degree  are  used  to 
derive  acceleration  from  the  phase  space  portrait  of  the  system  in  the  case  of  a  high  SNR.  In  the  case  of  a  low  or 
medium  SNR  the  Cubic  approximation  splines  [12]  are  added  in  order  to  derive  acceleration  and  to  smooth  the 
time  series. 

Computation  of  the  parameters  can  be  achieved  by  a  least  squared  fit  of  the  chi  squared  merit  fiinction 
deduced  from  the  equation  of  motion  since  the  system  of  the  equation  is  predefined.  Another  way  is  to  compute  n 
parameters  from  n  equations  at  n  points  of  state  space.  To  improve  the  statistics  of  the  estimated  parameters  one 
can  fiirther  average  the  estimates  using  different  sets  of  points.  We  will  refer  to  the  first  approach  as  regression 
solving  and  to  the  second  approach  as  equation  solving. 

The  equation  of  free  vibration  of  the  s.d.o.f.  system  can  be  written  as; 

(1) 
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where  9)  is  a  variable,  F  is  the  scalar  function  and  ai...  a„  are  n  coefficients  to  be  estimated.  If  the  substitution  of 
the  phase  space  variables  is  applied: 


the  equation  of  motion  can  be  written  as: 


s  +  F(y,x.a„-,ar„)=0. 


where  z  denotes  acceleration  and  x^y  and  z  are  in  fact  the  state  space  variables. 

If  the  acceleration  is  known  or  can  be  estimated,  then  since  the  trajectory  in  the  phase  space  is  known,  the  chi 
squared  merit  function  can  be  written  as: 

=i^z  +  F{y,x,a^,^^',a„)Y  (4) 

j=i 

where  m  is  number  of  points  of  the  responses,  usually  m>  n.  The  maximum  likelihood  estimation  of  the 
parameters  is  reached  by  minimising  the  merit  function  over  the  parameters. 

On  the  other  hand,  in  the  predefined  system  of  equations,  only  the  set  of  n  algebraic  equations  to  calculate  n 
coefficients  at  n  different  points  of  the  state  space  could  be  chosen  and  written  as: 

z,  +F(ypX„fl„--.nJ=0 

i  (5) 

where  (x„  y,)  represents  a  point  on  the  trajectory  in  the  phase  space  and  z,  is  known  or  estimated  acceleration  at 
point  i.  The  method  enables  one  to  estimate  n  parameters  by  knowing  only  n  points  in  the  phase  space.  To 
improve  the  statistics  of  the  estimated  parameters  one  can  further  average  the  estimates  using  different  sets  of 
points.  If  there  are  m  points  in  the  phase  space  at  which  the  acceleration  is  known  or  could  be  estimated  then  the 
total  number  of  different  sets  of  parameters  is  given  by  the  binomial  coefficient  : 


\nj 

Hence,  there  are  averages  of  the  parameters  possible  for  improving  the  statistics  of  the  estimated 
parameters.  So  estimated  parameters  could  be  further  smoothed  by  neglecting  the  estimates  that  are  not  within  the 
interval  of  ±l  standard  deviation  around  the  original  mean  value.  The  new  mean  value,  as  the  estimated  value  of 
the  parameter,  is  computed  from  the  remaining  estimates. 


3.  METHOD  TESTING 

The  method  has  been  tested  on  a  strongly  non-linear  Duffing  oscillator.  The  equation  of  motion  is: 


and  can  be  rewritten  as: 


^  +  2S6)q<p  +  co^(p  +  £(p^  =  0 


z +  25co^y  y  co^  X  +  sx^  =0 


where  d  corresponds  to  the  viscous  damping  ratio  of  a  linearised  system,  ut)  corresponds  to  the  non-damped 
natural  frequency  of  a  linearised  system,  and  s  is  the  coefficient  of  non-linearity  of  a  spring  in  a  Duffing  system. 
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A  positive  value  of  ^  characterises  a  hardening  spring,  negative  value  characterises  a  softening  spring  and  a  value 
of  zero  for  ^  characterises  a  linear  spring.  The  parameters  fare  called  natural  parameters. 

The  Parameters  governing  the  equation  of  motion  can  also  be  chosen  as: 

a  =  IScOq 

b  =  m,^  (9) 

c  =  e 

and  named  method  parameters.  The  equation  of  motion  can  then  be  given  in  the  form: 

z  +  ay  +  bx  +  cx^  ~0 .  (10) 

The  task  is  to  compute  parameters  a,  b  and  c  from  the  dynamic  responses  of  displacement  and  velocity.  The 
responses  have  been  numerically  integrated  with  the  Runge-Kutta  method  with  an  error  estimation  of  0{h\ 
where  h  denotes  the  constant  integration  step.  The  used  variables  had  an  extended  precision  of  80  bits.  In 
Figure  1,  the  displacement,  velocity  and  acceleration  are  shown  for  the  natural  parameters  =  1  rad/s,  =  0.1, 
f  =  1.5  rad/m^s^  and  initial  conditions  j<0)  =  1  m  and  XO)  =  0  m/s.  This  has  been  choosen  as  the  default  set  of 
natural  parameters.  In  the  same  Figure,  the  phase  portrait  is  shown.  The  integration  step  has  been  chosen  as 
lO'^s  to  minimise  the  integration  error.  The  maximum  integration  error  of  displacement  and  velocity  has 
been  estimated  to  be  =  1 .2  10'*’  m  and  =  3.5  10'‘^  m/s  respectively. 


Figure  1:  The  responses  of  a  Duffing  system  at  rtb  =  I,  O.I,  f=  1.5  and  the  phase  portrait 
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The  method’s  behaviour  has  been  tested  on  Duffing  systems  by  vaiying:  the  values  of  damping  ratio  S,  the 
number  of  samples  per  cycle  and  the  SNR  of  the  phase  portrait. 


3.1  The  influence  of  varying  the  damping  ratio  d 

The  responses  for  different  values  of  S  have  been  resampled  to  40  samples  in  10  seconds,  which  gives 
approximately  20  samples  per  cycle  for  the  default  parameter  set.  The  responses  for  several  values  of  ^  =  1 .0, 
0.5,  0.0  and  -0.1  are  depicted  in  Figure  2  and  for  the  value  <5  =  0.1  in  Figure  1. 

The  non-linear  nature  of  the  Duffing  oscillator  is  best  seen  in  the  shape  of  the  acceleration  signal.  The  Duffing 
system  has  only  one  equilibrium  point  at  the  origin  of  the  phase  plane  in  the  case  of  a  non-negative  value  of  £. 
The  negative  damping  ratio  gives  rise  to  amplitude  values  and  shortens  the  cycle  time  with  increasing  amplitudes, 
Figure  2a.  The  equilibrium  point  is  an  unstable  focus.  Zero  damping  relates  to  the  conservative  system  in  which 
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the  amplitudes  and  periods  are  constant.  Figure  2b.  There  is  a  centre  in  the  origin  of  the  phase  plane.  In  the  case 
of  positive  damping  the  amplitude  decay  of  the  responses  is  visible,  Figures  1,  2c,  2d.  There  is  a  stable  focus  at 
the  origin  of  the  phase  plane  in  the  case  of  0  <  ^<  1,  an  inflected  node  in  the  case  of  <?=  1  and  a  node  in  the  case 
of  <y>  1 .  The  acceleration  has  been  reconstructed  by  derivation  of  Cubic  splines  and  Splines  of  the  5*  degree 
interpolation  of  velocity  time  series  and  by  derivation  of  Hermitian  splines  of  the  5*  degree  interpolation  of  both 
the  displacement  and  velocity  time  series,  In  the  case  of  the  Cubic  splines  interpolation  of  velocity  the  zero  3”* 
derivatives  and  in  case  of  Hermitian  splines  the  zero  4*  derivatives  at  the  boundary  points  have  been  used  to 
describe  the  boundary  conditions.  In  the  case  of  Splines  of  the  5*  degree  the  not-a-node  condition  for  the  T*  and 
(m-l)*  point  and  zero  4*  derivatives  at  boundary  points  have  been  used  to  specify  boundary  conditions.  It  is  also 
important  to  note  that  both  approaches,  regression  and  equation  solving,  have  been  applied  in  order  to  compute 
the  method  parameters  a,  b  and  c.  The  boundary  points  have  not  been  included  in  the  computation  of  these 
parameters. 


Figure  2;  The  responses  of  Duffing  system  at  different  ^and  =  1,  1.5 


The  results  of  parameter  identification  of  the  system  at  various  values  of  S  are  shown  in  Table  1.  The  relative 
errors  of  the  estimated  values  of  the  parameters  are  presented  in  Table  2.  In  both  Tables  the  variations  of  iJare 
given  in  the  first  column,  true  values  of  the  method  parameters  a,  b  md  c  are  given  in  the  second  column  for 
given  5.  Each  column  of  the  different  spline  interpolations  is  divided  into  two  halves.  The  left  half,  denoted  as 
equation,  presents  results  obtained  by  equation  solving  and  the  right  half,  denoted  as  regression,  presents  results 
obtained  by  regression  solving. 
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In  Table  2,  the  row  at  S=  0  is  shaded  and  true  values  are  placed  there  since  the  relative  error  can  not  be 
computed  for  the  zero  valued  parameter.  It  can  be  seen  that  the  estimates  of  parameter  c  are  somewhat  poorer 
when  compared  with  the  other  two  at  higher  damping,  implying  that  the  method  should  be  used  in  regions  of  the 
time  series  where  the  transients  have  not,  from  the  engineering  point  of  view,  died  out. 
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Table  1;  The  influence  of  varying  S on  parameter  identification  for  different  spline  interpolations  and  for 


different  approaches  to  parameter  computation 
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Table  2:  The  relative  errors  in  parameter  identification  influenced  by  varying  ^for  different  spline  interpolations 
and  for  different  approaches  to  parameter  computation 
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In  Figure  2c  one  can  see  that  after  7s,  and  in  Figure  2d  after  4s,  the  transients  practically  die  out.  One  can  also  see 
that  the  results  are  slightly  better  for  low  damping  than  for  zero  or  negative  damping.  This  happens  because  the 
peak  amplitudes  of  acceleration  become  increasingly  sharp  with  descending  values  of  S  and  are  therefore  more 
difficult  to  simulate  with  polynomial  splines.  The  results  in  Table  2  indicate  that  errors  rarely  give  rise  to  values 
of  more  than  a  few  percent.  The  regression  solving  has  no  real  advantage  with  respect  to  the  quality  of  results 
when  compared  to  equation  solving,  but  the  latter  needs  much  more  computational  effort  and  has  foiled  to 
estimate  parameter  c  at  <5=  1  for  Cubic  splines.  As  a  consequence,  die  cells  in  Table  1  and  2  are  shaded  for  5-  1 
with  Cubic  splines. 


3.2  The  influence  of  varying  the  number  of  samples  per  cycle 

The  responses  for  the  default  parameter  set  have  been  resampled  to  10,  20, 40,  80  samples  in  10  seconds  which 
gives  approximately  5,  10, 20  and  40  samples  per  cycle  respectively,  Figure  3. 
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b)  Number  of  points  per  cycle  =10 


c)  Number  of  points  per  cycle  =  20  d)  Number  of  points  per  cycle  =  40 

Figure  3:  The  responses  of  DufTmg  system  for  a  defoult  set  of  parameters  and  different  sampling  rates 


The  acceleration  has  been  reconstructed  using  the  same  techniques  as  in  section  3.1  and  the  parameters  have  been 
computed  using  both  approaches.  The  results  of  parameter  identification  of  the  system  for  various  values  of 
samples  per  cycle  are  shown  in  Table  3.  The  relative  errors  of  the  estimated  values  of  the  parameters  are 
presented  in  Table  4.  In  both  Tables,  the  variations  of  samples  per  cycle  are  given  in  the  first  column,  true  values 
of  the  method  parameters  are  given  in  the  second  colunm  for  the  default  parameter  set.  Each  column  of  different 
spline  interpolations  is  again  divided  into  two  halves,  one  denoted  as  equation  and  the  other  denoted  as 
regression,  and  presents  the  results  obtained  by  equation  solving  and  regression  solving  respectively. 
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It  can  be  seen  that  the  estimates  of  parameters  are  well  within  10%  as  soon  as  the  sampling  rate  is  greater  than  or 
equal  to  10  samples  per  cycle.  At  a  sampling  rate  of  20  samples  per  cycle  or  more,  the  errors  of  the  estimation 
fall  below  1%.  The  5  samples  per  cycle  represents  a  very  poor  sampling  rate,  Figure  3a,  and  the  method  fails  to 
produce  results,  even  from  the  engineering  point  of  view,  unless  the  Hermitian  splines  are  used.  They  produced 
estimates  of  parameters  with  an  error  of  less  than  1%,  but  as  will  be  demonstrated  in  the  next  section,  the 
Hermitian  splines  are  extremely  sensitive  to  noise.  It  is  clear  that  sampling  rates  of  10  samples  per  cycle  or  more 
should  be  used.  One  can  see  again  that  regression  solving  gives  the  same  quality  of  results  as  equation  solving  but 
that  the  latter  needs  much  more  computational  effort. 
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Table  3:  The  influence  of  the  number  of  samples  per  cycle  on  parameter  identification  for  different  spline 
interpolations  and  for  different  approaches  to  parameter  computation 
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Table  4:  The  relative  errors  in  parameter  identification  influenced  by  vaiying  the  number  of  samples  per  cycle 
for  different  spline  interpolations  and  for  different  approaches  to  parameter  computation 
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3.3  The  influence  of  varying  the  SNR 

The  noise  is  added  to  the  time  series  by  means  of  simulating  the  A/D  conversion.  The  A/D  converter  used  in  this 
case  rounds  the  real  values  of  the  integrated  time  series  to  the  nearest  quantization  level.  The  full-scale  level  of 
the  A/D  converter  Xm  has  been  optimally  chosen  for  each  signal  separately.  The  quantization  error  e„  is  defined 
as  the  difference  between  the  quantized  sample  and  true  sample  value  and  so  it  follows  that; 

-Al2<e„<AI2  (11) 

where  A  is  the  step  size  of  the  quantizer  defined  as: 

(12) 

where  B+\  stands  for  the  number  of  bits  of  the  quantizer.  The  quantization  error  is  assumed  to  be  a  uniformly 
distributed  white-noise  sequence  having  zero  mean  and  a  variance  of: 

var(e)  =  A^/12.  (13) 

The  signal  to  noise  ratio  (SNR)  in  dB  is  defined  as  [14]: 

Q-WR  ^  in. /;/?_!  O'; 


SNR  =  10  1og|^-^J«  65-1.25  (14) 

where  var(x)  is  the  variance  of  the  signal  under  consideration. 

The  responses  for  different  values  of  SNR  have  been  resampled  to  40  samples  in  10  seconds,  which  gives 
approximately  20  samples  per  cycle  for  the  default  parameter  set.  The  responses  for  several  values  of  SNR  are 
shown  in  Figure  4. 
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Figure  4:  The  responses  of  a  Duffing  system  for  default  parameter  set  and  at  different  SNR  levels 


959 


It  can  be  seen  in  Figure  4  that  the  noise  signal  from  the  3  and  4  bit  A/D  conversions  visually  differs  from  the 
noise  free  signal.  The  difference  is  hard  to  see  for  the  6-bit  conversion  and  can  not  be  seen  for  higher  bit 
conversions. 

Approximation  cubic  splines  [12]  are  added  to  the  known  reconstruction  techniques  of  the  previous  two  sections. 
The  Approximation  splines  are  used  to  smooth  the  displacement  and  velocity  time  series  and  to  derive 
acceleration  from  velocity.  In  all  the  cases  of  using  the  Approximation  cubic  splines  the  zero  3rd  derivatives  at 
boundary  points  are  used.  The  parameters  have  been  computed  using  both  equation  and  regression  solving.  The 
boundary  points  have  not  been  included  in  the  computation  of  the  parameters. 

The  results  of  parameter  identification  of  the  system  at  various  SNR  values  are  shown  in  Table  5.  The  relative 
errors  of  the  estimated  values  of  the  parameters  are  presented  in  Table  6.  In  both  Tables  the  variations  of  SNR 
are  given  in  the  second  column,  the  corresponding  values  of  the  bits  of  the  A/D  converter  are  given  in  the  first 
column  and  the  true  values  of  the  method  parameters  are  given  in  the  third  column.  Each  column  of  different 
spline  interpolations  is  again  divided  into  two  halves,  one  denoted  as  equation  and  the  other  denoted  as 
regression.  They  present  the  results  obtained  by  equation  solving  and  regression  solving  respectively.  The 
estimated  parameters  from  the  real  noisy  state  space  are  given  in  the  last  two  columns. 

The  shaded  cells  in  Tables  5  and  6  identify  the  combination  of  parameters  where  the  method  fails  to  produce  any 
reasonable  results.  The  true  power  of  regression  solving  is  revealed  when  dealing  with  noisy  signals.  Not  only 
does  the  regression  solving  need  much  less  computational  effort  than  the  equation  solving,  the  latter  failed  to 
produce  any  reasonable  results  for  A/D  conversions  up  to  6  bits,  except  when  using  the  Approximation  cubic 
splines.  One  can  see  that  the  Hermitian  splines  are  extremely  sensitive  to  noise.  The  results  for  a  SNR  >  30  dB 
are  in  the  error  range  of  less  than  5  %  and  for  a  SNR  >  65  dB  the  noise  does  not  significantly  influence  the 
results,  the  errors  are  predominantly  due  to  the  estimation  of  acceleration.  The  method  is  capable  of  computing 
only  a  rough  estimation  of  the  parameters  for  a  SNR  smaller  than  20  dB  within  some  30  %  of  the  true  value  by 
using  the  approximation  splines. 
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4.  CONCLUSIONS 


In  this  paper  a  new  parameter  identification  method  for  the  second-order  autonomous  differential  dynamical 
systems  is  proposed.  The  method  follows  the  idea  of  computing  the  parameters  of  the  differential  equation  of 
motion,  which  can  be  represented  as  an  algebraic  equation,  if  the  parameters  are  considered  to  be  unknowns.  The 
single-degree-of-freedom  (s.d.o.f.)  mechanical  systems  were  taken  into  consideration  using  their  free  vibration 
responses  including  both  the  displacement  and  velocity. 

It  was  shown  that  the  method  works  well  on  different  sets  of  parameters  with  errors  generally  well  below  5  %. 
Sharp  peek  amplitude  or  decaying  transients  make  reconstruction  of  the  acceleration  with  polynomial  splines 
difficult  and  less  accurate.  This  may  give  rise  to  errors  in  the  estimated  parameters.  The  sampling  rate  of  10 
samples  per  cycle  is  generally  the  lowest  rate  to  ensure  errors  of  the  estimated  parameters  are  below  5  %  with  the 
Splines  of  the  5*  degree  and  under  10  %  with  the  Cubic  splines  unless,  the  Hermitian  splines  are  used  at  a  high 
SNR.  The  lower  degree  of  the  spline  polynomial  seldom  means  higher  accuracy.  Noise  makes  the  Hermitian 
splines  practically  unusable,  and  for  a  SNR  less  than  20  dB  the  parameters  could  be  estimated  only  to  within 
some  30  %  of  the  true  value  by  using  the  Approximation  splines.  The  results  for  a  SNR  >  30  dB  are  in  the  error 
range  of  less  than  5  %  and  for  a  SNR  >  65  dB,  noise  does  not  significantly  influence  the  results,  the  errors  are 
predominantly  due  to  the  estimation  of  the  acceleration.  The  results  show  that  for  a  SNR  <  65  dB  the  regression 
method  should  be  used.  It  needs  much  less  computational  effort  than  the  equation  solving  for  all  sets  of  points  in 
state  space  and  is  therefore  the  recommended  approach. 

The  results  show  that  the  method  offers  parameters  estimation  with  good  quality  using  a  modest  number  of  points 
for  a  wide  range  of  s.d.o.f.  systems.  It  offers  easy  ways  for  computing  the  parameters  from  the  free  vibrations’ 
responses  of  s.d.o.f  systems.  The  method  uses  the  complete  information  of  signals  for  the  parameter  estimation. 
It  is  insensitive  to  initial  conditions,  and  only  the  type  of  differential  equation  of  motion  needs  to  be  known.  It  has 
been  shown  that  for  modest  quality  of  parameter  estimates  only  a  few  points  of  the  phase  space  are  needed  at 
reasonably  low  sampling  rates. 

The  main  draw  back  of  the  method  is  in  its  sensitivity  to  noise.  Free  vibrations  of  s.d.o.f  systems  tend  to  be 
simple.  Only  two  types  of  attractor  are  known  to  exist  [15],  point  attractor  and  limit  cycle.  Hence,  filtering  of  a 
signal  should  not  be  an  impossible  task  to  perform  and  could  help  to  improve  the  results  of  the  parameter 
estimation. 
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Abstract 

One  approach  to  the  problem  of  damage  detection  is  to  use  a 
novelty  index  to  signal  departures  from  normal  condition.  The  ob¬ 
ject  of  the  present  paper  is  to  investigate  if  the  approach  can  yield 
information  about  damage  location  if  more  than  one  index  is  used. 
The  novelty  index  here  is  constructed  using  outlier  analysis.  The 
approach  is  demonstrated  on  a  simple  Finite  Element  model  of  a 
framework  structure. 


INTRODUCTION 

The  problem  of  damage  detection  can  be  addressed  at  several  levels. 
At  the  lowest  level  one  wishes  to  know  only  if  damage  is  present  or  not.  It 
is  to  solve  this  problem  that  the  discipline  of  novelty  or  anomaly  detection 
has  emerged  recently.  The  technique  -  which  has  its  roots  firmly  embedded 
in  classical  condition  monitoring  -  seeks  first  to  establish  a  description  of 
normal  condition  for  a  system  or  structure  and  then  to  signal  statistically 
significant  departures  from  this  condition. 

There  are  numerous  approaches  to  novelty  detection,  these  include 
methods  based  on  simple  distance  measures  [1],  probability  density  estima¬ 
tion  (Gaussian  mixture  models  and  Parzen  windows)  [2,  3,  4]  and  artificial 
neural  networks  [5,  6,  7].  The  method  used  in  this  paper  is  one  of  the 
simpler  methods  based  on  outlier  statistics  [8,  9],  this  simply  uses  Malia- 
lanobis  distance  to  measure  the  distance  between  a  new  measurement  and 
the  normal  condition  data. 

The  paper  attempts  to  extend  the  use  of  novelty  indices  to  the  prob¬ 
lem  of  damage  localisation.  The  idea  is  to  have  a  network  of  indices,  one 
for  each  region  of  the  structure  and  to  use  a  neural  network  to  interpret 
the  patterns  of  firing  for  the  indices  when  damage  is  present.  The  idea  was 
motivated  by  the  work  in  [10],  where  it  was  observed  that  transmissibilities 
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measured  on  different  parts  of  a  framework  model  were  selectively  sensi¬ 
tive  to  damages  in  different  areas.  In  order  to  simplify  matters  here,  the 
structure  of  interest  will  be  a  Finite  Element  model  of  a  two-dimensional 
truss  structure  and  the  data  used  to  construct  the  novelty  indices  will  once 
again  consist  of  measured  transmissibilities. 

The  layout  of  the  paper  is  as  follows:  Section  Two  will  describe  the 
truss  structure  and  show  examples  of  transmissibility  data.  Section  Three 
will  discuss  briefly  the  theoretical  basis  of  outlier  cinalysis  and  Section  Four 
will  describe  how  a  neural  network  is  used  to  localise  the  damage. 

THE  FRAMEWORK  MODEL 


The  structure  of  interest  is  a  two-dimensional  cantilever  truss  as 
shown  in  Figure  1.  The  supports  are  rigid  and  the  joints  between  members 
are  assumed  to  be  pinned. 


(b) 


Figure  1,  The  framework  structure:  (a)  node  labelling,  (b)  element 

labelling. 


Each  member  is  considered  to  be  made  from  25.4  mm  x  6.4  mm 
aluminium  strip  and  the  framework  is  overall  1  m  long  by  0.25  m  high. 
Each  bay  is  square.  The  system  was  modelled  using  the  ABAQUS  Finite 
Element  analysis  system,  all  members  are  simple  bar  elements.  The  analy¬ 
sis  provided  displacement  spectra  for  the  responses  at  all  nodes  to  a  white 
noise  excitation  at  node  5.  A  frequency  range  of  0  to  4000  Hz  was  adopted 
in  order  to  encompass  the  first  eight  natural  frequencies  of  the  structure. 
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The  displacement  spectra  were  used  to  form  the  displacement  transmissi- 
bilities  across  each  member  i.e.  if  nodes  ii  and  i2  bound  member  i,  then 
the  corresponding  transmissibility  Ti  is  simply  Yi^/Yi^.  For  members  1,  5, 
9  and  13  which  have  encastre  ends,  the  displacement  spectrum  of  the  free 
end  is  used  as  a  feature.  Figure  2  shows  an  example  -  the  transmissibility 
Ty  across  element  7. 


Figure  2.  Transmissibility  Ty. 


The  undamaged  natural  frequencies  were  as  follows: 


Mode 

Natural 
Frequency  (Hz) 

1 

181.3 

2 

815.5 

3 

821.3 

4 

1837.2 

5 

2486.2 

6 

2799.1 

7 

3372.0 

8 

3424.6 
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Frequency  (Hz) 


-  Unfaulted 

.  Fault  case  :  10% 

- Fault  case  :  30% 

- Fault  case  :  50% 

- Fault  case :  70% 

o - o  Fault  case  :  90% 

Figure  3.  Selected  pattern  from  Transmissibility  TV. 

In  order  to  construct  data  which  allowed  the  possibility  of  damage 
quantification  as  well  eis  localisation,  a  large  number  of  simulations  were 
made.  Each  member  in  turn  was  subjected  to  a  10%,  30%,  50%,  70%  and 
90%  reduction  in  stiffness  and  all  the  corresponding  transmissibilities  were 
generated.  In  order  to  obtain  a  diagnostic  which  was  robust  against  noise, 
each  pattern  was  copied  a  number  of  times  and  each  copy  was  corrupted 
by  a  unique  Gaussian  noise  vector  -  the  RMS  of  the  noise  was  tahen  as 
1%  of  the  peak  transmissiblity  in  each  case.  Each  transmissibility  was  in¬ 
spected  visually  in  order  to  select  for  each  a  mode  which  showed  significant 
and  systematic  movement  in  frequency  as  the  damage  progressed.  Once 
a  mode  was  identified,  a  50-point  window  was  taken  about  the  relevant 
frequency  to  give  a  pattern  for  the  novelty  detector.  Figure  3  shows  the 
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mode  selected  for  transmissibility  Tj  and  displays  how  it  changes  as  damage 
severity  increases. 

In  order  to  consider  the  localisation  problem  alone.  Only  the  sever¬ 
ity  case  of  a  10%  reduction  in  stiffness  was  used  here. 

This  framework  model  was  investigated  in  a  previous  paper  [11]. 
In  that  study,  the  objective  was  to  use  strain  measurements  taken  on  the 
vertical  and  horizontal  members  to  diagnose  complete  removal  of  the  diag¬ 
onal  members.  The  current  study  is  considerably  more  ambitious  in  that 
it  seeks  to  locate  10%  damage  in  any  of  the  members.  The  price  paid  for 
the  extra  facility  is  the  additional  overhead  on  signal  processing. 

OUTLIER  ANALYSIS 

The  problem  of  outlier  detection  is  fairly  simply  stated:  an  outlier 
in  set  of  observations  is  a  point  which  is  discordant  with  the  rest  i.e.  suffi¬ 
ciently  different  to  raise  the  suspicion  that  it  was  generated  by  a  different 
mechanism  to  the  rest.  The  theory  is  well-developed  and  only  the  briefest 
survey  is  given  here;  the  reader  is  referred  to  [12]  for  more  details. 

The  case  of  outlier  detection  in  univariate  data  is  fairly  straightfor¬ 
ward  in  that  outliers  must  ‘stick  out’  from  one  end  or  other  of  the  data  set. 
There  are  numerous  discordancy  tests  but  the  most  common,  and  the  one 
whose  extension  to  multivariate  data  is  simplest  is  based  on  the  deviation 
statistic  and  given  by, 


.  _  K-®l 

where  is  the  potential  outlier  and  x  ctnd  s  the  mean  and  standard  devi¬ 
ation  of  the  sample  respectively.  The  latter  two  values  may  be  calculated 
with  or  without  the  potential  outlier  in  the  sample.  The  statistic  is  then 
compared  to  some  threshold  value  and  the  observation  declared,  or  not,  to 
be  an  outlier.  The  standard  threshold  values  are  based  on  the  assumption 
that  the  underlying  distribution  of  the  data  is  Gaussian  and  are  usually 
taken  to  be  3  or  4. 

The  discordancy  test  which  is  the  multivariate  equivalent  of  equa¬ 
tion  (1)  is  the  Mabcdanobis  squared  distance  measure  given  by, 

D(  =  ({xj  -  {5}f  -  {x})  (2) 

where  {x^}  is  the  potential  outlier,  {x}  is  the  mean  of  the  sample  observa¬ 
tions  and  [S]  the  sample  covariance  matrix.  The  observations  are  assumed 
to  be  patterns  in  a  p-dimensional  space  and  to  be  n  in  number. 

In  order  to  label  a  multivariate  observation  as  an  outlier  or  an  in- 
lier  there  needs  to  be  some  threshold  value  against  which  the  discordancy 
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value  can  be  compared.  This  value  is  dependent  on  both  the  number  of 
observations  and  the  number  of  dimensions  of  the  problem  being  studied. 

A  Monte  Carlo  method  is  typically  used  to  arrive  at  the  threshold 
value.  The  procedure  is  to  construct  a.  p  x  n  matrix  with  each  element 
being  a  randomly  generated  number  from  a  zero  mean  and  unity  standard 
deviation  normal  distribution.  The  Mahalanobis  squared  distances  are 
calculated  for  all  the  elements,  using  equation  (2)  where  {®}  and  [5]  are 
inclusive  measures  (i.e.  include  the  potential  outlier),  and  the  largest  value 
stored.  This  process  is  repeated  i.e.  1000  times  whereupon  the  array 
containing  all  the  largest  Mahalanobis  squared  distances  is  ordered  in  terms 
of  magnitude.  The  critical  values  for  5%  and  1%  tests  of  discordancy  for  a 
p-dimensional  sample  of  n  observations  are  then  given  by  the  Mahalanobis 
squared  distances  in  the  array  above  which  5%  and  1%  of  the  trials  occur. 
If  the  outlier  is  not  included  in  the  calculation  for  the  mean  and  covariance, 
a  simple  transformation  on  the  inclusive  threshold  suffices  to  convert  it  to 
an  exclusive  measure. 

The  data  for  the  novelty  indices  here  consists  of  a  number  of  50- 
point  vectors  from  the  various  transmissibility  functions.  If  a  novelty  index 
for  a  given  member  ’fires’  i.e.  goes  above  threshold,  then  there  is  considered 
to  be  damage  somewhere  in  the  structure.  Note  that  there  is  an  implicit 
assumption  in  the  use  of  the  Mahalanobis  distance  that  the  rmderlying 
statistics  of  the  normal  condition  are  Gaussian.  This  will  be  true  to  a 
greater  or  lesser  extent  in  each  situation.  However,  in  the  case  here,  the 
noise  is  generated  synthetically  from  a  Gaussian  distribution,  so  the  outlier 
statistic  is  valid. 


LOCALISATION  OP  DAMAGE 

The  first  exercise  in  considering  the  damage  data  is  to  make  sure 
that  all  damage  cases  cause  at  least  one  novelty  index  to  fire.  This  is 
important,  because  if  it  is  true  the  neural  network  localiser  only  needs  to 
consider  damaged  data,  the  assumption  being  that  firing  of  a  novelty  index 
automatically  passes  the  data  to  the  neural  network.  In  fact,  each  dcimage 
case  caused  the  majority  of  indices  to  fire,  even  for  the  10%  reduction. 
This  was  due  to  the  fact  that  the  Finite  Element  simulation  used  very 
little  damping  so  that  all  resonant  peaks  were  very  sharp.  This  meant  that 
the  movement  of  the  peaks  when  damage  occurred  caused  a  marked  change 
in  the  patterns  selected.  The  clarity  of  the  damage  indicators  is  shown  in 
Figure  3.  Because  the  object  of  this  exercise  is  to  localise  a  10%  reduction 
in  stiffness,  the  sensitivity  of  the  indices  is  useful.  However,  if  an  attempt 
had  been  made  to  judge  severity  of  damage  also,  it  would  have  likely  failed. 
This  is  due  to  the  fact  that  the  novelty  index  corresponding  to  the  lowest 
and  highest  damage  in  Figure  3  would  have  been  very  similar  as  neither  of 
the  peaks  overlap  to  any  great  extent  with  the  undamaged  peak. 
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Figure  4.  Projection  of  damage  data  onto  first  two  principal 

components. 

As  at  least  one  index  fired  for  each  damaged  member,  the  analysis 
can  pass  on  to  the  localisation  problem.  This  is  basically  one  of  classifica¬ 
tion.  If  the  data  for  each  damage  state  are  separated  from  each  other  in  the 
pattern  space  than  a  neural  network  will  be  able  to  classify  data  unambigu¬ 
ously  and  thus  localise  the  damage.  In  order  to  gain  a  little  understemding 
of  the  distribution  of  the  patterns,  it  is  possible  to  project  the  data  from 
the  50-dimensional  space  into  a  two-dimensional  space  and  thus  visualise 
it.  There  are  numerous  techniques  for  this  including  projections,  principed 
component  analysis  and  Sammon  mapping  [13].  The  method  used  here  is 
principal  component  analysis. 

In  order  to  train  the  novelty  detectors,  100  points  of  normal  condi¬ 
tion  data  were  used,  each  corrupted  by  a  different  Gaussian  noise  vector. 
For  testing  on  the  damage  data,  250  versions  of  each  pattern  were  used. 
Each  pattern  for  the  classification  problem  was  a  20-dimensional  vector 
with  each  vector  being  the  set  of  novelty  index  values  over  all  20  mem¬ 
bers  (actually,  the  inverses  of  the  indices).  Altogether  then  the  data  for 
the  neural  network  training  data  comprised  damage  cases  x  noise  cases 
=  20  X  250  =  5000  patterns.  Figure  4  shows  the  distribution  of  the  train- 
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ing  points  after  principal  component  cinalysis  and  projection  onto  the  first 
two  principal  components.  Figure  5  shows  a  zoomed-in  version  detailing 
the  rightmost  clusters. 
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Figure  5.  Projection  of  damage  data  onto  first  two  principal 
components;  detail. 


Figures  4  and  5  show  that  there  are  significant  regions  of  overlap  in 
two- dimensions  between  the  clusters  corresponding  to  damages  in  different 
bars.  There  are  two  possible  explanations.  The  first  is  that  the  data  is  sep¬ 
arable  but  has  a  higher  intrinsic  dimension  that  two  and  this  visualisation 
is  too  coarse  to  show  the  separations.  The  second  explanation  is  that  the 
data  is  intrinsically  two-dimensional,  but  the  data  is  not  separable.  What 
is  deducible  from  the  diagrams  is  that  if  any  two  clusters  are  separable  in 
two  dimensions  then  that  is  also  true  in  the  full  20- dimensional  pattern 
space. 

The  next  step  is  training  the  neural  network  classifier.  A  Multi- 
Layer  Perceptron  (MLP)  was  used  here.  In  order  to  train  a  MLP  in  a 
completely  rigorous  manner,  three  different  data  sets  are  needed:  one  for 
training,  one  for  validation  and  one  for  testing  [14].  In  this  case,  a  rather 
unprincipled  approach  was  taken.  As  the  noise  on  the  data  is  cirtificially 
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added  Gaussiem  noise,  it  is  a  simple  matter  to  generate  three  data  sets, 
each  with  different  synthetic  noise. 

The  neural  network  structure  needs  to  be  set  and  trained  before 
testing.  The  number  of  input  nodes  is  set  at  20  because  the  patterns  are 
composed  of  20  novelty  indices.  The  number  of  output  units  is  set  at  20 
also,  and  a  jf  of  20  strategy  is  used.  This  means  that  for  a  fault  in  member 
7,  say,  the  network  is  trained  to  give  a  unit  response  at  output  node  7 
and  a  zero  response  at  all  others.  This  strategy  is  effective  as  it  is  loosely 
equivalent  to  forming  a  Bayesian  classifier  [15].  During  testing,  the  output 
neuron  with  the  highest  value  signals  the  desired  cleiss. 

A  rigorous  approach  to  determining  the  internal  network  structure 
demands  that  a  sequence  of  neural  networks  be  trained,  each  with  different 
starting  conditions  and  numbers  of  hidden  layer  neurons.  Each  network 
is  trained  until  the  generalisation  error  on  the  validation  set  becomes  a 
minimum.  The  validation  set  should  therefore  be  used  to  set  the  initial 
conditions,  number  of  hidden  units  and  stopping  time.  In  order  to  obtain 
preliminary  results  quickly,  the  number  of  hidden  units  was  set  at  20. 
The  final  structure  was  then  20:20:20.  The  number  of  connections  in  the 
network  is  840  and  the  number  of  training  patterns  is  5000,  so  no  real 
problems  with  generalisation  were  anticipated.  Trials  with  numbers  of 
iterations  ranging  between  50000  and  500000  showed  that  the  solutions 
had  stabilised  at  200000  iterations  so  this  was  taken  as  fixed. 


Damage 

Case 

Classii 

led  as  1 

2 

3 

9 

10 

13 

14 

Bar  2 

250 

0 

0 

0 

0 

0 

Bar  3 

0 

249 

0 

1 

0 

0 

Bar  9 

0 

0 

250 

0 

0 

0 

Bar  10 

0 

0 

0 

246 

0 

4 

Bar  13 

0 

3 

92 

0 

135 

20 

Bar  14 

0 

0 

0 

1 

0 

249 

Table  1:  Confusion  matrix  for  classifier  network  on  training  set. 


In  order  to  investigate  the  effect  of  initial  conditions,  500  networks 
were  trained  (this  took  approximately  6  hours  on  a  333  MHz  Laptop  run¬ 
ning  Linux).  The  five  lowest  classification  errors  on  the  training  set  were 
0.4%,  1.34%,  2.18%,  2.42%  and  2,46%.  These  five  networks  were  evaluated 
on  the  validation  set  and  the  fourth  gave  the  lowest  error  of  2.4%.  This 
network  was  chosen  for  evaluation  on  the  testing  set  and  gave  a  clsissifica- 
tion  error  of  2.74%.  Tables  1,  2  and  3  give  the  confusion  matrices  for  the 
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three  data  sets. 


Damage 

Case 

Classil 

led  as 

1 

3 

5 

mm 

9 

10 

11 

12 

13 

14 

15 

20 

249 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

249 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

Bars 

0 

0 

250 

0 

0 

0 

0 

■■ 

0 

ra 

0 

0 

Bar  7 

0 

0 

0 

250 

0 

0 

0 

0 

■■ 

0 

0 

Bar  9 

0 

0 

0 

0 

246 

0 

0 

0 

■■ 

0 

0 

0 

Bar  10 

0 

0 

0 

0 

0 

244 

0 

0 

0 

6 

0 

0 

Bar  11 

0 

0 

0 

0 

0 

0 

248 

0 

0 

0 

2 

0 

Bax  12 

0 

0 

0 

1 

0 

0 

0 

249 

wm 

gig 

2 

0 

Bar  13 

0 

0 

0 

64 

0 

0 

0 

iHM 

KM 

0 

0 

Bar  14 

0 

0 

0 

rai 

0 

0 

0 

0 

0 

250 

0 

0 

Bar  15 

0 

0 

0 

0 

0 

0 

2 

0 

0 

0 

248 

0 

Bar  20 

0 

0 

0 

0 

0 

0 

4 

0 

0 

0 

0 

246 

Table  2:  Confusion  matrix  for  classifier  network  on  validation  set. 


Damage 

Case 

Classified  as 

9  10 

11 

13  14 

15  20 

Bar  9 

IBS 

0 

0 

2 

0 

0 

0 

Bar  10 

0 

0 

0 

3 

0 

0 

0 

mm 

249 

■■ 

0 

1 

0 

22 

0 

0 

104 

0 

0 

Bar  14 

0 

0 

0 

0 

250 

0 

0 

Bar  15 

0 

0 

4 

0 

0 

246 

0 

Bar  20 

0 

0 

1 

0 

0 

0 

249 

Table  3:  Confusion  matrix  for  classifier  network  on  testing  set. 


In  the  cases  of  the  training  set  and  the  validation  set,  the  main 
sources  of  confusion  are  between  pairs  of  diagonal  members  common  to 
a  bay,  i.e.  9  and  13,  10  and  14  etc.  This  raises  the  possibibty  of  only 
attempting  to  locate  the  diagonal  members  to  within  one  of  the  four  bays. 
With  this  interpretation  of  the  results,  the  trdning  and  validation  errors 
fall  to  0.4%  and  0.8%  respectively.  In  the  Cctse  of  the  testing  set,  the 
major  source  of  confusion  is  between  members  13  and  14,  which  are  in 


974 


neighbouring  bays  but  otherwise  unrelated.  This  is  a  little  puzzling  as 
the  clusters  corresponding  to  these  members  are  separated  in  the  principeJ 
component  plot  (Figure  5).  However,  the  MLP  minimises  the  error  by 
drawing  the  best  set  of  decision  boundaries  which  separate  the  training 
data  and  it  may  be  that  the  network  has  difficulty  in  generalising.  In  this 
case  the  strategy  of  locating  to  within  a  bay  only  reduces  the  error  to 
2.15%.  These  results  are  still  rather  impressive  as  random  selection  would 
give  an  error  of  95%. 


CONCLUSIONS 

This  paper  has  demonstrated  a  method  of  locating  damage  on  a 
structure  by  using  a  network  of  novelty  indices.  On  a  simple  framework, 
the  results  are  rather  impressive  and  show  a  marked  improvement  on  a 
previous  study  of  the  same  structure.  However,  the  paper  raises  a  number 
of  important  questions.  Foremost  among  these  is  the  question  of  how  to 
design  an  optimum  set  of  features.  Here,  the  problem  is  largely  ignored 
and  a  transmissibily  from  each  bar  is  used.  There  is  certainly  some  possi¬ 
bility  for  data  reduction  as  the  principal  component  analysis  which  served 
to  visualise  the  data  in  two  dimensions  actually  showed  that  95%  of  the 
variance  of  the  original  data  was  summarised  by  the  first  eight  principal 
components.  This  shows  that  there  is  a  high  degree  of  redundancy  in  the 
set  of  twenty  indices  and  more  careful  choice  of  features  may  result  in  a 
significant  saving  on  measurements.  This  is  of  course  vital  for  any  practical 
system. 

Another  point  raised  by  this  study  concerns  the  use  of  networks 
of  this  type  for  sizing  the  damage.  In  this  case,  it  proved  impossible  due 
to  the  fact  the  indices  showed  little  variation  over  the  damage  severities 
considered  here.  This  is  partly  due  to  the  fact  that  the  negligible  damping 
in  the  Finite  Element  model  caused  the  undamaged  and  damaged  resonance 
peaks  to  separate  completely  even  at  low  levels  of  damage.  A  more  realistic 
simulation  may  well  result  in  more  useful  indices  for  severity  assessment. 

Further  work  is  underway  aimed  at  addressing  these  issues. 
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DAMAGE  DIAGNOSIS  USING 
STATISTICAL  PROCESS  CONTROL 
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Los  Alamos,  NM  87545 

ABSTRACT 

Structural  health  monitoring  is  described  in  the  context  of  a 
statistical  process  control  paradigm.  This  paper  demonstrates  the 
application  of  various  statistical  process  control  techniques  such  as  the 
Shewhart,  the  exponentially  weighted  moving  average,  and  the 
cumulative  sum  control  charts  to  vibration-based  damage  diagnosis. 
The  control  limits  are  first  constructed  based  on  the  measurements 
obtained  from  the  initial  intact  structure.  Then,  new  data  are  monitored 
against  the  control  limits.  A  statistically  significant  number  of  outliers 
outside  the  control  limits  indicate  a  system  transition  from  a  healthy 
state  to  a  damage  state.  Environmental  and  operation  conditions,  such 
as  temperature  change  and  the  magnitude  variation  of  the  input  forces, 
are  also  incorporated  into  the  monitoring  process.  Blind  tests  of 
various  dcunage  cases  are  conducted  without  prior  knowledge  of  the 
actual  damage  scenarios  to  evaluate  the  performance  of  the  presented 
control  chart  techniques. 


1.  INTRODUCTION 

Many  aerospace,  civil,  and  mechanical  engineering  systems 
continue  to  be  used  despite  aging  and  the  associated  potential  for 
damage  accumulation.  Therefore,  the  ability  to  monitor  the  structural 
health  of  these  systems  is  becoming  increasingly  important  from  both 
economic  and  life-safety  viewpoints. 

This  paper  attempts  to  state  in  a  quantifiable  maimer  if  the 
system  of  interest  has  experienced  structural  deterioration  or 
degradation  by  analyzing  changes  in  the  vibration  response  of  the 
system  in  the  presence  of  operational,  and/or  environmental 
variability-  In  particular,  this  paper  casts  the  structural  monitoring 
problem  in  the  context  of  a  control  chart  analysis  paradigm,  which  is 
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one  of  the  most  popular  methods  of  statistical  process  control.  The 
control  chart  approach  is  very  efficient  and  suitable  for  on-line 
continuous  monitoring.  The  final  diagnosis  results  are  presented  to 
end  users  in  three  categories:  safe  (green  light),  questionable  (yellow 
light),  and  danger  (red  light)  making  the  interpretation  of  the  final 
diagnosis  simple. 


2.  THEORETICAL  FORMULATION 

An  auto-regressive  (AR)  model  is  first  fitted  to  the  measured 
acceleration-time  histories  from  an  undamaged  structure.  Residual 
errors,  which  quantify  the  difference  between  the  prediction  from  the 
AR  model  and  the  actual  measured  time  history  at  each  time  interval, 
are  used  as  the  damage-sensitive  features.  Next,  the  Shewhat, 
cumulative  sum  (CUSUM),  and  exponentially  weighted  moving 
average  (EWMA)  control  charts  are  employed  to  monitor  the  mean  and 
variance  of  the  selected  features.  Control  limits  for  the  control  charts 
are  constructed  based  on  the  features  obtained  from  the  initial  intact 
structure.  The  residual  errors  computed  from  the  new  data  and  the 
prediction  of  these  data  with  the  initial  AR  model  are  then  monitored 
against  the  control  limits.  A  statistically  significant  number  of  residual 
error  terms  outside  the  control  limits  indicate  a  system  anomaly.  In  this 
section,  the  AR  modeling,  and  the  construction  of  the  various  control 
charts  are  briefly  explained. 


2.1.  Modeling  of  a  Auto-Regressive  Process 

One  of  the  main  assumptions  in  the  use  of  control  charts  is  the 
independence  of  the  extracted  features.  Conventional  control  charts 
provide  false-positive  indications  of  damage  too  frequently  if  the 
selected  features  exhibit  a  high  level  of  correlatipn  over  time. 
Therefore,  the  correlation  in  the  raw  time  history  data  needs  to  be 
removed  prior  to  the  application  of  the  control  charts.  As  a  feature 
extraction  process,  an  AR  model  is  fitted  to  the  time  history  data  in 
order  to  remove  the  correlation.  An  AR  model  with  p  auto-regressive 
terms  can  be  written: 

u{k)  =  a  +  u{k  -  j)  +bT+  e{k)  (1) 

;=i 

This  model  is  referred  to  as  an  AR(p)  model.  u{k)  is  the  observed  time 
history  at  time  kAt,  and  At  is  a  sampling  interval.  <()j  is  an  unknown 
auto-regression  coefficient,  and  e{k)  is  an  unobservable  random  error 
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with  zero  mean  and  constant  variance.  T  is  some  form  of  a  current 
temperature  measure  for  the  system  and  b  is  the  associated  coefficient. 
The  (j>/s  and  b  are  estimated  by  fitting  the  AR  model  to  the  data 
obtained  from  the  undamaged  structure.  The  mean  of  u(k)  for  all  is 
fi  and 

Denoting  u(k)  as  the  predicted  time  history  from  the  AR  model 
at  time  index  k,  the  residual  error,  e(k)=u(k)-u(k) ,  is  defined  as  the 
damage  sensitive  feature  to  be  used  in  this  study.  When  new  data 
become  available,  the  response  at  the  current  time  point  is  predicted 
using  p  past  time  points,  current  temperature  T,  and  the  previously 
fitted  AlR(p)  model.  Then,  the  residual  errors  are  computed  for 
k-p+l,  p  +  2 . 

When  the  system  varies  from  the  initial  condition  and  the  AR 
model  derived  from  the  undamaged  structure  is  applied  to  the  new 
data,  the  AR  model  will  show  greater  residual  errors.  However,  the 
variation  of  the  residual  errors  does  not  necessarily  indicate  that  the 
structure  is  damaged.  For  example,  variations  of  environmental  or 
operational  conditions  such  as  ambient  temperature,  wind  speed,  or 
traffic  intensity  of  in-situ  bridges  could  also  cause  shifts  of  the  residual 
error  distribution.  Therefore,  the  effects  of  these  environmental  or 
operational  conditions  on  residual  errors  should  be  Brst  discriminated 
from  the  effects  of  damage. 

The  measurement  of  the  system's  current  temperature 
parameter,  T,  is  incorporated  directly  in  Equation  (1)  to  take  into 
account  the  effect  of  temperature  variance  on  the  measure  response. 
The  response  time  series  are  also  normalized  by  the  estimated  standard 
deviation  of  the  time  series  to  remove  the  influence  of  the  input 
amplitude  change.  Consequently,  the  residual  error  changes  caused  by 
damage  are  separated  from  the  variations  caused  by  the  ambient 
temperature  and  input  force  intensity.  The  following  various  control 
charts  provide  statistical  frameworks  to  detect  the  changes  in  the  mean 
and  variance  of  the  residuals. 


2.2.  Shewhart  Control  Chart 

In  this  section,  two  most  commonly  used  Shewhart  control 
charts,  X-bar  and  S  control  charts,  are  presented.  The  X-bar  control 
chart  provides  a  framework  for  monitoring  the  changes  of  the  selected 
feature  means  and  for  identif5dng  observation  points  that  are 
inconsistent  with  the  past  data  sets.  The  S  control  chart  monitors  the 
process  variance  in  a  similar  way  as  the  X-bar  control  chart.  We  first 
introduce  the  X-bar  control  chart  and  then  address  the  S  chart. 
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To  monitor  the  mean  variation  of  the  features,  the  features  are 
first  arranged  in  m  subgroups  of  size  n: 


•^n 

•^12 

•  •  • 

^21 

•^22 

•^2« 

. 

« 

• 

(2) 


^m]  ^m2  *’*  ^nin 

where  Xy  is  the  extracted  feature  from  previous  section,  i.e.,  the 

residual  in  this  study.  The  subgroup  size  n  is  often  taken  to  be  4  or  5. 
If  n  is  chosen  too  large,  a  drift  that  may  be  present  in  individual 
subgroup  mean  may  be  obscured,  or  averaged-out.  An  additional 
motivation  for  using  the  rational  subgrouping,  as  opposed  to 
employing  individual  observations,  is  that  the  distribution  of  the 
subgroup  means  can  often  be  reasonably  approximated  by  a  normal 
distribution  as  a  result  of  the  central  limit  theorem. 

Next,  the  sample  mean  and  standard  deviation  S,  of  the 
features  are  computed  for  each  subgroup  (/  =  !,♦••,  m ): 

X^=mean{xy)  and  S.=std{x-j)  (3) 

Here,  the  calculation  of  the  mean  and  standard  deviation  is  with 
respect  to  the  n  observations  m  each  subgroup.  Finally,  a  control  chart 
is  constructed  by  drawing  a  centerline  (CL)  at  the  mean  of  the 
subgroup  means  and  two  additional  horizontal  lines  corresponding  to 
the  upper  and  lower  control  limits  (UCL  &  LCL)  versus  subgroup 
numbers  (or  with  respect  to  time).  The  centerline  and  two  control 
limits  are  defined  as  follows: 


UCL  =  CL  +  Z„/2 


LCL  =  CL-Z„/2 


and  CL-mean{X.) 


(4) 


where  the  calculation  of  mean  is  with  respect  to  all  subgroups 
(/  =  !,♦•  •,/??).  Z^i2  represents  the  a/2  quantile  of  the  standard  normal 

distribution.  The  variance  is  estimated  by  averaging  the  variance  S,. 
of  aU  subgroups: 

S^=w^fii/i(Sf)  (5) 


As  mentioned  before,  regardless  of  the  distribution  of  Xy,  Xj  can  be 
approximated  by  a  normal  distribution  as  a  result  of  the  central  limit 
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theorem.  Therefore,  the  control  limits  in  Equation  (4)  correspond  to  a 
100(1- a)  %  confidence  interval.  In  many  practical  situations,  the 
distribution  of  features  may  not  be  exactly  normal.  However,  it  has 
been  shown  that  the  control  limits  based  on  the  normality  assumption 
can  often  be  successfully  used  unless  the  population  is  extremely  non¬ 
normal  [6].  The  observation  of  the  residual  errors  obtained  from  the 
undamaged  structure  reveals  that  the  normaltiy  assumption  is  an 
appropriate  approximation  for  this  study. 

If  the  system  experiences  damage,  this  will  likely  be  indicated 
by  an  imusual  number  of  subgroup  means  outside  the  control  limits  (a 
charted  value  outside  the  control  limits  is  referred  to  as  an  outlier  in 
this  paper).  Finally,  damage  monitoring  is  performed  by  plotting  the 
Xj  values  obtained  from  the  new  data  set  along  with  the  previously 
constructed  control  limits. 

Similar  to  the  X-bar  control  chart,  the  variance  of  the  individual 
subgroups,  Sj ,  can  be  monitored  by  the  S  control  chart.  To  construct 
the  S  control  chart,  UCL,  LCL,  and  CL  are  defined  as  follows: 

=  LCL  =  S  and  CL  =  mean(S,)  (6) 

where  x\-a}2,n-i  ^a/2.«-i  cienote  the  upper  and  lower  percentage 

points  of  the  chi-square  distribution  with  n-1  degrees  of  freedom. 


2.3.  Cumulative  Sum  Chart 

The  X-bar  and  S  control  charts  use  only  the  information 
contained  in  the  current  point  and  ignore  any  information  given  by  the 
entire  sequence  of  points.  This  feature  makes  the  X-bar  and  S  control 
charts  relatively  insensitive  to  small  shifts  in  the  process.  Alternatives 
to  monitor  more  subtle  changes  are  the  CUSUM  and  EWMA  control 
charts.  First,  the  CUSUM  control  chart  is  presented  here. 

The  CUSUM  chart  incorporates  aU  the  previous  information  up 
to  the  current  point  by  accumulating  the  deviations  of  the  feature 
values  from  the  centerline.  However,  the  CUSUM  chart  for  the  process 
mean  is  formed  by  computing  the  following  cumulative  sum: 

C,  =t(x, -cl)  (7) 

;=1 

Note  that  if  the  sample  mean  X,  remains  in  control  aroimd  the  CL 
value,  the  cumulative  sum  C,  defined  in  Equation  (7)  should  be  a 
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random  process  with  zero  mean.  For  example,  if  the  process  mean 
shifts  upward  to  a  new  mean  value,  say  CL^  >  CL,  then  a  positive  drift 
in  the  cumulative  sum  C.  will  be  accumulated.  Similarly,  the 
downward  shift  of  the  process  mean  will  develop  a  negative  drift  in 
C, .  Therefore,  a  trend  developed  among  observations  is  utilized  as  an 
indication  of  the  process  mean  shift.  Since  the  CUSUM  includes  all  the 
information  up  to  and  including  the  /th  point,  the  CUSUM  is  more 
effective  than  the  Shewhart  charts  for  detecting  small  shifts. 
Particularly,  the  CUSUM  are  effective  with  subgroup  size  one  (n  =  1 ). 

The  actual  CUSUM  chart  is  implemented  by  accumulating 
upward  and  downward  derivation  from  tine  CL  separately: 


C;  =  max[0,  X,  -  (CL  +  K)  +  C,t.,  ] 
C:  =  max[0,  (CL -  K)  -  X.  +  C," ,  ] 


(8) 


where  CJ  is  the  upper  cumulative  sum  of  derivations  that  are  above 
CL  +  K,  and  Cq  is  the  lower  cumulative  sum  of  derivations  that  are 
below  CL  -  K.  Note  that  the  starting  values  are  CJ  =  C^  =  0  and  both 
Cj  and  Cq  are  reset  to  zero  upon  becoming  negative.  The  reference 
value  (or  allowance  value)  K  in  Equation  (8)  is  often  set  about  one  half 
of  the  deviation  that  one  is  interested  in  detecting.  For  example,  if  we 
intend  to  detect  one  standard  deviation  shift  from  the  target  value,  K  is 
chosen  to  be  one-half  of  the  standard  deviation,  K  =  cr/2 .  When  either 
CJ  or  Cq  exceed  the  decision  interval  H,  the  process  is  out  of  control. 
H  is  often  defined  to  be  five  times  the  standard  deviation  a ,  H=5  a  [6]. 

Similarly,  a  CUSUM  chart  for  monitoring  process  variance  can 
be  formulated.  Denoting  Y,  =  (X, -CL)/ cr  and  a  standardized 
quantity  V.  as  follows 

(9) 

‘  0.349 


Hawkins  (1981)  [3]  shows  that  the  in-control  distribution  of  V.  is 
approximately  a  normal  distribution  with  zero  mean  and  unit  standard 
deviation.  Then,  two  one-sided  CUSUMs  for  process  variance  can  be 
defined  as  follows: 


S;=max[0,  V,-K  +  S;_i] 
s:  =max[0,  -K-V.  +S,::,] 


(10) 
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where  SJ  =  Sq  =  0,  and  the  values  for  K  and  H  are  selected  as  in  the 
case  of  the  process  mean  monitoring. 


2.4.  Exponentially  Weighted  Moving- Average  Control  Chart 

The  EWMA  chart  is  also  a  good  alternative  to  the  Shewhart 
charts  for  detecting  small  shifts  [4,7].  The  performance  of  the  EWMA  is 
often  equivalent  to  that  of  the  CUSUM  chart.  When  a  subgroup  size  is 
one  {n  =  \\  the  EWMA  chart  is  defined  as: 

z,  =  Ax,+(l-;l)^,._,  (11) 

where  1  is  a  constant  with  0<yl<l,  and  the  starting  value  Zq  is  the 
target  mean,  Zq  =  CL .  Recursively  substituting  X  x.,_j  +  (1  -  A)  for 
V;, J  =  1,2,...,/-!,  in  Equation  (11),  it  can  be  shown  that  z,  is  a 
weighted  average  of  all  past  and  current  observations: 

z,=xf^{l-Ayx,,j+(l-Zyzo  (12) 

7=0 

If  the  observations  x,  are  independent  random  variables  with  variance 
cr^,  the  variance  of  z,  becomes: 

Finally,  the  control  limits  and  center  line  for  the  EWMA  are  defined  as 

UCL,  LCL  =  CL  ±  Lcr.^1^^^^11  -  (1  -Xf‘]  (14) 

and  Ch-mean{x.) .  Note  that,  since  z,  is  a  weighted  sum  of  all  past 
and  current  observations,  the  distribution  of  Zj  can  be  reasonably 
approximated  by  a  normal  distribution  as  a  result  of  the  central  limit 
theorem.  Therefore,  the  EWMA  chart  is  insensitive  to  the  normality 
assumption  of  individual  observations  x^ . 

In  Equation  (14),  L  and  X  are  the  design  parameters  of  the 
EWMA  chart.  In  this  study,  the  values  of  L  and  X  are  chosen  L=2.7 
and  X  =0.1  to  give  approximately  the  same  confidence  interval  as  that 
of  the  CUSUM  chart  with  K  =  cr/2  and  H=5  a  [6]. 

MacGregor  and  Harris  (1993)  extended  the  use  of  EWMA-based 
statistics  for  monitoring  the  process  variance  [5].  The  exponentially 
weighted  moving  variance  (EWMV)  is  defined  as: 
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sf=A(x,-z,f  +  0-A)sl  (15) 

It  can  be  shown  that  E[s?]  =  o-^,  and  z,  is  an  estimate  of  the  true 
population  mean  at  the  fth  point  in  time.  If  individual  observations  are 
independent,  the  sf  approximately  has  chi-square  distribution  with 

V  =  (2  -  A)  /  A  degrees  of  freedom.  Finally,  the  control  limits  for  ^Jsf 
statistic  become: 

VCL  =  cr and  LCL  =  (7  (16) 

All  the  control  charts  are  constructed  such  that  the  control  limits 
approximately  correspond  to  a  99%  confidence  interval  of  the  given 
distribution. 


3,  APPLICATIONS 

The  applicability  of  the  aforementioned  control  charts  to 
damage  diagnosis  problems  is  demonstrated  using  the  vibration  test 
data  simulated  from  the  spring-mass  system  shown  in  Figure  1.  The 
springs  act  in  the  axial  direction  and  have  nominal  values  of  =  1x10^ 
N/m.  The  masses  have  a  nominal  value  of  =1.0  N-SVm  and 
nominal  damping  of  the  dashpots  is  c^,  =  5%.  In  Figure  1,  the  spring, 
dashpot,  and  mass  elements  are  numbered  from  left  to  right,  kl-kll, 
cl-cll,  ml-mlO,  respectively. 


kl  k2  k3  k9  klO  kll 


cl  c2  c3  c9  clO  ell 


Figure  1:  A  spring-mass  system 

Excitation  time  series  is  generated  such  that  it  has  a  flat 
spectrum  up  to  a  cutoff  frequency  of  512  Hz.  For  all  cases,  the  input 
force  is  applied  at  m9.  One  of  the  requirements  of  this  study  is  the 
ability  to  input  environmental  variability  into  the  system.  The  spring 
constant  is  designed  to  be  a  nonlinear  function  of  temperature  as 
shown  in  Figure  2.  In  this  figure,  the  spring  stiffness  had  a  nominal 
value  of  1x10^  N/m  at  a  temperature  of  15°  C.  Then,  a  maximum 
variance  of  ±2.5%  over  a  temperature  range  of  -10°  to  40°  C  is  assigned. 
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Figure  2:  Temperature-stiffness 
relationship 


-1  -0.5  0  0.5  1 


Relative  displacement  (mm) 

Figure  3:  Damage  simulation 
using  a  bilinear  stiffness  model 


Nonlinear  damage  is  introduced  to  the  structure  by  reducing  the 
stiffness  of  a  spring  in  tension  side.  Therefore,  after  damage 
occurrence,  the  spring  will  have  a  bilinear  force-displacement 
relationship  as  shown  in  Figure  3.  In  subsequent  examples,  the 
amotmt  of  damage  is  denoted  by  the  percentage  decrease  of  the 
tensional  stiffness.  For  example,  the  stiffness  in  compression  is  1x10^ 
N/m  and  in  tension  it  is  5x10^  N/m  for  Figure  3  denoting  50%  stiffness 
decrease. 

Table  1  shows  all  the  training  data  sets  used  in  this  study.  The 
training  data  sets  are  divided  into  three  categories.  Data  Set  1  is  used 
to  study  the  effect  of  temperature  changes,  and  Data  Set  2  is  intended 
to  investigate  the  influence  of  the  amplitude  variation  of  the  input 
force.  The  control  limits  of  the  control  charts  are  first  constructed  using 
all  the  data  in  Data  Sets  1  and  2,  Then,  the  preliminary  damage 
diagnosis  is  conducted  for  9  different  damage  cases  shown  m  Data  Set 
3.  Finally,  diagnosis  tests  using  40  addition  test  sets  are  carried  out  to 
assess  the  performance  of  the  proposed  process  monitoring  technique. 
The  condition  of  the  40  test  sets  was  unlmown  to  the  analysts  until  the 
completion  of  the  diagnosis  analysis.  It  should  be  noted  that  the 
presented  damage  diagnosis  is  performed  in  an  unsupervised  learning 
mode  implying  ^at  data  from  a  damaged  system  is  not  available  for 
training  purpose  [1].  This  feature  of  the  proposed  study  is  very 
attractive  for  monitoring  full-scale  civil  infrastructures  because  the 
collection  of  training  data  sets  representing  various  damage  states  of 
such  complex  structures  is  typically  not  feasible. 

For  each  nm  in  Table  1,  the  response  acceleration  time  series  are 
recorded  at  all  mass  points  for  approximately  16  second.  A  sample 
rate  of  1024  per  second  resulted  in  a  Nyquist  frequency  512  Hz.  The 
measured  16385  point  time  series  are  first  sampled  at  every  46  points 
yielding  the  freqeuncy  range  of  0-11  Hz.  Using  the  order  identification 
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techniques  described  in  Reference  [2],  AR(36)  is  shown  to  remove  most 
of  correlation  between  the  residuals  over  time.  This  AR(36)  is  then 
fitted  to  individual  time  series  resulting  in  322  (« 16385/46  -  35) 
residual  errors.  For  the  X-bar  and  S  control  charts,  subgroups  of  size 
n=4  are  employed,  and  for  the  rest  of  the  control  charts,  individual 
residuals  are  plotted  (n=l). 


Table  1:  A  list  of  training  data  sets 


Data  Set  1:  Temperature  variation  (total  33  sets) 

(All  excitation  have  the  same  amplitude,  Amplitude^lOO) 
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1  Data  Set  2;  Input  excitation  variation  (total  9  sets)  | 

Constant 
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Data  Set  3:  Testing  damage  cases  (total  9  sets) 

(All  cases  have  the  same  temperature  15  C“  and  the  same  amplitude  excitation) 

Stiffness 

Reduction 

Damage  Location  | 

k2 

k6 

k2  and  k6 

20% 

Run43 

744 

58 

50% 

45 

46 

59 

70% 

47 

48 

60 

Figure  4  illustrates  typical  control  charts.  The  time  series 
associated  with  measurement  point  5  (m5)  of  Rxm  59  are  used  for  this 
figure.  Note  that  all  the  control  charts  are  designed  such  that 
approximately  99%  of  the  observation  points  fall  within  the  control 
limits  when  the  system  is  in  control.  When  Run  59  has  50%  damage 
both  on  k2  and  k6,  all  the  control  charts  display  statistically  significant 
number  of  outliers  (more  than  1%  of  the  entire  points)  in  Figure  4.  This 
damage  diagnosis  is  repeated  for  all  run  cases,  from  Runl  to  Rim  100. 
The  diagnosis  results  of  m5  are  summarized  in  Table  2  for  selected 
damage  cases  of  the  blind  test  data.  The  entries  in  columns  2-7  show 
the  number  of  outliers  obtained  from  each  control  chart. 

It  is  the  authors"  belief  that  most  end  users  of  the  health 
monitoring  system  simply  want  to  know  if  the  system  is  safe  or  not. 
To  deduce  the  system  integrity  from  the  presented  outlier  numbers,  a 
decision  table  based  on  the  number  of  outliers  are  established  and 
presented  in  Table  3.  According  to  this  decision  table,  the  system 
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status  is  assigned  to  one  of  three  groups:  safe  (green  light), 
questionable  (yellow  light),  and  danger  (red  light).  When  the  green 
light  is  on,  the  end  users  have  a  confidence  that  the  system  is  in¬ 
control.  If  a  yellow  light  is  on,  the  system  will  be  still  functional  but  a 
further  detailed  diagnosis  or  visual  inspection  is  strongly 
recommended.  Finally,  a  red  light  indicates  that  the  system  should  be 
shut  down  immediately,  and  the  operation  of  the  system  should  not  be 
resumed  until  assignable  causes  are  found  and  regulated. 


X-bar  chart 
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Individual  observation 


S  chart 


Subgroup  {n=4) 


CUSUM  (variance) 


Individual  observation 


EWMV 


Figure  4:  An  example  of  control  chart  analyses 


Table  2;  Number  of  outliers  and  diagnosis  results  obtained  from  m5 


Run# 

Xchart 

Schart 

CUSUM 

(mean) 

CUSUM 

(variance) 

EWMA 

EWMV 

Result 

63 

9 

14 

62 

298 

19 

189 

3 

72 

6 

11 

9 

236 

1 

116 

3 

76 

28 

23 

328 

318 

167 

261 

3 

79 

1 

8 

4 

176 

0 

68 

2 

80 

10 

5 

14 

17 

3 

20 

2 

84 

2 

5 

0 

12 

2 

13 

2 

87 

18 

9 

313 

289 

160 

106 

3 

90 

2 

8 

19 

139 

3 

80 

2 

93 

9 

4 

31 

19 

2 

15 

2 
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For  example,  if  10,  5, 14,  17,  3,  20,  and  2  number  of  outliers  are 
observed  for  the  X-bar,  S,..,  EWMV  control  charts  of  Run  80,  then  red 
(3),  yellow  (2),  red  (3),  yellow  (2),  green  (1),  red  (3)  lights  are  assigned 
to  the  X-bar,  S,..,  EWMV  control  charts,  respectively,  based  on  the 
decision  criteria  in  Table  3.  That  is,  based  on  the  number  of  outliers 
(n„),  the  diagnosis  result  of  each  control  chart  is  assigned  to  one  of  the 
following  three  lights:  green  (1),  yellow  (2),  and  red  (3)  lights.  If  we 
define  n^  as  the  sum  of  aU  the  numerical  values  of  lights  from  each 
control  chart,  the  total  number  of  lights  for  this  example  becomes 
nL=3+2+3+2+l+3=14-  Because  9  <  n^  <  14,  a  yellow  light  is  assigned  to 
this  measurement  point  based  on  the  criteria  shown  in  the  last  column 
of  Table  3.  Note  that  the  specific  values  of  the  decision  criteria  are 
assigned  in  a  rather  heuristic  maimer  by  observing  the  numbers  of 
outlier  from  the  training  data  sets.  A  further  study  is  needed  to 
establish  a  systematic  way  of  constructing  such  a  decision  table. 


Table  3:  Decision  table  for  individual  control  chart 


Light 

Xchart 

(in=80) 

CUSUMX 

(m=322) 

CUSUMS 

(m=322) 

EWMA 

(m=322) 

EWMV 

(in=322) 

Results 

Red=3 

n^>5 

BSI 

n„>10 

n„>20 

n„>10 

r\^>U 

Yellow  =2 

n„>2 

«o>2 

n^>4 

n„>7 

n^>4 

n^>5 

n^>9 

Green=l 

else 

else 

else 

else 

Else 

else 

else 

Although  all  the  results  are  not  presented  in  this  paper,  the 
aforementioned  procedure  is  repeated  for  all  ten  measurement  points. 
Only  the  final  diagnosis  of  each  measurement  point  is  summarized  for 
selected  damage  cases  in  Table  4.  The  last  column  of  Table  4  shows  the 
final  decision  regarding  the  system  states  combining  all  the  diagnosis 
results  form  the  ten  measurement  points.  A  red  light  is  assigned  to  the 
system  when  there  are  more  than  one  red  light  or  five  yellow  lights 
from  the  ten  measurement  points.  If  there  are  less  than  three  yellow 
lights  for  the  run  case  of  interest,  a  green  light  is  assigned  to  the  final 
diagnosis  results.  A  yellow  light  is  assigned  to  all  the  other  cases. 

Table  5  compares  the  diagnosis  results  analyzed  by  the 
proposed  approach  with  the  actual  damage  scenarios.  As  mentioned 
earlier,  the  actual  damage  status  of  these  blind  test  data  was  not 
revealed  to  the  analysts  until  the  diagnosis  analysis  is  completed.  The 
40  runs  of  the  blind  test  data  consist  of  16  damage  cases  and  24 
xmdamaged  cases  with  various  temperatures  and  excitation  force 
amplitudes.  Several  conclusions  are  made  based  on  the  observation  of 
Table  5:  (1)  No  false-positive  warning  of  damage  is  indicated  out  of  24 
undamaged  cases  in  spite  of  varying  temperatures  and  different 
excitation  amplitudes,  and  (2)  out  of  16  damage  cases,  13  cases  are 
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successfully  assigned  either  to  red  (9)  or  yellow  (4)  lights-  The 
remaining  undetected  3  damage  cases  have  relatively  small  amount  of 
damage  with  10%-20%  stiffness  reductions.  Note  that  because  the 
primary  objective  of  this  study  is  to  identify  the  existence  of  damage, 
the  final  decision  regarding  the  system  integrity  is  presented  in  terms 
of  only  three  categories:  green,  yellow,  and  red  lights.  The  localization 
and  quantification  of  damage  is  beyond  the  scope  of  this  study. 


Tab: 


e  4:  Final  diagnosis  results 


Run 

Ml 

m2 

m3 

m4 

m5 

m6 

m7 

m8 

m9 

mlO 

Final 

61 
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2 

2 

1 

1 

1 

1 

1 

1 

2 

2 

63 

3 

3 

3 

3 

3 

3 

3 

3 

mm 

3 

3 

3 

3 

2 
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1 

1 

1 

1 

1 

3 

3 

2 

1 

1 

1 

2 

1 

1 

2 

1 

2 

72 

2 

2 

2 

2 

3 

3 

3 

2 

1 

1 

3 

76 

2 

2 

2 

3 

3 

3 

2 

3 

1 

2 

3 

79 

2 

2 

2 

2 

2 

2 

2 

2 

1 

1 

3 

80 

1 

1 

1 

1 

2 

2 

3 

1 

1 

1 

2 
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Table  5:  Comparison  of  diagnosis  results  and  actual  damage  status 
for  the  blind  test  data 


Run 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70  1 

T(C“) 

4 

23 

12 

KB 

23 

4 

31 

95 

190 

220 

75 

Muim 

95 

MSMl 

2 

1 

3 

1 

1 

3 

1 

2 

1 

1 

Actual 

Damage 

k4 

20% 

No 

k3,9 

70% 

No 

No 

k2 

45% 

No 

kl,7 

15% 

No 

No 

Rim 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

T(C) 

23 

28 

-8 

4 

23 

28 

27 

23 

4 

28 

HC3&SQHI 

75 

95 

MKill 

95 

125 

95 

95 

1 

3 

1 

1 

1 

3 

1 

1 

3 

2 

Actual 

Damage 

No 

k8 

80% 

No 

No 

k6 

70% 

No 

No 

klO 

60% 

k8 

45% 

Run 

81 

82 

83 

84 

85 

86 

87 

88 

89 

KB 

T{C) 

4 

39 

28 

23 

12 

28 

23 

4 

31 

IKK! 

190 

95 

190 

■ESI 

■Eli 

125 

1 

1 

1 

3 

1 

1 

3 

1 

1 

3 

Actual 

Damage 

No 

No 

No 

k4 

60% 

No 

No 

k5 

70% 

No 

No 

kl,7 

50% 

Rim 

91 

92 

93 

94 

95 

96 

97 

98 

99 

■OB 

T(C) 

23 

31 

28 

39 

23 

mm 

4 

12 

28 

28  1 

|[|||[||||[j|3aB^I 

75 

Musm 

95 

125 

1 

1 

3 

1 

1 

1 

1 

1 

2 

1 

Actual 

Damage 

No 

No 

k2 

80% 

No 

No 

No 

k5 

15% 

No 

k3,9 

10% 

k6 

10% 

991 


4.  SUMMARY  AND  DISCUSSIONS 


The  structural  health  monitoring  is  described  in  the  context  of  a 
statistical  process  control  paradigm.  First,  an  auto-regressive  prediction 
model  is  fitted  to  the  time  series  obtained  from  the  intact  structure  so 
as  to  estimate  coefficients  of  the  prediction  model.  The  residual  errors 
between  the  measured  time  series  and  the  predictions  from  the  auto¬ 
regressive  model  are  computed  for  each  damage  case.  These  residual 
errors  are  defined  as  features  for  the  subsequent  control  chart  analysis. 
Next,  the  control  charts  are  constructed  using  the  features 
corresponding  to  the  initial  structure  in  control.  After  the  construction 
of  the  control  limits,  the  number  of  outliers,  which  are  charted  points 
outside  the  control  limits,  is  counted  for  each  control  chart.  Finally,  the 
system  status  is  assigned  into  one  of  three  lights,  green  (safe),  yellow 
(questionable),  and  red  (danger),  based  on  the  number  of  outliers. 
Damage  diagnosis  with  the  40  blind  test  data  demonstrated  that  the 
statistical  control  chart  successfully  identified  most  of  stiffness 
reduction  (13  cases  out  of  16  damage  cases)  without  any  false-positive 
indication  of  damage  for  all  the  examined  24  imdamaged  cases. 

The  presented  control  chart  analysis  has  several  advantages 
over  most  of  existing  damage  diagnosis  techniques  in  that  (1)  the 
presented  approach  does  not  require  the  construction  of  any 
complicated  analytical  model  nor  extensive  computation  power,  (2)  the 
environmental  and  operational  conditions  are  explicitly  considered  so 
that  the  effect  of  damage  on  the  vibration  response  could  be 
discriminated  from  these  effects,  and  (3)  the  construction  of  the  control 
charts  solely  relies  on  the  vibration  data  obtained  from  the  undamaged 
structure  without  requiring  data  collection  from  various  damage 
status.  These  features  make  the  proposed  approach  very  attractive  for 
the  development  of  an  automated  monitoring  system  for  in-situ 
complex  structures  operating  in  adverse  environments.  However,  the 
presented  approach  only  indicates  the  existence  of  damage  and  does 
not  locate  the  damage. 
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ABSTRACT 

High-field,  high-speed  Magnetic  Resonance  Imaging  (MRI)  can 
generate  high  levels  of  sound.  The  process  that  produces  the  gradient  magnetic 
field  is  the  primary  source  of  this  noise.  This  noise  can  cause  difficulties  in 
verbal  communication  in  and  around  the  scanner,  heightened  patient  anxiety, 
temporary  hearing  loss  and  possible  permanent  hearing  impairment  for  health 
care  workers  In  order  to  effectively  suppress  the  sound  radiation  from  the 
gradient  coil  cylinder,  the  sound  field  needs  to  be  characterized.  The 
characterization  can  be  made  either  through  simulation  prediction  or 
measurement  analysis.  This  paper  presents  both  the  simulation  and 
measurement  results  of  a  study  of  the  sound  radiation  from  a  gradient  coil 
cylinder  within  a  4  Tesla  MRI  scanner.  The  measurement  results  for  the  sound 
pressure  level  distribution,  and  the  acoustic  frequency  response  function  are 
presented.  The  sound  pressure  distributions  predicted  from  Finite  Element 
Analysis  of  the  gradient  coil  are  also  presented.  Details  of  the  prediction 
method  and  the  results  of  the  modeling  will  be  given  in  the  paper.  A 
comparison  of  the  measured  results  and  the  predicted  results  shows  close 
agreement. 

1.  INTRODUCTION 

High-field,  high-speed  magnetic  resonance  imaging  (MRI)  scanners 
are  used  to  generate  images  of  the  internal  structure  of  biological  subjects. 
These  machines  are  used  extensively  for  medical  diagnostic  and  research 
work.  The  way  that  the  magnetic  field  must  be  manipulated  during  the 
scanning  process  causes  significant  vibrations  of  the  gradient  coil  (a 
cylindrical  electro-magnet  which  produces  a  spatially  varying  magnetic  field) 
and  therefore  acoustic  noise  levels  to  be  generated  within  and  nearby  the 
scanners. 
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The  acoustic  noise  generated  by  the  gradient  coil  presents  problems  to 
patients  and  health  care  workers  that  range  from  simple  annoyance  to 
difficulties  in  verbal  communication,  heightened  anxiety,  temporary  hearing 
loss  and  possible  permanent  hearing  impairment.  Because  the  antenna  that 
collects  the  signal  which  eventually  forms  the  image  is  integral  to  the  gradient 
coil,  the  vibrations  that  are  generated  also  affect  the  degree  of  resolution  that  is 
achievable.  It  is  important  to  find  ways  to  reduce  the  acoustic  noise  and 
vibration  levels  of  MRI  scanners  in  order  to  improve  both  the  resolution  of 
MRI  and  the  working  and  patient  environment  in  and  around  the  scanners. 

The  acoustic  problems  of  MRI  scanners  have  received  very  little 
research  attention  in  Ae  past  ten  years.  Acoustic  noise  associated  wii  MRI 
was  first  evaluated  by  Hurwitz  et  al  in  1989  [1].  Further  work  during  the 
1990s  included  papers  published,  which  outlined  acoustic  noise  measurement, 
characterization  and  reduction  for  MRI  scanners  [2,3,4,5].  There  has  not  been, 
however,  any  simulation  method  and/or  results  published  which  can  be 
compared  with  measurement  results.  To  fully  understand  the  mechanism  of 
the  acoustic  noise  production  in  real  MRI  gradient  coils  and  then  exploit  this 
understanding  to  reduce  the  acoustic  noise  generated  it  is  important  to  set  up 
the  somd  simulation  method.  The  simulated  results  can  then  be  compared 
with  the  measured  results  to  test  the  validity  of  simulation  method.  In  this 
paper  both  the  simulation  method  and  measurement  method  will  be  described. 
The  measurement  and  analysis  results  will  also  be  presented. 

2.  SOUND  PRESSURE  LEVEL  SIMULATION 

The  interaction  between  the  pulsed  gradient  magnetic  coil  and  the  main 
(static)  magnetic  field  is  the  dominant  source  of  the  acoustic  noise  in  MRI 
scanner.  For  the  purposes  of  this  work  we  assume  that  only  the  gradient  coil 
radiates  soimd.  Besides  this,  we  also  make  the  following  assumptions  while 
we  are  calculating  the  sound  pressure  for  MRI  scanner. 

1)  The  geometry  of  the  scanner  can  be  modeled  as  being  axisymmetric. 

2)  The  gradient  coil  cylinder  is  vibrating  due  to  the  Lorentz  forces  which  are 
acting  on  the  cylinder.  These  forces  are  caused  by  the  current  flowing  in 
the  coils  that  are  themselves  located  within  a  strong  magnetic  field.  The 
vibrating  surface  produces  the  acoustic  energy,  which  is  the  main  source 
of  the  noise. 

3)  The  gradient  coil  cylinder  can  be  modeled  as  a  baffled  finite  duct  with 
vibrating  walls. 

4)  Nonlinear  acoustic  noise  can  be  ignored. 

Figure  1  is  a  schematic  representing  a  baffled  finite  duct  with  vibrating 
wall  and  showing  sound  radiation.  The  boundary  surface  illustrated  in  Figure  1 
is  modeled  as  being  divided  into  three  parts,  SI,  S2  and  S3,  SI  is  the  vibrating 
wall  of  the  cylinder.  The  vibration  velocity  normal  to  the  surface  of  the 
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cylinder  is  considered  as  being  equal  to  the  normal  fluid  velocity  on  the 
surface.  At  the  aperture  areas,  S2  and  S3,  the  acoustic  noise  is  assumed  to 
radiate  into  infinite  domains. 


^7 - 7^ — 7 - 7 - 7^ 

7^ 

S2  S3 

0^ 

7. 

‘  /  /  /  /  ^ 

Figure  1:  A  baffled  finite  duct  model  of  the  gradient  coil  cylinder  with 
vibrating  walls  and  showing  sound  radiation 


Figure  2:  The  model  of  the  gradient  coil  cylinder  with  constraints 

According  to  the  above  assumptions,  we  can  calculate  the  acoustic 
noise  field  within  the  cylinder  using  the  following  steps. 

1)  Compute  the  Lorentz  force  distribution  acting  on  the  cylinder. 

The  Lorentz  force,  F,  acting  on  a  conductor  of  length  /  carrying  a 
current  I  and  which  resides  in  a  magnetic  field  B  is  given  by  equation  (1)  [4]. 

F  =  //x  B  =  p//B  sin0  (1) 

In  equation  (1),  B  =  Bk,  I  =  la  and  F  =  Fp  in  which  k,  a,  and  p  are  unit 
rectors  and  0  is  the  angle  between  k  and  a. 

Knowing  the  gradient  coil  conductor  pattern,  main  (uniform)  magnetic 
field  and  the  current  through  the  coil  conductor,  we  can  compute  the  Lorentz 
force  distribution  acting  on  the  gradient  coil  cylinder  using  equation  (1). 

2)  Set  up  the  finite  element  model  for  the  gradient  coil  cylinder. 
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The  finite  element  model  includes  a  geometric  model,  the  relative 
material  parameters,  and  the  boundary  conditions  (constraints  and  loads) 
[9,10].  Figure  2  shows  a  schematic  of  the  model  and  the  type  of  constraints  for 
the  gradient  coil  cylinder.  The  only  load  is  the  Lorentz  force  distribution. 

3)  Calculate  the  normal  vibration  velocity  distribution  on  the  cylinder 
surface. 

Using  the  finite  element  modeling  software  available  the  normal 
vibration  velocity  distribution  on  the  cylinder  surface  is  calculated  by 
combining  the  Lorentz  force  distribution  and  the  FE  model.  Normally  this  step 
can  conducted  using  common  commercial  FEM  software,  such  as  SDRC  I- 
DEAS,  Ansys,  Nastran  etc. 

4)  Calculate  the  acoustic  noise  distribution  within  the  interior  field  of  the 
gradient  coil. 

This  step  can  be  implemented  according  to  the  Kirchhoff-Helmholtz 
integral  equation,  which  is  a  mathematical  description  of  the  acoustic  radiation 
from  structures  with  vibrating  surfaces.  This  approach  is  widely  used  as  a 
basic  theoretical  formulation  for  acoustic  radiation  calculation  through 
boundary  element  modeling  [6,7,8]. 

By  applying  the  4-step  procedure  just  described,  a  model  of  the  sound 
pressure  level  distribution  of  a  prototype  head  and  neck  sized  gradient  coil 
intended  for  novel  high-resolution  MRI  studies  in  humans  was  conducted. 
Figure  3  shows  the  duct  model  (the  gradient  coil  cylinder  in  a  magnetic 
resonance  imager). 


Figure  3:  Duct  model  of  the  head/neck  gradient  coil  cylinder 


3.  SOUND  PRESSURE  LEVEL  MEASUREMENTS 

To  check  the  validity  of  the  simulation  and  sound  field  distribution 
inside  the  gradient  coil  cylinder  was  measured  along  the  centerline  of  the 
gradient  coil.  The  experiment  was  conducted  during  operation  of  a  4T 
Varian/Siemens  whole-body  MRI  system.  The  gradient  coils  were  excited 
vrith  continuous  sawtooth  excitation  waveforms  of  amplitude  25Amps  and 
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sound  pressures  were  obtained  by  using  a  microphone  that  could  be  moved 
along  the  axis  of  the  cylinder  to  determine  sound  pressure  level  (SPL)  as  a 
function  of  position.  A  G.R.A.S  type  40AF  prepolarized  microphone  and  a 
G.R.A.S  type  21  SB  pre-amplifier  was  used.  This  unit  was  connected  to  a  tape 
recorder  and  digital  analyzer  in  another  room  using  a  10-meter  shielded  cable. 

In  order  to  further  investigate  the  character  of  the  sound  field  inside  the 
gradient  coil  cylinder  further  measurements  were  taken  to  obtain  the  acoustic 
firequency  response  functions  on  the  4T  Varian/Siemens  whole-body  MRI 
system.  The  body  gradient  coil  was  excited  with  single-lobe  gradient  impulses. 
The  SPL  was  measured  immediately  following  the  gradient  impulse,  at  a 
sampling  rate  of  20  kHz  and  at  one  fixed  point  inside  the  gradient  coil 
cylinder.  The  frequency  response  function  was  then  derived  fi-om  these 
measurements. 

4.  RESULTS  AND  DISCUSSION 

Both  the  acoustic  soimd  pressure  simulation  and  measurement  tests 
were  conducted  on  a  600  mm  long  by  420  mm  diameter  gradient  coil.  The  coil 
wall  thickness  was  50  mm.  The  gradient  coil  used  is  made  of  several  layers  of 
epoxy  resin  with  the  current  carrying  copper  coils  embedded  inside.  The  coil 
windings  are  made  up  of  three  layers  of  conductors  (referred  to  as  X,  Y,  and  Z 
windings)  wrapped  in  differing  configurations  in  order  to  achieve  a  linear 
magnetic  gradient  of  appropriate  slope  within  the  coil  working  space.  The 
current  that  passes  through  these  coils  may  vary  in  amplitude,  wave  shape  and 
frequency. 

Figure  4  shows  the  calculated  acoustic  noise  distribution  along  the 
centerline  for  the  head/neck  gradient  coil  cylinder.  A  continuous  wave 
sinusoidal  waveform  excitation  was  assumed,  applied  to  the  vertical  gradient 
axis  (Y  winding)  with  parameters  of,  sinusoid  fi-equency  =  1000  Hz,  current 
amplitude  =  25  Amps,  and  main  magnetic  field  strength  =  4  Tesla.  The  plot 
shows  the  sound  pressure  level  (in  dB)  along  the  centerline  of  the  coil.  The 
plot  shows  sound  pressure  level  maximums  in  the  mid  90  dB  range  at  the  ends 
of  the  gradient  coil  cylinder  and  plus  or  minus  100  mm  from  the  center  point 
of  the  cylinder.  Minimum  sound  pressure  levels  in  the  range  of  70  dB  are 
shown  at  the  center  point  and  plus  or  minus  about  200  mm  from  the  center 
point 

Figure  5  shows  the  measured  sound  pressure  level  distribution  along 
the  centerline  for  the  head/neck  gradient  coil  cylinder.  The  excitation 
parameters  are  identical  to  those  used  for  the  simulation. 

Figure  5  is  similar  in  general  shape  to  Figure  4.  The  maximum  sound 
pressure  levels  again  occur  at  the  ends  of  the  gradient  coil  and  approximately 
plus  or  minus  100  mm  from  the  center  point  of  the  cylinder.  The  minimum 
sound  pressure  levels  also  appear  at  the  center  point  as  in  the  simulation  and 
relatively  close  to  plus  or  minus  200  mm  from  the  center  point  of  the  cylinder. 
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Figure  4:  Calculated  sound  pressure  level  distribution  along  the 
centerline  for  the  head/neck  gradient  coil  cylinder. 
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Figure  5:  Measured  sound  pressure  level  distribution  along  the  centerline 
for  the  head/neck  gradient  coil  cylinder 

A  comparison  of  Figures  4  and  5  suggests  that  there  is  a  good  match 
between  the  measured  and  calculated  soimd  pressure  level  distribution  shapes. 
However,  detailed  inspection  of  these  distributions  indicates  some  notable 
differences  in  sound  pressure  level  at  some  locations  along  the  centerline  of 
the  gradient  coil  cylinder.  These  differences  are  likely  the  result  of  the  MR 
imager  structure,  room  space,  model  simplification  and  boundary  condition 
approximation. 

These  results  suggest  several  things.  First,  the  simulation  and 
measurement  results  correlate  well.  This  indicates  that  future  fine-tuning  of 
the  modeling  procedure  and/or  improvement  of  the  measurement  technique 
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could  bring  these  two  techniques  into  very  close  agreement.  The  ability  to 
accurately  model  the  dynamic  behavior  of  MRI  scanners  under  a  variety  of 
operating  conditions  could  lead  to  improved  designs  that  significantly  reduce 
the  sound  pressure  levels  generated  during  use.  Changes  in  the  operating 
procedures  and  excitation  parameters  could  also  be  explored  using  the  model 
in  order  to  predict  settings  that  would  reduce  the  acoustic  noise.  Secondly, 
there  is  a  clear  and  predictable  variation  of  the  sound  pressure  level  along  the 
centerline  of  the  gradient  coil  cylinder.  This  suggests  that  there  is  a  potential  to 
adjust  the  magnetic  gradient  produced  and/or  the  position  of  the  patient  to 
minimize  the  sound  pressure  levels  at  the  patient’s  ear.  While  any  individual 
change  may  result  in  only  relatively  small  reductions  in  the  overall  acoustic 
noise  in  MRI  scanners  the  combined  effect  could  result  in  marked 
improvements  in  patient  care  and  health  care  working  environments. 


Frequency  (Hz) 

Figure  6:  Acoustic  frequency  function  under  the  excitation  of  one  single¬ 
lobe  gradient  impulse  when  only  the  X  gradient  coil  was  turned  on  and 
the  maximum  gradient  strength  was  20mT/m. 

Figure  6  is  an  acoustic  frequency  response  function  when  only  the  X 
gradient  coil  was  turned  on  and  maximum  gradient  strength  was  20mT/m. 
Figure  6  shows  two  main  peaks  in  the  acoustic  frequency  response  fimction 
which  occur  at  around  430Hz  and  950Hz  for  the  Siemens  AS25  body  gradient 
coil.  This  figure  represents  the  natural  response  of  the  system  to  an  impulse 
type  input  signal.  Clearly  the  response  shows  that  there  are  two  main 
frequencies  that  are  excited  by  the  input  signal.  Further  modeling  of  the 
gradient  coil  cylinder  and/or  acoustic  measurements  will  reveal  how 
movement  of  these  frequencies  could  affect  the  performance  of  the  MRI 
scanner  and  the  character  of  the  acoustic  field  within  the  gradient  coil 
cylinder. 

5.  CONCLUDING  COMMENTS 

While  high-field,  high-speed  magnetic  resonance  imaging  (MRI) 
scanners  are  extremely  useful  tools  in  medical  research  and  diagnostics,  they 
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also  produce  high  levels  of  acoustic  noise  within  and  nearby  the  working 
space.  The  acoustic  noise  generated  results  in  associated  problems  for  patients 
and  health  care  workers.  It  is  important  to  find  ways  to  reduce  the  acoustic 
noise  and  vibration  levels  of  MRI  scanners  in  order  to  improve  both  the 
resolution  of  MRI  and  the  working  and  patient  environment  in  and  around  the 
scanners. 

The  comparison  of  the  sound  pressure  distributions  along  the 
centerline  of  the  gradient  coil  cylinder  obtained  by  both  simulation  and 
measurement  shows  close  agreement.  This  agreement  indicates  that  the  FE 
model  developed  can  be  used  to  perform  acoustic  simulation  and  analysis  of 
cylindrical  gradient  coil  cylinders.  Further  work  needs  to  be  done  to 
improve  the  accuracy  of  the  model  and  validate  the  simulated  results.  With  a 
fully  validated  FE  based  simulation  method,  the  next  step  in  our  research  will 
be  to  calculate  the  acoustic  frequency  response  functions.  This  type  of 
simulation  tool  will  extend  the  acoustic  analysis  procedures  at  hand  allow  for 
improvements  in  the  gradient  coil  electrical  and/or  structural  design  without 
the  need  for  multiple  prototypes  and  testing.  Ultimately  this  research  work  is 
directed  toward  reducing  the  acoustic  noise  and  vibration  levels  of  high-field 
MRI  scanning  system. 
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ABSTRACT 

Transient  vibration  signals  have  not  been  as  widely  studied  as 
stationary  signals,  but  may  well  contain  significant  amounts  of  usefiil 
information.  This  paper  investigates  a  method  for  the  analysis  of  transient 
vibration  signals  and  the  application  of  this  method  in  Machine  Condition 
Monitoring  (MCM). 

The  Prony  method  is  a  modeling  technique  that  fits  a  linear 
combination  of  a  series  of  exponential  functions  to  sampled  data  such  that  the 
model  describes  the  underlying  process  of  the  sampled  data.  Because  of  its 
exponential  basis  functions,  this  method  is  inherently  suitable  for  analyzing 
transient  signals.  The  intention  of  this  paper  is  to  explore  the  application  of 
the  Prony  method  to  the  study  of  transient  vibration  si^ials  and  the  potential  of 
this  method  in  Machine  Condition  Monitoring. 

This  paper  describes  the  work  done  to  investigate  this  procedure  as  the 
basis  of  a  useful  machine  condition  monitoring  and  diagnostic  technique.  Also 
presented  are  preliminaiy  numerical  results  of  Prony  model  based  frequency 
analysis  of  computer  generated  simulated  vibration  signals  as  well  as 
experimentally  derived  vibration  signals. 

1.  INTRODUCTION 

Recent  decades  have  seen  a  significant  amount  of  research  activities 
being  devoted  to  Machine  Signature  Analysis  (MSA)  [1,2,3].  The  major  tool 
used  for  MSA  has  been,  and  remains,  spectral  analysis.  Classical  spectral 
estimation  techniques  include  Periodogram,  Averaged  Periodogram  and 
Blackman-Tukey  spectral  estimation.  Newer  approaches  to  spectral  analysis 
include  a  variety  of  Parametric  modeling  techniques.  Within  this  category  are 
the  Rational  Transfer  Function  Modeling  Method,  Autoregressive  (AR)  Power 
Spectral  Density  (PSD)  Estimation,  Moving  Average  (MA)  PSD  Estimation, 
Autoregressive  Moving  Average  (ARMA)  PSD  Estimation,  Prony  Spectral 
Density  Estimation  and  Maximum  Likelihood  Method  (MLM)  [2,3]. 

The  majority  of  the  research  and  development  work  carried  out  to  date 
in  regard  to  signal  processing  strategies  for  machine  condition  monitoring  and 
diagnostics  applications  has  focused  on  signals  generated  from  stationary 
processes.  Non-stationary  processes  have  been  left  relatively  unstudied. 
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Examples  of  methods  that  are  applicable  to  non-stationary  processes  are 
Wavelet  and  Short  Time  Fast  Fourier  Transform  [1,4].  The  Prony  method, 
originated  by  French  scientist  Baron  de  Prony  in  1795  [5],  is  also  capable  of 
analyzing  non-stationary  processes  [5,6]  and  is  inherently  suitable  for  the  study 
of  exponentially  decaying  dynamic  signals,  such  as  those  that  develop  as  a 
result  of  many  different  types  of  machinery  condition  deterioration.  This 
paper  explores  the  use  of  the  Prony  method  to  study  such  transient  signals 
[6, 7, 8, 9]. 

The  Prony  method  was  originally  used  for  interpolation  between 
available  data  points.  The  method  and  its  modified  versions  are  techniques 
used  for  modeling  data  of  equally  spaced  data  samples.  Similar  to  the  well- 
known  system  identification  techniques  such  as  AR  and  ARMA  models,  the 
Prony  model  seeks  to  fit  an  exponential  model,  which  is  a  linear  combination 
of  a  series  of  exponential  functions,  to  sampled  data.  The  Prony  method  first 
determines  the  linear  prediction  parameters  that  fit  the  sampled  data.  Such 
linear  prediction  parameters  are  then  used  as  coefficients  to  form  a  polynomial. 
The  roots  of  this  polynomial  are  finally  employed  to  estimate  the  damping 
coefficients,  the  sinusoidal  fi-equencies,  the  exponential  amplitude  and 
sinusoidal  initial  phase  of  each  of  the  exponential  terms. 

2.  THE  PRONY  METHOD 

If  one  has  N  complex  data  samples  x[l]  ...,  jc[N],  the  Prony  method 
estimate,  x[n],  with  a p-term  complex  exponential  model  is; 

X[n]=2^Aiexp[(at+J2zfi)(n-l)T+j0^]  i<n<N  (1) 

it=l 

where  Ak  is  the  amplitude,  a*  is  the  damping  coefficient,  7!^  is  fi-equency,  T  is 
the  sample  interval,  and  $k  is  the  initial  phase. 

Equation  (1)  can  be  rewritten  as 

(2) 

where 

/Zi  =  4expa®t) 

2j  =  exp[(aj+y2;rA)r]  (3) 

or  expressed  in  matrix  form  as. 
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The  matrix  Z  has  a  Vandermonde  structure.  Baron  de  Prony 
discovered  a  method  to  separately  determine  the  z  elements  and  h  elements  so 
that  the  matrix  expression  represents  a  set  of  linear  simultaneous  equations, 
which  can  be  solved  yielding  the  unknown  vector  of  complex  amplitudes. 

First  define  the  polynomial  that  has  the  Zk  exponentials  as  its  roots, 

^(2)  =  fl(z-Zt)  (5) 

ik-I 

Then  expand  equation  (5)  to  arrive  at, 

P 

^  (^)  =  where  a(0)  =  1.0  (6) 

m=0 

and  shift  the  index  on  equation  (2)  from  n  to  n-m  and  multiplying  both  sides  by 
fl[m]  yields, 

*=i  ^  ’ 

The  same  procedures  are  followed  to  form  similar  products  a[0]jc[n], ... 
fl[m-l]jc[n-m+l]  and  then  summed  to  give, 

f,a[m\x[n  -m\  =  th.  f  (g) 

w=0  /=0  *m=0 

which  is  valid  for  p+1  <n<2p. 

Making  the  substitution  z  then, 

t.cim]4n-m]  =  td[m]zr^^  =0  (9^ 

iw=0  /=0  7«=0  ^ 

The  right  hand  side  of  equation  (9)  may  be  recognized  as  the 
polynomial  defined  by  equation  (5),  evaluated  at  each  of  its  roots  z,,  yielding 
the  zero  result  indicated. 

The  linear  difference  equation  (9)  has  a  homogeneous  solution  given 
by  equation  (2)  and  polynomial  (5)  is  its  characteristic  equation.  The  Prony 
method  first  determines  the  polynomial  coefficients  fl[n].  A  pxp  matrix 
equation,  which  satisfies  equation  (9),  is  used  to  evaluate  the  coefficient. 

x(,p)  jc(p-i)- *(i)ira[i]‘j  r^p+i]' 

X(p  +  1)  x(p) . *(2)  a[2]  ;c[p  +  2] 


[x(2p  - 1)  x(2p  -  2)—  x{p)\  I  a[p]J  \x[2p] 
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Once  fl[n]  are  available,  roots  of  polynomial  (6),  Zh  can  be  found  and  hk 
by  using  equation  (4),  Based  on  these  roots,  the  damping  coefficient, 
frequencies,  amplitude  and  initial  phase  are  determined. 

In  engineering  applications,  the  number  of  available  data  points  usually 
exceeds  2p,  and  the  Least  Squares  Prony  Method  (LSPM),  which  minimizes 
the  total  squares  error,  is  applied  to  find  the  coefficients. 


3.  THE  SPECTRUM  COMPUTATION 


The  spectrum  here  is  defined  in  terms  of  the  exponential 
approximation  x  [n]  rather  than  x[n].  That  is,  it  is  the  spectrum  of  the  Prony 
model.  One  starts  with  a  one  sided  discrete-time  exponential  sum 


x[«  +  l]  = 


n>0 


[0  n<0 


(11) 


which  is  defined  over  the  interval  -oo  <  n  <  oo.  By  taking  the  z-transform, 
Prony  spectral  density  is  found  as 

I  |2 


^(/)  = 


-1/2T</<1/2T.  (12) 


which  is  to  be  used  to  compute  the  frequency  content  after  H  and  Z  are  found. 


4.  NUMERICAL  EVALUATION 

4.1.  NUMERICAL  IMPLEMENTATION 

The  Prony  modeling  and  spectrum  procedures  are  coded  in  a 
FORTRAN  77  program  with  double  precision.  As  mentioned  in  the  last 
section,  data  points  numbering  more  than  2p  are  usually  expected  in 
engineering  practice.  Therefore,  the  scheme  incorporated  in  the  program  for 
the  computation  of  the  polynormial  coefficients,  a[n],  is  the  Least  Square 
Prony  method.  In  the  program,  some  of  the  subroutines  were  borrowed  from 
reference  [5]  with  modifications  and  from  reference  [10].  The  critical  root 
finding  algorithm  is  the  ‘Three  stage  variable  shifting  iteration’  by  Jenkins  and 
Traub  [11].  In  this  algorithm  variable-shifting  was  introduced  to  remedy  the 
problem  of  polynomials  with  many  nearly  equimodular  zeros,  which  existed  in 
its  previous  version,  the  two  stage  algorithm  [12].  When  the  order  of  the 
Prony  model  increases,  which  is  inevitable  in  some  situations,  it  becomes 
critical  to  find  accurate  polynomial  coefficients  and  the  root  finding  algorithm 
‘Three  stage  variable  shifting  iteration’  serves  this  purpose  well. 
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4.2.  PROGRAM  CALIBRATION 


In  this  section,  examples  are  presented  for  calibration  of  the  computer 
program.  Three  deterministic  functions  were  adopted  to  generate  data  sets, 
which  in  turn  were  used  as  input  to  the  program  for  computation.  All  data 
generated  according  to  the  deterministic  functions  consist  of  64  points. 
Computation  results  collected  include  parameters  recaptured  and  spectral 
figures. 

The  first  function  was, 

x(0  =  10exp(-0.5/)cos(2;j25f+;r)  (13) 

and  calculated  results  are  presented  in  Table  1  and  Figure  1.  The  order  of  the 
model  was  2. 


Table  1.  Parameters  Recaptured 


10.0000000000 

-0.5000000000 

25.0000000000 

3.1415926536 

The  second  equation  used  to  generated  data  was, 

x{t)  =  10  exp(-0.5/)  cos(2;r25/  +  ;r)  +  5  exp(~0.8/) 

cos(2M0^  +  ;r  /  2)  +  3  exp(“0.3/)  cos(2;r40^  +  3;r  /  2) 

and  the  recaptured  parameters  are  listed  in  Table  2.  Frequency  content  is 
presented  in  Figure  2.  The  order  of  the  Prony  models  used  were  6. 


Table  2.  Parameters  Recaptured 


Damping 

5.0000000000 

-0.8000000000 

10.0000000000 

1.5707963268 

3.0000000000 

-0.3000000000 

40.0000000000 

-1.5707963268 

10.0000000000 

-0.5000000000 

25.0000000000 

3.1415926536 

The  third  set  of  data  was  generated  by  using  equation  (15), 

x{t)  =  1 0  exp(-0.50  cos(2;r25/  +  7r)  + 10  exp(-0.5/)  cos(2;T26r  +  ;r  /  4) 

+  5  exp(-0.80  cos(2;rl  0/  +  ;r  /  2)  +  3  exp(-0.30  cos(2;r40/  +  3;r  /  2) 

(15) 

Table  3  shows  the  recaptured  parameters  and  the  frequency  presentation  is  in 
Figure  3.  The  model  order  was  8  for  this  example. 
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Table  3.  Parameters  Recaptured 


1 

Damping  Constant 

Frequency  (Hz) 

5.0000000000 

-0.8000000000 

10.0000000000 

1.5707963268 

3.0000000000 

-0.3000000000 

40.0000000000 

-1.5707963268 

10.0000000000 

-0.5000000000 

25.0000000000 

-3.1415926536 

10.0000000000 

-0.5000000000 

26.0000000000 

0.7853981634 

Examples  with  higher  damping  coefficients  were  also  tested  and  the 
results  were  all  accurate  provided  the  vibration  lasted  no  less  than  one  period 
before  it  dies  down.  Note  that  the  parameters  presented  in  the  tables  are  with 
10  decimal  points  due  to  limited  paper  space  while  they  were  actually  accurate 
up  to  16  decimal  points.  From  the  three  examples,  one  can  see  that  the 
program  runs  well  and  the  results  are  accurate. 


4.3.  SIMULATION  TEST 

The  simulated  data  were  generated  according  to  the  following  fimction, 
which  is  constituted  by  four  exponential  components  and  a  stationary  Gaussian 
white  noise  process.  The  data  generated  consists  of  256  points. 
x{t)  =  1  Oexp(-O.50  cos(2;r25r + ;r)  + 1 0exp(--U.50  cos(2;r26r + ;r  /  4) 

+  5  exp(-0.8^)  cos(2;rl  0^ + ;r  /  2)  ^  ^ 

+3exp(“0.30cos(2;T40f+3;r/2)  +W{t) 
where  W(t)  is  a  Gaussian  white  noise  process  with  zero  mean  and  rms  of  1 .0. 
The  spectral  plot  computed  by  using  the  program  with  order  32  is  presented  in 
Figure  4. 

Because  it  is  expected  that  very  limited  (short)  vibration  signals  will  be 
collected  for  analysis,  all  transient  components  are  assumed  to  start 
simultaneously.  If  a  time  lag  between  the  components  exists,  it  should  be 
depicted  in  terms  of  initial  phase. 

5.  LABORATORY  TEST 

An  experiment  was  conducted  to  illustrate  the  application  of  the  Prony 
model  based  method  to  the  analysis  of  transient  vibration  signals.  The 
structure  tested  was  a  metal  frame,  which  was  made  of  angle  shaped  mild  steel 
with  bolt-nut  secured  joints.  The  dimensions  of  the  frame  are  67.5cm  by  54 
cm  by  54  cm.  The  experiment  set-up  is  shown  in  Figure  5. 

Vibrations  were  generated  by  impact  testing  the  frame.  Two 
accelerometers  were  mounted  on  an  upper  horizontal  piece  of  the  frame. 
Vibration  signals  were  collected  through  a  Dynamic  Signal  Analyzer.  Unlike 
a  beam  type  structure  [13],  the  theoretical  calculation  of  the  natural 
frequencies  of  the  frame  was  not  employed  due  to  the  fact  that  the  joints  may 
not  be  rigidly  secured.  Rather,  for  the  purpose  of  comparison,  the  analyzer 
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was  also  used  to  analyze  the  same  signals.  The  signals  and  computed  results 
are  presented  in  Figure  6  through  Figure  9,  where  Figure  6  is  the  vibration 
signal  and  Figure  7  is  the  result  calculated  by  the  Prony  program.  Figure  8 
presents  the  analyzed  frequency  contents  synthesized  by  ie  Dynamic  Signal 
Analyzer  with  one  trial  whereas  Figure  9  outlines  the  spectrum  by  the  same 
analyzer  with  ten  averages. 

It  is  worth  mentioning  that  while  the  Dynamic  Signal  Analyzer  is 
capable  of  analyzing  frequency  content  of  impact  (transient)  signals,  it 
generally  needs  at  least  several  averages  to  give  a  clear  frequency  spectral  plot. 
As  one  observes  from  Figure  8,  the  figure  resulting  from  one  trial  of  signal 
processing  on  the  DSA  is  rather  imclear  and  barely  reveals  any  useful 
mformation.  The  plot  that  was  the  result  of  ten  averages  arrives  at  a  much 
clearer  picture.  The  portion  in  the  low  frequency  region  is  still  not  as  sharp  as 
the  one  generated  by  the  Prony  program.  For  the  Prony  method,  one  trail 
(trace)  is  enough  for  the  program  to  come  out  with  a  clear  spectral  figure. 
Such  an  advantage  would  be  extremely  valuable  in  situations  where  repeated 
signals  are  difficult  or  even  impossible  to  collect. 

For  the  sake  of  testing  the  program,  one  of  the  joints  was  slightly 
loosened  purposely  and  impact  vibration  testing  was  again  conducted.  The 
signal  and  its  frequency  spectral  content  are  presented  in  figures  10  and  11. 
From  Figure  11,  one  clearly  sees  that  the  pattern  of  the  frequency  presentation 
has  changed.  The  dominant  frequency  has  shifted  down  by  almost  30  Hz  and 
higher  frequency  content  has  also  increased.  This  reveals  the  potential 
application  of  the  Prony  method  in  Machine  Condition  Monitoring.  Note  that 
all  laboratory  test  data  collected  are  2048  points.  The  order  of  Prony  model 
varies  from  80  to  128.  The  order  selection  rule  is  that  the  richer  the  frequency 
content,  the  higher  the  model  order.  Computations  of  these  data  by  the 
program  took  less  than  one  second  CUP  run  time  on  a  dual  Pentiun  11  266 
MHz  machine,  which  implies  that  there  is  a  possibility  for  the  program  to  be 
used  for  real  time  machine  condition  monitoring. 

6.  CONCLUDING  REMARKS 

Preliminary  work  has  been  carried  out  in  exploring  the  application  of 
the  Prony  method  to  the  analysis  of  transient  vibration  signals,  which  has  been 
left  relatively  unstudied.  Numerical  calibration,  computer  simulation  and 
laboratory  testing  have  been  conducted  to  examine  the  Fortran  77  program  that 
implements  the  Prony  modeling  procedures.  From  the  preliminary  results 
presented  in  this  paper  a  few  concluding  remarks  can  be  made. 

•  It  was  proven  that  the  Prony  method  can  be  effectively  employed  for 
transient  vibration  signal  analysis. 
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•  The  test  results  show  that  the  program  runs  well  and  the  computations  are 
accurate  and  efficient. 

•  It  is  revealed  that  the  program  has  potential  to  be  adopted  in  Machine 
Condition  Monitoring  and  real  time  applications. 

•  The  immediate  step  to  follow  is  to  test  the  program  on  lab  MCM  tests  and 
industrial  problems. 
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Figure  1 :  Spectral  presentation  of  data  by  Equation  13. 
The  peak  in  the  figure  is  at  frequency  25.0  Hz. 


The  peaks  in  the  figure  are  at  the  frequencies  of  10.0  Hz,  25.0  Hz  and  40.0  Hz. 
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Figure  3:  Spectral  presentation  of  data  by  Equation  15. 

The  peaks  in  the  figure  appear  at  10.0  Hz,  25.0  Hz,  26.0  Hz  and  40.0  Hz. 


Figure  4:  Spectral  presentation  of  simulated  data. 

The  peaks  in  the  figures  land  at  frequencies  10.0, 25.0,  26.0  and  40.0  Hz. 


Figure  5:  Experiment  set-up  of  the  metal  frame. 
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Figure  7:  Sample  spectrum  of  an  impact  test  computed  using  the  Prony 

method. 


Figure  8:  Spectrum  of  the  vibration  signal  (one  trial)  from  the  DSA. 
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Figure  9:  Spectrum  of  vibration  signals  (ten  averages)  from  the  DSA. 


Figure  10:  Sample  impact  test  vibration  signal  (loosened  bolt). 


Figure  1 1 :  Spectrum  of  the  vibration  signal  with  the  loosened  bolt  using  the 

Prony  method. 
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ABSTRACT 

The  responses  of  two  rubber  mounts  subjected  to  shock  loading  were  studied 
using  the  finite  element  method.  The  mounts  consist  of  steel  plates  which  are 
bonded  to  blocks  of  polyisoprene  and  silicone  rubber.  The  moimts  were 
subjected  to  two  half-sine  wave  acceleration  pulses  of  maximum  amplitudes 
of  500g  and  lOOOg,  applied  to  the  bottom  plates  of  the  mounts.  A  procedure 
for  transforming  the  complex  modulus  of  the  rubber  from  the  frequency 
domain  to  the  time  domain  relaxation  modulus  using  the  Fourier  transform 
analysis  and  Prony  series  is  presented.  The  predicted  non-dimensionalised 
responses,  which  are  presented  in  the  time  and  frequency  domains,  show  that 
the  silicone  rubber  mount  had  better  damping  characteristics  in  terms  of 
reducing  the  amplitude  of  the  high  frequency  content  of  the  input  shock 
spectra. 


INTRODUCTION 

Viscoelastic  materials,  such  as  vulcanised,  natural  or  synthetic  rubber,  are 
widely  used  as  shock  and  vibration  isolators  in  the  mechanical,  civil,  marine 
and  aerospace  industries.  For  example,  they  are  used  as  shock  and  vibration 
isolators  in  submarines  and  surface  vessels,  as  bumpers,  bushings,  moimts 
and  for  suspensions  in  automotive  vehicles.  They  are  also  used  as  foundation 
bearings  for  buildings  located  above  underground  train  tunnels  and  areas 
prone  to  earthquakes. 

The  use  of  viscoelastic  material  in  anti-vibration  mount  for  the  passive 
isolation  and  control  of  structural  vibration  and  noise  is  well  established 
experimentally  and  theoretically.  Vibration  isolation  properties  can  be 
predicted  accurately  using  analytical  and  numerical  methods,  with  the  finite 
element  method  being  the  principal  numerical  technique.  On  the  other  hand, 
theoretical  work  on  the  use  of  viscoelastic  materials  for  shock  loading 
condition  is  relatively  less  developed.  This  might  be  due  to  the  nonlinear 
behaviour  of  viscoelastic  materials  under  a  fast  transient  shock  loading.  Also, 
the  theoretical  analysis  of  the  shock  isolation  properties  of  a  viscoelastic 
element  requires  the  use  of  time  domain  relaxation  modulus.  The  dynamic 
properties  of  viscoelastic  materials  are  commonly  obtained  in  the  frequency 


1015 


domain.  It  is,  therefore,  necessary  to  transform  the  data  into  the  time  domain 
to  enable  its  use  in  a  short  duration  fast  transient  shock  analysis. 

Nashif  et  al  [1]  and  Tschoegl  [2]  show  that  the  viscoelastic  properties 
represented  in  one  domain  can  be  transformed  to  the  other  domain  using 
mathematical  models.  Chan  [3]  concluded  that  Prony  series  implemented  in 
ABAQUS  for  the  time  domain  analysis  to  predict  the  transient  response  of  a 
viscoelastically-damped  system  provided  good  agreement  between  measured 
and  predicted  responses.  Kazakoff  et  al  [4]  studied  the  non-linear  behaviour 
of  a  viscoelastic  system  due  to  shock  loading  and  concluded  that  geometrical 
non-linearity  has  a  significant  effect  on  the  transmissibility  of  a  viscoelastic 
system.  Recent  work  by  Tomlinson  et  al  [5]  investigated  a  finite  element 
modelling  of  viscoelastic  elements  subjected  to  shock  loading.  The 
viscoelastic  element  was  modelled  using  HYPERELASTIC  option  within  the 
ABAQUS  code  and  the  displacement  response  show  good  agreement  with 
the  experimental  measurements. 

In  this  work,  the  responses  of  two  rubber  mounts  subjected  to  shock  loading 
were  studied  using  the  finite  element  method.  Each  mount  consists  of  two 
steel  plates  which  are  bonded  to  a  block  of  polyisoprene  rubber  of  shore 
hardness  55  or  to  a  block  of  silicone  rubber.  The  input  shock  loading  was  in 
the  form  of  a  half-sine  wave  acceleration  pulse  of  amplitude  ranging  from  500 
g  to  1000  g  where  g  is  9.81  ms‘^.  The  successful  prediction  of  the  vibration  and 
shock  response  of  the  rubber  mount  depends  on  the  choice  of  appropriate 
element  tj^es  for  both  the  rubber  and  metal  plates,  and  also  on  the  accurate 
representation  of  the  viscoelastic  material  property  in  the  time  domain  using 
Prony  series.  The  procedure  for  transforming  the  frequency  domain  complex 
Young's  modulus  properties  of  the  rubber  to  the  time  domain  relaxation 
modulus  using  Fourier  transform  and  Prony  series  is  presented.  The 
predicted  acceleration  responses,  which  are  presented  in  the  time  and 
frequency  domains,  show  that  the  silicone  rubber  mount  had  better  damping 
characteristics  in  terms  of  reducing  the  amplitude  of  the  high  frequency 
content  of  the  input  shock  spectra. 

DERIVATION  OF  PRONY  SERIES  CONSTANTS 

For  the  time  domain  FE  analyses,  the  most  important  parameters  needed 
were  the  Prony  series  coefficients  which  describe  the  relaxation  modulus  E(t) 
in  the  time  domain.  To  derive  these  coefficients,  the  magnitude  of  the 
complex  Young's  modulus  E(co)  and  loss  factor  T|(co),  available  from  the 
master  curve  [6,7],  are  read  manually  for  a  limited  range  of  frequency.  From 
these,  the  storage  modulus  E((d)  and  loss  modulus  E(co)  are  obtained  using 
the  following  expressions: 


E(co)  =  E\(o)yjl  +  y\((d)^  ;  E’(co)  =  E”(a))rj((o)  (1) 
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The  time  domain  relaxation  modulxis  E^t)  is  related  to  the  real  and  imaginary 
parts  of  E(oi))  by  the  Fourier  transform  as  [8] 


E‘(t)  =J 


E’(a))  + jE"(co) 


The  derived  E'(co)  and  E"(a))  values  from  Eq.(l)  are  used  in  the  integration 
indicated  in  Eq.(2)  to  obtain  the  relaxation  Young's  modulus  in  the  time 
domain.  This  is  carried  out  numerically  by  means  of  the  inverse  Fourier 
transform  procedures  of  the  MATLAB  [9]  software.  The  resulting  time 
domain  master  curves  of  relaxation  Yoimg's  modulus  for  polyisoprene  and 
silicone  rubber  are  shown  by  the  solid  lines  in  Figure  1  (a)  and  (b). 


The  time  domain  Yoimg's  modulus  was  read  at  equal  intervals  on  a 
logarithmic  scale  in  order  to  find  the  Prony  series  constants  consisting  of  the 
modulus  ratio  e^,  and  the  relaxation  time  constant  t^.  These  constants  were 
determined  using, 

;  k  =  0,1,2,. ..,N  (3) 

Eg 

;  j  =  l,2,3,...,k  (4) 

where  E/s  are  the  relative  relaxation  moduli,  E^  is  the  glassy  or  instantaneous 
modulus,  'a'  is  a  proportionality  constant,  wltich  must  be  determined  in  a 
suitable  way,  'm'  is  the  beginning  of  the  time  scale  and  'p'  is  the  time 
interval  at  which  the  Young's  moduli  were  chosen.  The  method  adopted  in 
the  present  work  is  the  collocation  method  [6].  These  Prony  series  constants 
are  used  in  the  Wiechert-Kelvin  model  of  viscoelasticity  to  curve-fit  the 
relaxation  modulus  data  using. 


The  derived  Prony  series  constants  are  shown  in  Table  1.  Figures  1(a)  and  (b) 
show  the  comparison  between  the  relaxation  modulus  obtained  from  the 
original  frequency  domain  data,  represented  by  solid  lines,  and  from  Eq.(5), 
represented  by  the  dashed  lines,  using  the  derived  Prony  series  constants. 
These  figures  also  show  that  five  terms  of  the  Prony  series  are  enough  to 
obtain  a  good  comparison  between  the  measured  data  and  fitted  curve. 


FINITE  ELEMENT  MODELLING 


The  rubber  mounts  used  consisted  of  two  metal  plates  of  dimensions 
280x200x10  mm  which  were  bonded  to  the  top  and  bottom  of  polyisoprene 
and  silicone  rubber  blocks  of  dimensions  200x190x150  mm.  The  finite 
element  modelling  was  performed  using  3D  solid  elements  of  types  C3D20  to 
model  the  mild  steel  metal  plates  and  C3D20H  to  model  the  polyisoprene  and 
silicone  rubber  blocks.  The  FE  mesh  is  shown  in  Figure  2.  The  element  t5q>es 
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C3D20  and  C3D20H  were  20  node  quadratic  brick  element.  In  addition, 
elements  C3D20H  were  hybrid  elements  intended  for  use  with 
incompressible  and  almost  incompressible  material  behaviour.  The  model 
had  free  boundary  conditions.  The  FE  mesh  generation,  analysis  and 
extraction  of  results  were  carried  out  using  the  ABAQUS  [10]  and  PATRAN 
[11]  FE  codes.  Non-linear  time  domain  dynamic  analyses  of  the  viscoelastic 
mounts  were  performed  by  means  of  the  ^DYNAMIC  option  in  the  ABAQUS. 

The  input  shock  loading,  in  the  form  of  half-sine  wave  acceleration,  was 
applied  at  the  nodes  of  the  bottom  metal  plate  as  a  base  excitation.  The 
maximum  amplitudes  of  the  half-sine  wave  were  500  g  and  1000  g.  The  time 
domain  extensional  relaxation  modulus  data  of  the  viscoelastic  material  was 
supplied  to  the  finite  element  model  as  a  Prony  series  defined  by  the 
parameters  e^  and  Using  a  time  step  of  1  microsecond,  the  acceleration 
responses  at  ^e  middle  of  the  bottom  and  top  plates  were  predicted. 

DISCUSSION  OF  RESULTS 

The  input  acceleration-time  history  obtained  at  the  middle  of  the  bottom 
plate  for  a  maximum  pulse  amplitude  of  500  g  and  its  frequency  spectrum, 
computed  by  means  of  fast  Fourier  transform  (FFT),  are  shown  in  Figure  3. 
In  this  figure,  plot  (a)  is  the  time  history,  while  plots  (b)  and  (c)  are  frequency 
spectra,  in  linear  and  log  scales  respectively,  obtained  by  performing  FFT 
using  MATLAB  [8]  on  the  data  shown  in  plot  (a).  The  predicted  output 
responses  are  presented  in  non-dimensional  form.  Thus,  in  Figures  4  to  7,  the 
y-axis  of  plot  (a)  is  the  ratio  of  the  output  acceleration  to  the  maximum  input 
acceleration  while  the  x-axis  is  the  ratio  of  the  total  time,  t,  to  the  duration  of 
the  input  acceleration,  T.  Plots  (b)  and  (c)  are  obtained  by  performing  FFT  on 
the  data  shown  in  plot  (a);  plot  (b)  is  in  linear  scale,  while  plot  (c)  is  in 
logarithmic  scale. 

Figure  4  shows  the  output  response  for  an  input  acceleration  pulse  of  500  g 
amplitude  for  the  polyisoprene  rubber.  The  time  domain  response  shows 
that  a  maximum  acceleration  amplitude  ratio  of  0.65  is  obtained  at  the  middle 
of  the  top  steel  plate  after  an  elapsed  time  ratio  of  about  2.3.  The  amplitude 
ratio  decreases  as  the  time  ratio  increases  and  remains  at  an  amplitude  ratio 
of  less  than  0.2  after  a  time  ratio  of  70.  The  frequency  domain  responses  show 
a  high  peak  in  amplitude  at  a  frequency  ratio  of  0.6.  After  a  frequency  ratio  of 
2.5  the  amplitude  becomes  negligibly  small.  For  the  input  acceleration  pulse 
of  lOOOg  amplitude.  Figure  5(a)  shows  that  a  maximum  acceleration 
amplitude  ratio  of  0.65  was  obtained  at  the  middle  of  the  top  steel  plate  after 
an  elapsed  time  ratio  of  about  8.3.  Figure  5(a)  also  shows  that  after  a  time 
ratio  of  40,  the  amplitude  ratio  reduces  to  less  than  0.3.  The  frequency  spectra 
shown  in  Figures  5(b)  and  (c)  indicate  a  high  peak  in  amplitude  at  a 
frequency  ratio  of  0.6.  Also,  the  amplitude  becomes  negligibly  small  after  a 
frequency  ratio  of  5  (plot  (c)). 
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For  an  input  half-sine  shock  of  500  g  amplitude.  Figure  6  shows  the  response 
of  the  silicone  rubber  mount.  A  maximum  output  to  input  acceleration  ratio 
of  0.25  was  obtained  at  the  middle  of  the  top  plate  after  an  elapsed  time  ratio 
of  10  as  can  be  seen  from  Figure  6(a).  Similarly,  Figure  6(b)  and  (c)  show  peak 
amplitudes  at  frequency  ratios  between  of  0.1  and  0.5,  but  the  amplitude  ratio 
becomes  negligibly  small  after  a  frequency  ratio  of  1.  When  the  input  half¬ 
sine  shock  was  of  1000  g  amplitude.  Figure  7  shows  that  the  output  response 
remains  the  same  as  in  the  previous  case.  A  maximum  output  to  input 
acceleration  ratio  of  amplitude  0.25  was  obtained  after  an  elapsed  time  of  10. 
Also,  the  frequency  domain  response  shows  peak  amplitude  ratios  at 
frequency  ratios  of  between  0.1  and  0.5.  Beyond  the  frequency  ratio  of  1.0, 
the  amplitude  ratio  becomes  negligibly  small. 

Comparing  Figure  4  with  Figure  5,  it  is  seen  that  the  shock  response 
amplitudes  of  the  rubber  poljdsoprene  mount  increase  as  the  input 
acceleration  increases.  In  the  case  of  ^e  silicone  rubber  mount.  Figures  6  and 
7  show  that  the  reponses  are  almost  the  same  as  the  input  acceleration 
increases.  This  suggests  that  the  behaviour  of  the  polyisoprene  mount  is  non¬ 
linear,  while  the  behaviour  of  silicone  the  rubber  mount  is  approximately 
linear.  Furthermore,  comparing  Figures  4  and  5  with  Figures  6  and  7  shows 
that  the  silicone  rubber  mount  provided  greater  shock  isolation  than  the 
polyisoprene  rubber  moimt.  For  example,  for  an  input  half-sine  shock  of 
500  g  amplitude,  the  maximum  shock  response  amplitude  ratios  were  0.65 
and  0.25  for  the  polyisoprene  and  silicone  rubber  mounts  respectively.  Also, 
the  figures  show  that  the  high  frequency  content  of  the  shock  spectrum  is 
isolated  completely  above  a  frequency  ratio  of  1.0  by  the  silicone  rubber 
mount,  whereas  complete  isolation  is  obtained  only  above  a  frequency  ratio 
of  6  by  the  pol5dsoprene  rubber  moimt. 

CONCLUSIONS 

Procedures  for  transforming  frequency-  and  temperature-dependent  complex 
Young's  modulus  properties  of  viscoelastic  materials  to  relaxation  moduli 
using  Fourier  transform  and  Prony  series  have  been  demonstrated.  The 
shock  response  characteristics  of  two  rubber  mounts  were  predicted  for  input 
half-sine  acceleration  pulses  of  500  g  and  1000  g  amplitudes.  In  all  cases,  the 
maximum  amplitude  of  the  output  shock  response  was  less  than  the 
maximum  amplitude  of  the  input  shock  excitation.  Also,  the  maximum 
amplitude  of  the  shock  response  increased  as  the  input  shock  excitation 
amplitude  was  increased  for  the  polyisoprene  rubber  mount,  whereas  it 
remained  the  same  for  the  silicone  rubber  mount.  Overall,  the  silicone  rubber 
mount  provided  greater  shock  isolation  than  the  polyisoprene  rubber  mount. 
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Table  1:  Prony  series  parameters 


No 

Polyisoprene 

Silicone  rubber 

1 

1 

0.13366 

0.3977 

0.1443E-04 

B 

0.17159 

0.18143 

0.1443E-03 

B 

0.5153E-01 

0.1091 

0.1443E-02 

B 

0.35461 3E-01 

0.3822E-01 

0.1443E-01 
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Figure  1:  Relaxation  modulus  of  viscoelastic  materials: 
(a)  polyisoprene  rubber,  (b)  silicone  rubber. 


Figure  2:  Finite  element  mesh  for  the  rubber  mount. 
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Figure  3:  The  input  force  history  and  spectra  at  the  bottom  plates  of  the 
rubber  moimts  for  a  maximum  acceleration  of  500  g  (a)  in  time  domain  (b)  in 
frequency  domain,  linear  scale,  and  (c)  in  log  scale. 
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Figure  4:  Output  response  at  the  top  of  the  polyisoprene  rubber  mount  for  a 
maximum  amplitude  of  input  acceleration  of  500  g :  (a)  time  domain  response 
(b)  frequency  domain  response  in  linear  scale  and  (c)  in  log  scale. 
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Figure  5:  Output  response  at  the  top  of  the  polyisoprene  rubber  mount  for  a 
maximum  amplitude  of  input  acceleration  of  1000  g  :  (a)  time  domain 
response,  (b)  frequency  domain  response  in  linear  scale  and  (c)  in  log  scale. 
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Figure  7:  Output  response  at  the  top  of  the  silicone  rubber  mount  for  a 
maximum  amplitude  of  input  acceleration  of  1000  g  :  (a)  time  domain 
response,  (b)  frequency  domain  response  in  linear  scale  and  (c)  in  log  scale. 
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SUMMARY 

In  this  paper,  the  saturated  soil  is  modeled  as  a  two-phase  porous 
media  system  consisting  of  solid  and  fluid  phases.  On  the  basis  of 
resonant  column  test  and  dynamic  triaxial  test  data  of  Shanghai 
saturated  soft  soil,  the  dynamic  calculation  model  including  a  set  of 
relationships  of  stress,  strain,  pore  water  pressure  and  earthquake 
subsidence  is  developed  to  compute  the  seismic  response  of  soil.  The 
procedure  to  identify  soil  constants  for  the  dynamic  calculation  model 
is  also  reported  in  detail.  Subsequently,  a  dynamic  effective  stress 
analysis  with  the  finite  element  method  has  been  recommended  to 
predict  the  seismic  response  of  soil.  Finally,  the  developed  dynamic 
calculation  model  together  with  the  dynamic  effective  stress  analysis  is 
utilized  to  predict  the  seismic  response  of  Shanghai  soil  strata  through 
the  finite  element  method, 

KEY  WORDS:  Shanghai;  saturated  soft  soil;  dynamic  calculation  model; 
seismic  response;  finite  element  method 

INTRODUCTION 

Shanghai  is  located  on  the  East  Coast  of  China  at  the  mouth  of  the 
Yangtze  River  at  the  Donghai  Sea.  The  alluvial  soil  deposit  of  Shanghai 
is  150-400m  deep  with  an  about  100m  thick  saturated  soft  soil,  which 
has  a  large  water  content  and  a  high  compressibility.  Although 
Shanghai  is  not  a  seismic  area,  there  are  several  seisnuc  sources  within 
a  range  of  200-300  km.  The  earthquake  influencing  Shanghai  was  firstly 
recorded  in  288.  Several  moderate  earthquakes  have  affected  Shanghai 
in  the  past  twenty  years,  such  as  Liyang  Earthquake  in  1979  (M  =  6.0), 
South  Huanghai  Sea  Earthquake  in  1984  (M  =  6.2),  Changshu-Taicang 
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earthquake  in  1990  (M  =  5.1)  and  South  Huanghai  Sea  Earthquake  in 
1996  (M  =  6.1).  It  has  a  great  meaning  to  predict  the  earthquake 
response  of  Shanghai  saturated  soft  soil. 

The  equivalent  linear  approach  has  been  widely  used  to  compute 
the  approximate  nonlinear  response  of  soil  approximately.  The 
equivalent  linear  method  and  the  nonlinear  methods  were  reviewed  by 
Martin  and  Seed  [1].  From  the  study  of  an  extensive  experimental 
data,  a  dynamic  computation  model  is  proposed  in  this  paper,  which  is 
an  equivalent  viscoelastic  model  including  a  set  of  relationships  of 
stress,  strain,  pore  water  pressure  and  earthquake  subsidence. 
Compared  with  elastoplastic  models,  the  model  simulates  the  soil 
dynamic  behavior  in  a  cycle  of  loading  as  a  whole,  not  in  detail. 

Biot  [2-3]  established  the  basic  dynamic  equations  for  porous 
media.  Later,  Zienkiewicz  et  al.  [4--5]  introduced  the  numerical  solution 
of  these  equations.  Based  on  these  theories  the  dynamic  effective 
analysis  method  is  conducted  with  the  dynamic  calculation  model  in 
this  paper. 


CALCULATION  MODEL 


Shear  modulus 


The  proposed  expression  of  the  secant  shear  modulus  G  at  a  strain 
amplitude  yis 


7^=i-^(r) 

^max 

(1) 

In  the  model,  the  function  H  {))  is 

1 - 1 

1— ( 

{ _ 1 

11 

s 

(2) 

where  y,  =  a  reference  or  yield  strain;  and  A  and  B  =  two  dimensionless 
parameters. 

It  is  suggested  that  values  of  y,  for  Shanghai  saturated  soft  soil 
could  be  determined  by  the  empirical  relationship 

r,  =c-^  (3) 

where  cTq  =  the  effective  mean  principal  stress  in  kPa,  and  C  =  an 

empirical  parameter.  Table  1  shows  a  summary  of  the  experimental 
numerical  values  for  the  three  parameters  A,  B,  and  C  obtained  for 
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Shanghai  saturated  soft  soil. 


Table  1.  Reference  value  of  parameters:  A,  B,  and  C 


Soil  type 

A 

B 

C 

Clay 

1.62 

0.42 

0.00013 

Silt 

1.12 

0.44 

0.00017 

Sand 

1.10 

0.48 

0.00022 

The  following  relationship  between  the  void  ratio  e,  the  over 
consolidation  ratio  OCR,  and  the  confining  pressure  a\  has  been 


widely  used: 


OCR' 
03  + 0.7 


\Pa) 


(4) 


where  =  atmospheric  pressure,  and  k-  sl  coefficient  which  relates  to 
plasticity  index  of  soil.  Shanghai  saturated  soft  soil  may  be  treated  as 
normally  consolidated  soil  except  surface  crust  and  dark  green  stiff 
clay  of  about  3m  thickness  in  the  depth  of  25m.  Based  on  the  above 
relationship  and  experimental  data,  an  acceptable  fit  for  Shanghai 
saturated  soft  soil  is  obtained,  as  follows:  D  =  353  for  clay,  D  =  451  for 
sUt,  and  D  =  485  for  sand. 

The  curve  of  shear  modulus  ratio  G/G^^  of  Shanghai  clay  with  /is 
compared  with  the  experimental  data  in  Figure  1. 


Figure  1.  The  relationship  between 
shear  modulus  ratio  and  shear  strain  of 
Shanghai  clay 


Figure  2.  The  relationship  between 
damping  ratio  and  shear  strain  of 
Shanghai  clay 
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Damping 

For  Shanghai  saturated  soft  soil,  the  variation  of  the  damping  ratio, 
D,  with  strain  level  is 


max  V  ^  max 

where  =  0.30  for  clay,  =  0.25  for  silt  and  sand;  and  J3=  1.0,  A 
comparison  between  the  proposed  model  and  experimental  data  is 
shown  in  Figure  2. 


Pore  water  pressure  generation 

On  the  basis  of  the  results  from  undrained  cyclic  triaxial  test  data, 
the  pore  water  pressure  buildup  of  Shanghai  clay  and  silt  may  be 
expressed  as 


^0 


(6) 


where  p  =  the  pore  water  pressure;  N  =  the  number  of  uniform  stress 
cycles;  and  a  and  h  =  two  experimental  parameters  which  are 
determined  by  the  ratio  of  the  dynamic  shear  stress  to  the  effective 
confining  pressure.  Table  2  shows  the  reference  value  of  a  and  b  for 


Shanghai  clay  and  silt.  The  curve  of  pore  water  pressure  ratio  p/cr’ 


and  N  of  Shanghai  mucky  clay  is  compared  with  the  experimental  data 
in  Figure  3. 


Table  2.  Reference  value  of  a  and  b  for  Shanghai  clay 


Soil  type 

a 

b 

Clay 

0.274 

0.375 

Silt 

0.273 

0.348 

r^  =  x^l  o-'q)  T^  =  dynamic  shear  stress. 


For  Shanghai  sand,  the  development  of  pore  water  pressure  in 
laboratory  cyclic  loading  tests  is  of  the  form 


4  =  (i. 


-  arcsin 

K 


N 


20 


(7) 


fj 


where  S/  =  static  stress  level;  m  and  0  ~  experimental  parameters,  for 
Shanghai  sand  w  =  1.1  and  0=0.7;  and  =  the  accumulative  number  of 
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cycles  at  the  same  stress  level  required  to  produce  a  peak  cyclic  pore 
water  pressure  ratio  of  100%  under  undrained  conditions. 


0  200  400  600  800  1000  1200 


Cyclic  Number  N 

Figure  3.  Variation  of  pore  water  pressure  ratio  and  N  of  Shanghai 


Earthquake  subsidence 

The  eeirthquake  subsidence  can  be  divided  into  the  volumetric  and 
deviatoric  components,  and  The  volume  change,  comes  from 
dissipation  of  seismic  pore  water  pressure  and  can  be  calculated 
through  consolidation  equation.  For  Shanghai  saturated  soft  soil,  is 
formulated  according  to  the  undrained  cyclic  triaxial  tests  as  follow 


"  -d-(d-2oy 

where  d-  eax  experimental  parameter,  d  =  8  for  Shanghai  sand,  d  =  3  for 
Shanghai  clay.  r*is 


where  ==  initial  dynamic  stress  ratio;  failure  dynamic  stress  ratio. 


DYNAMIC  ANALYSIS  METHOD 


If  the  pore  water  acceleration  has  been  neglected,  the  formulation  of 
Biot  governing  equations  is  represented  as  the  following 

CT,jj+pg,^pU, 

where  =  the  total  Cauchy  stress  in  the  combined  solid  and  fluid  mix 
at  any  instant,  u^  =  the  displacement,  p  =  the  pore  water  pressure,  p  and 
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Pj  are  the  density  of  the  mixed  soil  and  fluid  itself  respectively.  The 
equations  can  be  solved  numerically  under  given  boundary  and  initial 
conditions  by  the  finite  element  method.  In  this  the  displacements  u  are 

described  in  terms  of  the  nodal  values  u  as 


u  =  Nu  (11) 

with  a  similar  discretization  for  the  pressures, 

p  =  Np  (12) 

where  p  is  the  vector  of  nodal  pressure  values.  In  the  above  N  and 


N  are  appropriate  shape  functions.  Performing  spatial  discretization, 
the  finite  element  formulation  are  derived  as 


|^BVrfn  +  Mu-Qp  =  f 
Hp  +  Q^n  =  f 

where  M  =  mass  matrix,  Q  =  couple  matrix,  H  =  permeability  matrix,  f 


(13) 


=  nodal  earthquake  load  vector,  f  =  nodal  seepage  discharge  vector. 

The  main  analysis  procedures  are  as  fellows: 

1.  Calculate  initial  static  state  of  soil. 

2.  Determine  parameters  of  the  dynamic  calculation  model. 

3.  Calculate  dynamic  state  of  soil. 

4.  Calculate  seismic  pore  water  pressure  increment  and  undrained 
residual  strain. 

5.  Repeat  step  2-4  until  the  earthquake  motion  ends. 

6.  Continue  post-earthquake  static  analysis  until  the  dissipation  of 
pore  water  pressure  completes. 


APPLICATION 


The  formulation  presented  allows  any  problem  of  earthquake  response 
to  be  studied  quantitatively.  In  the  example  the  Shanghai  horizontal 
soil  layer  of  depth  280m,  which  is  subjected  to  a  base  motion  of  the  first 
10s  N-S  component  of  the  El  Centro  Earthquake  (May,  1940)  with  the 
maximum  acceleration  scaled  to  0.1  g,  is  studied  in  terms  of  the 
dynamic  calculation  model.  The  base  motion  input  for  analysis  is 
shown  in  Figure  4. 
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Acceleration  (m/s^) 


The  ground  acceleration  history  and  the  distribution  of  maximum 
accelerations  are  shown  in  Figs.  5  and  6  respectively.  It  is  interesting 
that  the  surface  maximum  acceleration  is  only  0.92  m/  s^.  Why  is  the 
surface  maximum  acceleration  less  than  the  base?  The  main  reason  is 
probably  that  the  buildup  of  pore  water  pressures  causes  a  decrease  in 
stiffness  of  Shanghai  soil.  The  ground  and  bedrock  response  spectra 
with  5  percent  damping  ratio  are  shown  in  Figure  7.  The  spectral 
values  of  the  groimd  acceleration  are  less  than  those  of  the  bedrock 
accelerations  between  the  period  of  0.1  and  1.2  seconds.  The  soil 
deposit  acts  as  a  filter  when  the  bedrock  earthquake  acceleration  is 
transmitted  through  it.  The  soil  deposit  filters  out  a  significant  portion 
of  the  high  frequency  content  of  the  bedrock  acceleration. 


wave  history  of  ground 


Figure  6.  Predicted  variation  of  the  Figure  7.  Predicted  response 

maximum  acceleration  with  depth  spectra  of  ground  and  bedrock 

During  the  earthquake,  the  pore  water  pressure  of  deep  soil  is  very 
small.  But  the  pore  water  pressures  from  the  depth  less  than  20m  to  the 
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ground  is  gradually  increasing.  The  maximum  pore  water  pressure 
ratio  equals  0.35  in  the  depth  of  9m.  The  calculated  maximum 
earthquake  subsidence  is  about  15mm  until  the  dissipation  of  pore 
water  pressure  completes. 


CONCLUSION 

An  equivalent  viscoelastic  dynamic  model  for  Shanghai  soil  is 
presented.  It  contains  four  formulas  for  calculating  the  shear  modulus, 
the  damping  ratio,  pore  water  pressure  and  earthquake  subsidence. 

An  approach  of  dynamic  effective  stress  analysis  in  the  fluid- 
saturated  porous  solid  is  summarized  in  terms  of  Biot  governing 
equations  and  finite  element  formulation.  The  seismic  response  of 
Shanghai  soil  strata  of  280m  depth  is  also  investigated  by  FEM  with  the 
Biot  dynamic  consolidation  formulation  and  presented  model.  Some 
valuable  conclusions  are  obtained  from  the  results. 
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ABSTRACT 

The  ballast  layer  has  an  important  influence  on  the  dynamics  of  a 
railway  track.  It  affects  both  the  radiated  noise  and  the  vibration  transmitted 
to  supporting  structures.  Little  information  exists  to  characterise  the 
behaviour  of  ballast  at  frequencies  for  audible  noise.  Two  types  of 
measurements  of  the  stiffness  of  the  ballast  layer  have  been  made  on  a  test 
track  with  specially  constructed  force  transducers  installed  under  the  ballast. 
These  cover  the  frequency  range  up  to  2000  Hz.  The  variation  of  the  stiffness 
of  the  ballast  under  a  range  of  preloads  is  studied  and  a  simple  theoretical 
model  for  the  frequency  dependent  stiffness  of  the  ballast  is  developed, 

1.  INTRODUCTION 

Rolling  noise  from  a  railway  arises  from  the  vibrations  excited  in  the 
wheel,  the  rail  and  the  sleeper  due  to  the  combined  roughness  of  the  wheel 
and  rail  surfaces  at  their  contact.  In  order  to  study  the  generation  of  rolling 
noise  from  railways,  accurate  theoretical  models  of  the  track  are  required.  The 
properties  for  the  ballast  layer  are  the  least  well  defined  parameters  in  a 
model  for  the  structural  dynamics  of  a  railway  track. 

When  rail  vehicles  traverse  structures  such  as  bridges,  the  noise  level  is 
often  raised  because  of  the  transmission  of  vibration  to  the  bridge  structure, 
which  thereby  becomes  a  large  radiator  of  low  frequency  noise  [1].  A  number 
of  different  railway  track  structure  types  are  used  on  bridges  including  direct 
fasteners.  However,  ballasted  track  is  often  preferred,  since  track  maintenance 
machines  can  then  be  run  over  a  stretch  of  normal  track  without  having  to 
introduce  specialised  maintenance  for  the  length  of  the  bridge.  Some  studies 
have  identified  that  the  mass  loading  and  damping  introduced  by  the  ballast 
to  the  bridge  structure  is  beneficial  in  reducing  the  rolling  noise  [2].  A 
knowledge  of  the  vibration  characteristics  of  a  ballast  layer  is  therefore 
important  in  the  modelling  of  noise  on  bridges  as  well  as  for  the  effect  of  the 
support  stiffness  of  the  sleepers  on  normal  track. 

In  order  to  develop  and  validate  a  suitable  model  for  the  point  and 
transfer,  high-frequency,  dynamic  stiffness  of  the  ballast  layer  measurements 
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have  been  made  on  a  test  track.  The  estimation  of  the  frequency  dependent 
direct  stiffness  at  the  sleepers  is  made  using  an  indirect  technique  that  is 
based  on  the  shift  in  the  resonance  frequencies  of  a  sleeper  when  laid  in  the 
track  compared  to  freely  supported  conditions.  The  transfer  stiffness  of  the 
ballast  layer  is  also  measured  by  locating  the  internal  resonance  frequency  of 
the  ballast  using  specially  constructed  force  transducers  that  were  installed 
under  the  ballast  layer  during  construction  of  the  track. 

2.  THE  TEST  TRACK  AND  BURIED  FORCE  TRANSDUCERS 

In  order  to  facilitate  a  number  of  detailed  measurements  of  the 
properties  of  railway  track  and  the  validation  of  theoretical  models  for  high 
frequency  track  dynamics,  a  36  m  length  of  railway  track  has  been 
constructed  at  the  University  of  Southampton.  The  track  design  is  that  of  a 
typical  main  line.  The  top  soil  was  removed,  the  ground  was  levelled  and  it 
was  compacted  to  mainline  railway  specification.  A  layer  of  granite  ballast 
(to  the  Railtrack  specification  [3],  from  the  Glensander  quarry)  was  laid  to  a 
depth  of  30  cm  and  compacted  with  a  vibro-tamper  in  a  manner  similar  to  the 
preparation  of  mainline  track.  The  concrete  sleepers  were  laid  on  the  ballast, 
the  rails  fixed  and  welded  and  ballast  poured  to  fill  the  spaces  between 
sleepers  and  to  form  the  ballast  shoulder.  The  track  was  levelled  to  mainline 
standard  at  the  end  of  the  process. 

As  no  rolling  stock  has  run  on  the  line,  the  ballast  layer  should  be 
regarded  as  being  in  the  new  condition  and,  although  compacted  as  if  ready  to 
open  for  traffic,  is  not  expected  accurately  to  reflect  the  compaction  of  a 
trafficked  main  line.  With  this  inevitable  limitation,  the  ballast  layer  was 
designed  to  be  as  close  as  possible  to  a  realistic  railway  ballast  layer. 

Prior  to  the  laying  of  the  ballast,  a  concrete  block,  occupying  the  area 
covered  by  three  sleepers  and  approximately  30  cm  deep  was  laid  under  part 
of  the  track.  Five  specially  constructed  force  transducers  were  installed  on  the 
upper  surface  of  the  concrete  block.  The  construction  of  these  is  shown 
diagramatically  in  Figure  1.  Each  transducer  is  20  cm  by  20  cm  has  4  pairs  of 
piezo-electric  ceramic  tiles  (25  mm  diameter).  The  top  and  bottom  plates  are 
6  mm  thick  aluminium.  To  protect  against  moisture,  the  transducers  were 
filled  with  an  electronic  potting  compound.  The  outer  top  and  bottom  plates 
of  the  transducer  form  the  ground  connection  which  also  forms  the  electrical 
screening.  Coaxial  (microdot)  cables  from  each  of  the  four  piezo-ceramic 
stacks  were  laid  to  the  side  of  the  track  in  steel  conduit. 
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Figure  1.  Cross-section  of  a  force  transducer. 

Prior  to  installation,  the  force  transducers  were  calibrated  in  the 
laboratory  using  a  mass  accelerated  using  an  electrodynamic  shaker. 
However,  due  the  static  loading  by  the  ballast  layer  and  an  interval  of  two 
years  between  installation  of  the  track  and  execution  of  this  measurement 
programme,  the  calibration  of  the  force  transducers  is  not  expected  to  be 
trustworthy. 

The  arrangement  of  the  force  transducers  under  the  track  is  shown  in 
Figure  2.  In  this  paper,  only  measurements  from  force  transducer  T2  are 
presented.  This  is  on  the  middle  sleeper  below  the  rail  position. 


3.  LOADING  THE  TRACK 

The  ballast  is  highly  non-linear  and  it  is  important  therefore  to  study  the 
effect  of  static  loading  in  determining  its  dynamic  stiffness.  Rail  vehicles 
typically  apply  a  wheel  load  of  between  5  tonnes,  for  a  passenger  vehicle  and 
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12.5  tonnes  for  a  heavy  freight  vehicle  or  locomotive.  Because  of  the  bending 
stiffness  of  the  rail  about  half  of  this  load  would  be  expected  to  be  transmitted 
to  a  single  sleeper  as  the  axle  passes  over  it. 

Here  a  static  pre-load  has  been  applied  to  a  single  end  of  the  sleeper 
using  the  arrangement  shown  in  Figure  3.  The  pre-load  is  isolated  from  the 
dynamic  excitation  of  the  sleeper  at  a  very  low  frequency  using  a  rubber 
block.  The  masses  (p)  consisted  of  palettes  of  concrete  blocks.  With  this 
arrangement  it  was  practicable  to  apply  pre-loads  of  up  to  3.5  tonnes  via  the 
isolation  mount  (v).  The  load  was  measured  by  the  deflection  of  the  mount 
which  was  calibrated  for  this  purpose  using  a  materials  testing  machine.  Six 
loading  steps  were  used  in  the  measurements. 


Figure  3,  Arrangement  for  applying  static  pre-load  to  a  single  sleeper  end. 


4.  AN  INDIRECT  METHOD  FOR  THE  ESTIMATION  OF  THE 
SUPPORT  STIFFNESS  OF  A  SLEEPER 

An  indirect  method  has  been  used  to  measure  the  support  stiffness  that 
the  ballast  applies  under  the  sleeper.  This  uses  the  modification  of  the 
sleeper’s  modal  frequencies  caused  by  the  foundation  stiffness  that  it 
experiences.  The  modal  frequencies  of  a  freely  suspended  sleeper  were 
identified  in  the  laboratory  before  it  was  laid  in  the  track.  A  finite  element 
model  was  then  set  up  for  the  sleeper.  A  model  using  18  tapered  cross- 
section,  Timoshenko  beam  elements,  was  found  to  reproduce  the  first  4 
modal  frequencies  of  the  sleeper  to  within  about  1%.  The  measured  and 
calculated  modal  frequencies  are  given  in  Table  1 . 
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Table  1.  Modal  frequencies  of  a  freely  supported  sleeper. 


Mode 

Measured 
frequency  (Hz) 

Calculated 
frequency  (Hz) 

1 

120 

120.0 

2 

352 

357.6 

3 

682 

678.9 

4 

1036 

1032.3 

The  measured  modal  frequencies  of  the  sleeper  in  situ  in  the  ballast  are 
shown  for  the  different  loading  values  in  Table  2.  These  were  compared  with 
the  frequencies  calculated  using  the  FE  model  with  spring  support  elements 
added  under  the  sleeper.  The  stiffness  of  the  spring  support  elements  was  then 
adjusted  to  give  the  same  modal  frequency  of  the  sleeper  with  support  as  the 
measurement.  In  this  process  the  difference  between  the  FE  model  and  the 
measured  frequencies  for  the  freely  supported  sleeper  were  also  taken  into 
account. 


Table  2.  Measured  modal  frequencies  of  the  sleeper  in  situ. 

Static  load 
above 

1 

Measured  modal  frequencies  (Hz) 

2  3 

4 

isolator  (kg) 

300 

188 

436 

737 

1119 

930 

194 

478 

730 

1134 

1690 

205 

502 

734 

1148 

2440 

222 

509 

746 

1157 

3200 

231 

522 

753 

1178 

3570 

236 

535 

762 

1193 

The  point  stiffnesses  under  the  whole  sleeper  evaluated,  indirectly, 
using  this  technique  are  given  in  Table  3. 

Table  3.  Indirectly  measured  stiffnesses  under  the  sleeper. 

Static  load 

Stiffness  at  each  mode  (10*^  N/m) 

above 

1 

2 

3 

4 

isolator  (kg) 

300 

2.7 

7.5 

12.0 

25.8 

930 

12.6 

10.4 

30.6 

1690 

3.6 

15.4 

11.3 

34.8 

2440 

4.5 

16.4 

13.7 

38.2 

3200 

5 

18.2 

15.1 

44.2 

3570 

5.3 

17.0 

48.8 
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5.  MEASUREMENTS  OF  THE  INTERNAL  RESONANCE 
FREQUENCY  OF  THE  BALLAST  LAYER 

The  transfer  function  between  each  of  a  number  of  accelerometers 
placed  along  the  upper  surface  of  the  middle  sleeper  and  the  three  force 
transducers  placed  under  it  have  been  measured.  The  positions  of  the 
accelerometers  are  shown  on  Figure  3.  An  instrumented  hammer  was  used  as 
the  source  of  vertical  excitation  of  the  sleeper,  striking  50  mm  from  the  end 
near  the  isolation  mount.  For  convenience,  the  measurement  was  carried  out 
in  terms  of  the  frequency  response  function  of  each  of  the  four  leads  of  the 
buried  force  transducer  to  the  hammer  excitation  and  also,  separatey,  of  the 
response  of  each  accelerometer  to  the  hammer  excitation  (accelerance)  at  the 
same  position. 

The  signals  from  the  force  transducers  were  scaled  according  to  the 
laboratory  calibrations  and  averaged.  This  response  function  was  then  divided 
by  the  displacement  response  at  the  accelerometer  (calculated  from  the 
accelerance)  to  give  the  transfer  function  between  the  accelerometer  and  the 
force  transducer. 

Both  the  force  measurement  and  the  accelerometer  measurement 
contained  peaks  and  dips  representing  the  resonant  behaviour  of  the  sleeper. 
On  inspection  of  the  transfer  functions  from  the  accelerometers  to  the  force 
transducer,  difficulty  was  found  in  identifying  the  location  of  the  peaks 
corresponding  to  the  resonance  of  the  ballast  layer  amongst  the  residue  of  the 
sleeper  modal  response  which  did  not  cancel  well  for  most  of  the  force 
transducer/accelerometer  pairs.  Here,  only  the  data  for  the  transfer  function 
between  accelerometer  Aj  and  force  transducer  T2  is  presented  and  used  in  the 
calculation  as  this  was  comparatively  free  from  this  problem  and  well 
damped  peaks  due  to  the  internal  resonance  of  the  ballast  layer  can  be 
identified.  The  amplitude  of  this  transfer  function  is  presented  in  Figure  4  for 
each  of  the  6  loading  steps  in  terms  of  the  force  at  T2  due  to  the  displacement 
at  A3.  The  frequency  response  functions  have  the  units  of  stiffness  but  do  not 
represent  the  stiffness  of  the  ballast  layer  since  the  force  transducer  only 
measures  the  force  over  a  small  area  (0.2  m  by  0.2  m)  rather  than  over  the 
total  area  to  which  the  force  from  the  sleeper  may  spread  through  the  ballast. 
It  should  also  be  remembered  that  the  laboratory  calibration  of  the  force 
transducer  is  not  expected  to  be  reliable. 

In  the  results  presented  in  Figure  4,  the  coherence  function  of  the  force 
response  measurement  was  used  to  determine  where  the  excitation  was 
insufficient  to  make  reliable  measurements.  This  resulted  in  the  rejection  of 
some  data  between  1600  Hz  and  2000  Hz  which  is  omitted  from  the  graph. 
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Figure  4.  The  amplitude  of  the  tranter  function  from  force  transducer  Tz 
to  displacement  at  A3  on  the  sleeper; 

_ load  step  1,  _ load  step  2,  _ load  step  3, 

load  step  4,  _ load  step  5, _ _  load  step  6. 


In  order  to  identify  stiffness  parameters  from  the  measurements  it  is 
necessary  to  compare  them  to  results  from  a  model  for  the  ballast  layer  and  to 
use  the  phase  information  to  locate  the  frequencies  of  the  ballast  resonances. 


6.  A  MODEL  OF  THE  VERTICAL  STIFFNESS  OF  A  FRUSTUM 


In  order  to  interpret  the  behaviour  of  the  ballast  a  model  of  the  vertical 
stiffness  of  a  solid  frustum  of  material  (Figure  5)  has  been  used. 

The  axial  displacement  of  a  rod  of  variable  cross-section  is  represented 
by  the  wave  equation 


d^u  ^  1  o!4(jc)  du 

dx^  A(a:)  dx  dx 


+  A:^m  =  0 


where  u  is  the  displacement  in  the  x  direction  and  A(;c)  is  the  variation  of  the 
cross-sectional  area  with  x  along  the  rod.  A(0)  =  az,  A{L)  =  ^  is  the  wave 

number  for  longitudinal  waves  and  is  given  by 
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where  CD  is  the  circular  frequency,  p  is  the  mass  density  and  E  is  the  Young’s 
modulus  of  the  material.  The  hysteretic  model  is  used  for  damping, ,  i.e.  E  is 
complex  and  given  by  (1  +  jvj)  where  Er  is  a  real  value  of  Young’s 
modulus  and  77  is  the  material  loss  factor. 


Figure  5.  The  frustum  model 

The  cross-sectional  dimension  (‘diameter’)  is  allowed  to  vary  linearly 
along  the  rod.  This  leads  to  the  solution  for  displacement  [4],  assuming 
U2  =  w(0)  =  0. 


U{X)  = 


1 


(x-m 


[Csin(fcc)]e^“ 


where  C  is  a  constant  of  integration,  L  is  the  height  of  the  frustum  and  P 
is — where  di  and  d2  are  the  diameter  at  the  top  and  bottom  of  the 

frustum. 

Evaluating  the  force  at  the  top  and  bottom  of  the  frustum  as 


F,=-A{x)E^\ 

dx 


x=L 


F2  -  -A{x)E-^ 
dx 


x=0 


yields  the  point  and  transfer  stiffnesses,  Kji  and  Kn  of  the  model  as 

^  F,  ^[k{\-P)LcosikL)-sm{kL)] 

Eu  ~  —  =  —a.t, - - - 

"  «,  '  (l-j8)Lsin(fcL) 


and 


(PLfsin(kL) 
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The  values  of  E  for  the  ballast  at  the  various  loadings  have  been 
evaluated  by  comparison  with  results  from  the  model  in  terms  of  the  phase  of 
the  transfer  function  shown  in  Figure  6.  The  frequency  of  the  first  internal 
resonance  of  the  ballast  layer  is  indicated  by  the  phase  curve  crossing  the 
value  of  -tc/2  radians.  A  loss  factor  of  0.3  has  been  found  to  produce  a 
reasonable  correspondence  with  the  measurements  at  all  loadings.  Although 
the  top  and  bottom  areas  used  in  the  frustum  model  do  not  influence  the 
values  of  E  found  by  this  method,  the  top  area  of  the  frustum  has  been 
assumed  to  be  the  base  area  of  the  sleeper  and  it  has  been  assumed  that  the 
ballast  spreads  the  load  downwards  at  an  angle  of  60°. 

The  amplitudes  of  the  transfer  stiffness,  K12  calculated  from  the  model 
with  the  fitted  E  values  are  presented  in  Figure  7.  These  are  factored  to  make 
them  equivalent  to  the  measured  transfer  functions  in  which  the  force 
transducers  only  measure  a  proportion  of  the  base  area  of  the  frustum. 
Comparison  with  Figure  4  shows  that  the  shape  of  the  curves  and  the 
positions  of  the  resonance  peaks  are  reproduced  well  but  that  the  levels  are 
not.  With  the  uncertainty  in  the  calibrations  of  the  force  transducers,  this  is 
not  unexpected.  Differences  between  the  stiffnesses  at  different  preloads  may 
also  occur  due  to  differences  in  top  and  bottom  areas. 

The  values  of  E  found  from  the  comparison  of  the  phase  of  the  transfer 
function  have  been  used  to  calculate  the  point  stiffness  Kjj  also.  These  are 
plotted  in  Figure  8  and  compared  with  the  values  found  by  the  indirect 
measurement  method.  It  can  be  seen  that  comparable  levels  for  this  stiffness 
are  obtained  with  the  two  methods. 

In  order  to  examine  the  behaviour  of  the  Young’s  modulus  with  the  pre¬ 
load,  the  values  gained  from  the  model/measurement  comparison  are  plotted 
versus  the  load  (taking  into  account  the  mass  of  the  sleeper)  in  Figure  9.  The 
line  drawn  on  this  graph  indicates  that  the  relationship  of  E  to  the  pre-load 
follows  approximately  a  1/2  power  law.  The  theory  of  Hertzian  contact  of 
spheres  suggests  a  1/3  power  law.  The  higher  power  found  here  may  result 
from  an  increase  in  the  effective  number  of  contacts  between  grains  of  ballast 
and  the  sleeper  as  the  pre-load  increases. 
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displacement  at  As  (for  clarity  lines  for  the  various  loadings  are  not 
distinguished  on  this  graph). 


Figure  7.  The  amplitude  of  K 12  calculated  from  the  model 
- load  step  1,  - load  step  2, - load  step  3, 


load  step  4,  - load  step  5, - load  step  6. 
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Figure  8.  The  amplitude  ofKu  calculated  from  the  model  compared  with 
the  total  stiffness  under  the  sleeper  from  the  indirect  measurement  method 

_ load  step  1,  _ load  step  2, _ load  step  3, 

load  step  4,  _  load  step  5, _ load  step  6, 

(measurement  points  plotted  using  load  step  numbers). 


7.  CONCLUSIONS 

The  stiffness  of  a  layer  of  ballast  has  been  measured  by  two 
independent  techniques.  The  first  method  is  indirect  and  relies  on  the  shift  in 
modal  frequencies  of  a  sleeper  when  embedded  in  the  track.  The  second  relies 
on  the  identification  of  the  internal  resonance  frequencies  of  the  ballast  layer 
by  measurements  of  blocked  force  under  the  ballast.  The  stiffness  of  the 
ballast  layer  is  estimated  by  comparison  of  the  measured  transfer  functions  to 
a  model  of  a  frustum  of  material  under  axial  compression.  The  two  methods 
produce  similar  estimates  of  the  point  stiffness  of  ballast.  The  effective 
Young’s  modulus  of  the  ballast  is  found  to  increase  according  to  the  square 
root  of  the  pre-load  rather  than  the  one-third  power  that  may  be  expected 
from  Hertzian  contact  theory. 
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Figure  9.  Derived  values  of  Young 's  modulus  versus  load  indicating  a  1/2 

power  law. 
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